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Kegpdioo 1

ATANTYXMATIKOXY KAI
TANTXYXTIKOYX AOI'IXMOX

1.1  3uoTAUATA CUVTETAYUEVWY

Me tnyv emhoyn Toidv ypapuikd aveEdpTnTwy BlavUoUdTWY, €1, €2 Xl €3, GTOV TPLoOLAoTATO YWeo 0pi-
Ceton éva ovotnua ovvtetayuévowr (coordinate system). Ta Siaviouata e, € xoL €3 AVTLTPOCWTEVOUY
TeeLC dtapopeTixée puetalh Toug dleudivoels otov ywpeo. To clvoho B={e, ez, e3} elvou pia Bdon (basis)
TOL TPLOOLIGTATOU YWeou. LuvAdwe ta dlaviopata e, e xaL e3 emhéyovton vo lvor povadiaia. Lto
Tplor oLGTAYATA CUVTETAYHEVKY TOU Hag eVBLapépouy, dnA. ot kapteoiavés (Cartesian), e kuAwdpr-
kés (cylindrical) xou tic opaipikés (spherical) ouvtetayuéres, ta tpla davbopata e Bdonge elvor eniong
opBoydvia uetafd toue. Apa ota Tplo autd cucThuata N Bdon B={e1, ez, e3} elvar opfokavovikrj:

ei-ej = 0. (1.1)

Kdde didvuoua 1 Tou ydpou auTol YEaPeTaL OVOSTHUAVTO OUV YPaUMIKOS oUrOUaoUeS TV €1, €z Xal
€es3:
u = uye; + usey + uszes. (1.2)

Ot BoduwTéc TooOTNTES U1, Uz XOL U3 EIVAL OL TUVITTHOES TOU U X0 AVTLTPOCGWTEVOLY To UEYEDN TV Tpo-
Boldsr tou u e xdde o amd T Paowés dievdivoes. To Sidvuopa u ypdgpetor cUY VA cav u(us, Uz, us)
A amhd ooy (U1, Uz, ug).

To xaptectavéd cOOTNUA CUVTETAYUEVWY (T, Y, 2), UE
—o<xr<oo, —oco<y<oo xu —oo<z<0o0,

poc elvon 3N yvwoto. H Bdorn tou oupfBoliletor ouyvd pe {i,j,k} A {es, ey, e.}. H avdluon evic
OLavOOUATOC V OTIC TRELWC TOU CUVLOTAOEC (alveTtar Ypopxd oto Lyrua 1.1. Ynuewdvouue 6Tt 6 Ao Tl
XEQENOLAL TWY ONUELDCEWY Ypnolortololue delidotpopa (right-handed) cuoTAuata cuVTETAYPEVLDV.

Ot xUALVBEIXES XalL OL CPALPIXES TOAXES CUVTETAYUEVEC Efvor TaL TILO GNHAVTIXG 0p B0y OVLOL KA TUAGYpaj pua
ouvothuata cuvtetayuévewy (curvilinear coordinate systems). Ou xUAVOpIxéC MOMXES CUVTETAYUEVES
(r,0,2), ue

r>0, 0<0<2r xou —0<z< oo,

patvovtar oto Tyfua 1.2 pall ye tic xaptectavég ouvtetayuévec. H Bdorn tou xukivdpxod cucthpatog
ocuvtetaypévwy amotelelton and Ttpla opdoxavovixd Swaviopata: To axTixd dldvucua e, o allpou-
Otaxd (ywvioxs) didvuoud eq, xot 1o afovixd didvuoua e,. Iopatneolue 6t n aliwovdhaxh yovia 0
TEPLOTEEPETAL YVUPW amd Tov dova Twv z. Kdde Sudvuoua v avokdeton xou oplleton povooruavta omd
TIC TPELS TOU CUVIOTWOOES V(Uy, Vg, Uz ). ME TN R0 AMADY TELYOVOUETELXGOY TAUTOTHTOY X&UE dtdvuoua
uropel va petacynuattotel and 1o éva obotnua oto dhio. Xtov Ilivaxa 1.1 elvon ouyxevipwuévol ol



2 Kegdlono 1: Awxvuouatixds xon tavuoTixos Aoyiouos

(z,y,2)

Exv’]pa 1.1: Kapz:emaue’g Uw/tez:a)/yér/eg (x,y,z) pe —o0 < x < 00, —00 < Yy < 00 Kar —o0 <
z < 00.

(r,0,z2) \\ €0

Syfua 1.2: Kvdwdpiés nohikés ovvretayuéves (r,0, z) per > 0,0 < 0 < 27 ka1 —o0 < z < 00,
kai to didvvoua Jéongr.



1.1. Yvotiuata cuVTETRYUEVWY

(r,0,2) — (2,9,2) (@,y,2) — (1,0,2)
Yuvrtetayuéveg
x =rcosb r=

arctan x>0, y>0
y =rsinf 0= 7r—|—arctany x<0

27T+arctan z>0, y<0
z2=2z z=

N

Ataviopota Bdong
i=cosfe.—sinfey | e, =cosfi+sinbj
j=sinfe, +cosbey | eg=—sinfi—+cosbj
k=e, e, =k

[Mivoxac 1.1: Yyéoes petadd kapreoiavdv kar KUAOPIKoY TOAIKGOY OUVTETAYUEVWY.

€y e,

J x@

i X

Eyfua 1.3: IToikés ovvtetaypéves (r,0) oo eninedo.



4 Kegdlono 1: Awxvuouatixds xon tavuoTixos Aoyiouos

(r,0,0)

Eyfua 1.4: Ypapikés nolikés ovvtetaypéves (r,0,¢) per >0,0 <6 <7 ka1 0 < ¢ < 27, ka1
To didvvoua Yéongr.

Baowol TOToL Yo TNy UETEBaoT amd TIC XUPTEGLAVES OTIC XUAVOPLXES CUVTETAYMEVES Xou avTioTpopa. Av
OYVOTICOUUE TN CUVTETAYUEVT] 2 XL TEPLOPLGTOVUE GTO ENUTEDO TY, OL XUAVIPXES TOAXEC GUVTETAYHUEVES
AVEYOVTOL OTIC YVWOTES Wac TOAXES ouvtetayuéves (1, 0) oto eninedo nou gaivovtat oto Lyfua 1.3.

Ou opapixéc Tohixég ouvtetayuéves (1,0, @), pe
r>0, 0<0<7m xu 0<o¢<2m,

pafvovtar 610 Lyrua 1.4 poall ye tic xopteclavéc cuvtetayuévee. Emonuaivoupe 6t to r xon 6 otg
XUANVOPLXES oL TIC OQoLPXES CLVTETAYUEVES Oev elvon Ta (Bla. H Bdon tou cuothuatoc cpaipixody
CUVTETAYUEVWY amoTeAElToL antd Tplo opoxavovixd Stavioyata: To oaxTixd didvuoua e, To peonuPBevé
dudvuopa eg, xau to alioudiaxd ddvuoua eg. Kdde Bidvuouo v avalbetor UOVOGHUAVTA OE TEELC
OLVIOTWOES, V(Vy, Vg, Vg), OL OTOlES Elvor To U€Tpar TV TPOBOAGY Tou v ot Tpia dtaviouata Bdone. O
METAOYNUATIOUOS EVOS DLUVOCUOTOC Al TIC GQAULPIXES 0TI XUPTEGLAVES GUVTETAYUEVES oL avTioTpoga
yivetow ue N yehon twv oyéoewy tou Iivoxa 1.2.

IMapdderypa 1.1.1. Bdorn tou xLAWSELX00 CUCTAUATOS GLVTETAYUEVLDY
Ou deiloupe 6TL n Bdon B={e,, eg, €, } ToL XUAYOPELXOD CUGTAUATOS GUYTETAYUEVWY Elvol 0pToXAVOVLXY.
Emedpi-i=j-j=k -k=1lxui-j=j -k =k-i=0, éyouue:

e.-e, = (cosfi+sindj)-(cosfi+sinfj) = cos?f+sin’f =1
ep-eg = (—sinfi+coshj)-(—sinfi+cosfj) = sin?f+cos>h =1
e,-e, = k-k=1

e -e = (cosf@i+sinfj)-(—sinfi+cosfj) =0

e.-e, = (cosfi+sinfj)-k =0

ep-e, = (—sinfi+cosfj)-k =0



1.1. Yvotiuata cuVTETRYUEVWY 5

(T595¢) — (:Cayaz) (‘Taya Z) — (T79)¢)
Yuvtetayuéveg
x = rsinfcos ¢ r=\/x2+y?+ 22
2 2
arctanwfﬂ/, z>0
y = rsinfsin ¢ 0=19 5 z=0
/M2 2
T + arctan xfﬂ’, z2<0
arctan £, x>0, y>0
2z =rcosf ¢=4 m+arctan?, <0

2m +arctan 2, x>0, y <0

Awaviopota Bdong
i=sinfcospe, +costlcospey —singey | € =sinfcosgi+sinfsingj+ cosbk
j=sinfsing e, +cosfsingpey+cospey | eg =cosblcospi+cosbfsingj—sind k
k =cosfe, —sinf ey ey = —singi+cosdj

Mivaxag 1.2: Yyéoeg petalt kapteoravadr kar opaipikoy ToAKGOY ouvTeTaypévoy.

IMapdderypa 1.1.2. To diavucpa FEong
To ddvuopa déome (position vector) r opiler tn Yéomn evdc onuelou otov YWpo ot oyéon ye Eva
GUCTNUO CUVTETAYHEVWY. LTS XUPTECLAVEC CUVTETAYMEVEC,

r=xi+yj+ zk, (1.3)

Xoll £TOL
| = (r 1) = Va2 +y?+ 22, (1.4)

H avéhuon tou r 0TI TEELC TOU CUVOTKOOEC QatveTar 6To Lyrua 1.5.

YT1C XUAMVOPIXES GUVTETAYUEVES, To Sdvucua B€ong Blvetal amd TNy

r=re +ze, e |r|] = Vr24+22. (1.5)

AZ{er va onpewdooupe 61 to pétpo |r| tou Slaviopatoc Yéong Sev efval oo pe Ty axtvixnh xUAVBEIXY
ouvtetaypévn . Téhoc, OTIC oQoupIXEC CUVTETAYUEVEC,

r=re ue |r|=r, (1.6)

dnh. 1o pétpo |r| elvar 1 axtvixnh ogoup) cuvtetaypEvn . Av xon ot exgpdoeis (1.5) xou (1.6)
Yoo t0 didvuopa Yéong efvar mpogaveic (BA. Eyduata 1.2 xou 1.4) o tig anodeifouvye ue ™ xphon
HETUOYNUATIOUMY CUVTETOYUEVGDY Eexvidvtag and ty (1.3).

2TIC XUNVOPIXES CUVTETAYUEVES,

r = zi+yj+ zk
rcosf (cosf e, —sinfheg) + rsind (sinf e, + cosfey) + ze,
= 7(cos’0 +sin*f) e, + r(—sinfcosf +sinfcosh) ey + ze,

= re. + ze,.



6 Kegdlono 1: Awxvuouatixds xon tavuoTixos Aoyiouos

r=zit+yj+zk

Eyfua 1.5: To sdvvoua Oéong, r, o€ kapteoavés ourtetaypéveg.

YTIC oPaLpIXES CUVTETAYUEVES,

r = zi4+yj+ zk
= rsinfcos¢ (sinfcosp e, + cosfcosp ey —sing ey)
+ rsinfsin¢ (sinfsin ¢ e, + cosfsin g eg + cos ¢ ey)
+ rcosf (cosf e, —sinb ep)
= 7 [sin? 0 (cos® ¢ + sin® ¢) cos® 0] e,
+ 7sinf cos 6 [(cos? ¢ + sin” ¢) — 1] ey
+ rsinf (— sin ¢ cos ¢ + sin ¢ cos ¢) e,

= re,.

O
IMopdderypo 1.1.3. IHopdywyol Twvditawopdt wvpdong
Ta draviopota Bdone i, j xou k twv xapteciovody cuvtetaypévey eivar otadepd a@od dev egopTdvTo
and ) Véon evéc onuelov. Autd dev aandelel yio ta Staviopoata BAoNE 0Ta XUUTUAGYPUUUA CUCTAUATY
ocuvteTaypévwy. Ytov Ilivaxa 1.1 mapatnpodue 6Tt 6T XUAVDELXEC CUVTETAYUEVES

e, =cosfi+sinfj xaw eg=—sinfi+coshj.

Eivan govepd 611 o €, xan eg e€apt@dvron amd to 0. Hoapaywyilovtac Beloxouye:

Oe,
00

= —sinfi + cosfj = ey

pdeis

i
00

= —cosfi—sinfj = —e,.



1.1. Yvotiuata cuVTETRYUEVWY 7

Ot umdhoLTeC YWEIXEC TUPAYWYOL TWV €y, € xal e, elvon undevixéc. Etol éyoupe:

8eT _ 8e9 _ aez _

or 0 or 0 or 0

8eT _ 8e9 _ aez _

o6 = 99 = & g5 =0 (1.7)
8er _ % _ aez —

0z — 0 z 0 0z 0

Ané tov ITivoxa 1.2 Brénouye 6t e.=e, (8, ¢), eg=ey(6, @) xou eg=ey(¢). [a g ywpixés mopaydhyous
TWY BLaVUOUETLY BAOTC TWY GQAUELXWY CUVTETAYHEVWY EYOUYE:

de, _ dey _ dey _
ar 0 ar 0 ar 0
0
%2;“ = sinf e, %—‘?;’ = cosf e, %—?;5 = —sinfe, — cosb ey

O eZiodoetg (1.7) xou (1.8) efvon 1Slaitepal YpROLUES OTN UETATPOTY DAPOPIXDY TEAECTMV ANS TIG Xp-
TECLAVES OE 0pYOYWVLIES XOUTUNOYPUULUES CUVTETAUYUEVEC.

O
Treviuuilouue dtt 0 didvuoua e taydtnTag opiletor we e&hc:
dr
=—. 1.9
u=— (1.9)
Ye xapteotavéc ouvtetayUéves Bploxouye
dr d dx dy dz

=— = — (ai j k) = —i+ —j+ —k. 1.10
uSG T gt = i gt (1.10)

Elvor @avepd 6TL yia TIC TRELC CUVOTAOOEC TNS ToLTNTOC Loy VEL
_ da: _ dy _ dZ (111)

Yo ="gg> "= @ "=

Hopdderypo 1.1.4. ZLVOTOOCES TOL SLAVOCRATOS TNG TAYLTNTOC
Oa Bpolue Tl AVTLTPOGTWTEDOUY Ol GUVLGTMOES TNG ToOTNTAS GTOL GUCTAUOTO XUALVOPLXMDY X0l XQpTE-
OLOVEY CUVTETOYUEVODY. Be XUAVOEES ouvtetayuéves (1,6, 2) mapaywyilovtag ty (1.5) Beloxouye:

u:ﬁ*i(re +ze)*ﬁe +rder+%e *ﬁe +rderﬁ+%e =
Tdt dt ar dt d = dt " do dt — dt
d de d
u:—re,«—f—r—eg—i— Zez (1.12)

dt dt dt
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"Apo yior TIC CUVIOTOOES TNE To UTNTAC EYOUYE:

<

0

i
&

% )

Ye ogoupixéc ouvtetayuévee (r, 6, ¢), ta'pvouue and v (1.6):

u:ﬁ*i(re)*ﬁe +rderfﬁe r 5‘erﬁ
Tdt odt s " dt " e dt " 00 dt
ufﬁe +rﬁe +rsin9%e
Toar T dat -? at - ?

"Apa oL cuvioTdoES TN TayUTNTaC BlvovTar amd Tic

u =rsin9d—¢
¢ = at

de, @
O¢ dt

)

(1.13)

(1.14)

(1.15)



1.4. AIAPOPIKOI TEAEXTE" 9

1.4 Awgpopixol TeAeoTEG

Ty napdypogpo auth opllouvye tov TeAeotr) kAiong, tnv kAion (gradient) Boduwrtod nedlou xadds xon
v andrkdion (divergence) xou Tov otpofiliond (vorticity) Stavuouatixod tediou.

IMopdderypo 1.4.1. AndxAiomn xou oTeoPihiowdc Tou Savbopatog YEorne
Ocewpolue To ddvuoya V€S GE XUPTECLAVEC CUVTETAYUEVEC,

r=zxi+yj+ zk. (1.16)

[ v andxhion xat tov 6TpoBhloud Tou €Youue

or Oy 0z
Vr = % + a—y + % —
V.r =3, (1.17)
xou
i J k
o 9 0
VXxr = 9z a—y 9z -
x oy oz
Vxr=0 (1.18)
Or eCiodoeig (1.17) xou (1.18) woybouv o€ xdle cOOTNUA CUYTETAYUEVOV. O

1.4.1 H vAuxy napdywyog

O avayvootne eivar H0n eZoixelwpévoc Ye Tic EVVolee TN peptkns mapaydyou (partial derivative) xou
e o\ikijs mapaydyov (total derivative). Ltnv mapdypapo oauth Vo €08 yayouUe yLor Ay Topdywyo,
TONG GNUOVTIXY TN PELETOBUVAULXA TOU EIVAL YVWOTH ooy LAY Tapdywyog (material derivative).
I 10 oxomd avtd Yo YENCLUOTOLACOVUE Evar ToPJBELYUA ATO TO QUOLXSG XOCGUO Yot var xotadel&ouue
TN QUOIXY oNUocia Xol TIC BLUPOPEC TV TELWY TEoAvVAPERUEICOY Tapay®wywy. Oo vrodécouue ot
Yéhouue va petpriooude TN VYepuoxpacio f tou vepol o’éva motdul. AuTth elval TPOQAVGOS GUYAETNHON
oL BLavbopatog Béong xat Tou Ypobvou, dnhadh tne wopphc f(r,t) K f(z,y, 2, t). Xt10 mopdderypud pog
uno¥étoupe 61l 10 Borduwto nedio f elvan napaywylowo.

Mepuxn xpovixh ToedywyYoq
Q¢ YvooT6 yio va Bpolue T weptxh Ypovix napdywyo g f(z,y, 2, t) mapaywyllovye we mpog o ypbvo
t Yewpdvtoc to 2,y xou z otadepd. LuuBorillouue T yepin| Ypovin TopdYwYo Ye

()
Ot ) 4y

Y70 TUPABELYUE UAC OTEXOUAGTE GE ULl YEQUEAL 1) TNV Oy xat Yetpolue tn wetaBolr; tne epuoxpaciogc
oo (B0 onueio axpBe and xdtw yag, dnAadr o’éva otadepd onueio Tou Yweou.

OAwerp xpovixn moedywyog
‘Otav 1o onpelo pétpnong e (xpovixhc) petaBoric tne f Bev elvon otadepd, téte

r(t) = z(t)i + y(t)j + z(t) k.

TOupwva e Tov xavéva e ahuoidog, 1 ohxt| ypovixh tapdywyos e f(z(t), y(t), z(t),t) Siveton and
™y
df _of ofdv  Of dy  Of dz

i~ ot Tordt "oy dat " 9sdt
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X TAVUOTIXOS AOYIOUGS

\Y4 —1% —i—j%—kk%
v? 3_22+g_; g—;
u V:ux%—i-uy(%—i-uz%
Bi = & +whs +wh +uwf
Vo= i+ i+ Pk
Vou— G G e B
Vxu = <%“yz—%?) i+ (G- ) g+ (%}—%‘y@) k
Vu = Qg Thugy oy Qe gy %iji
+%’jj + %Uijk - Qg 4 Oy O g
wevu = (u G b, G G ) i (uxaaug +uy8§5 +uza§‘§)j
+ (G G+ )
Vor = (G T O )iy (G Gy )
+ (% + B+ O )

MMivaxac 1.3: Baoikol diagopikol teAeatés o€ kapteoavés ovvtetaypuéves (x,y,z)" ta p, u kai T

z. z 4 4 g g
etvar faluwtd, davvopatiks kar TavvoTiko medio, avtioTorya.




1.4. Awagopixol telectéc

V(iu-v)

V- (fu)

V(u-u)

= W-V)v+ (v-V)u+ux(Vxv)+ vx(Vxu)
= fV-u+u-Vf

Vouxv)=v- (Vxu) —u-(Vxv)

V- (Vxu) =0

Vx(fu) = fVxu+ Vfxu
Vx@uxv)=uV-v-vV-u+ (v-V)u- (u-V)v

VX (Vxu) =V(V-u) - Vu

Vx(Vf) =0

=2(u-V)u + 2ux(Vxu)

V3(fg) = fV%9 + gV3f + 2V [ Vg
V- (VfxVg) =0

V-(fVg—gVf) = [V — gVf

11

[Mivoxac 1.4: Xprjoyueg tavtdtntes pe wov tedeotny V. Ta f ka1 g elvar Balpwtd evd ta u kai
v elvar Sravvopatikd media. Noeitar 6t o1 uepikés mapdywyor eivar ouveyer.
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Vu = %1;;7’ eqe, + % erep + 5= ee; + (

+ (%%LH + %) €pep + 7 auéz epe; + %u e.e, + % e.egp + % e.e,
u-Vu = ur%sz + ug (%%ué" — %) +Uz%uzi| e,

+ [ B0 oy (1500 4 2e) 0. S0]

+ u,«%lff +ue%%u02 —i—uz%u;] e,

ivoxac 1.5: Baoikol diagopikol tedeotés o€ kuAwdpikés mohikés ovvtetaypéves (r,0,2)" ta p,
u kar T elvar faluwtd, diavvouatiko kar tavvotiko medio, avtiotoya.



1.4. Awagopixol telectéc

V2 = 10 <T2Q> + 1 a9 <sin9i> + 1 0

r2sin’ 6 W

_ Op 10p 1 Op
VP = grer T 736 T T5ngag %
_ 19 02 10 1 duy
V-ou = WW(T ur) + rsin@@?(uesme) T 7sind 0P
_ 1 Ouy 1 Ou, 10
Vxu = [r81n060(u¢8?0) B rsin@%]er + [rsmﬁ B T@r(rud’)]eg
+EZ- (rug) — LG ley
Vu = %Qi ere, + 5 erey + - e + (%%Uér — u7> ege,
10u . 10u 1 Ou, U
—i—(;a—@e—i-uT) ey + 7 89¢ epey + (rsm@ 8% —T¢ eyer,
0
+(7“S11n08—1$_%00t0> €sep + (TS}ne%—i—%—i—%cotH) esey
ou, 1 Ju, 1 Ou, U
u-Vu = [u 817{ T ug (F 8% o %) T g (rsm@ 8% o TQ&)]GT
0 0 , 0 u
[ G+ g (RSG5 + %) + o (i G — 2 cot0)] e
ou 10u 1 Ou .U
+[“’"a—f+“9Fa—éb+“¢ (rsin98—$+u?+T9COt9)]e¢
. OTyr  Tog + T,
VT = [712%(7“27—”)—*—rsilnﬁ%(mrsme)+rsilnﬁ 82 - T ¢¢]e’"
1 1 . 1 OTe¢9 = Tor — Trg — Teoe COLO
+[ﬁ%(7"37r9)+m%(79981119)+rsing gj; i - 9]69
1 1 . 1 T Tér — Tré — Too COL
+[F%(T3Tr¢)+m%(ﬂg¢81n0)+TSiH@ 6?;(154— ¢ (br ¢ ]e¢

13

ivoxoac 1.6: Baowkol diapopikol teAeotés o€ opaipikés tohikés ovvretayuéves (r,6,¢)  ta p, u

Z 7 7 /7 /7 /7
ka1 T elvar faljwtd, avvouatics kar tavvotiké nedio, avtioToa.
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D 0 0
(z,9,2) Di = Ot + Uz 5 + uya_y + Uz 95
D _ 0 9 | u 0 0
.2 =g twgrt Tos T as

D 0 0 0 Uy 9

Mivaxag 1.7: O tedeotiis tng vAIKIS Tapayyov o€ Oidpopa oUOTHHATE TUVTETAYUEVLY.

S

i _of .
V_ U w vy, (1.19)

6ToL J J J J
r x Y . z

== = = — —k

i~ attad T
N toybTNToL uE TNV omola xweltan to onuelo Yétpnonc. Xto mopaderyud pag, avtl va oTEXOUACTE OTN
Yépupa, uralvoupe oe o unyavoxivntn Bdexa xon xdvoupue BOATEC TpoC BLdPopeC xaTeLFOVOELS, GANOTE
avtideta npog to pedua xar dAlote wall ye to pedua, xo eTpolue TN Veppoxpacia Theuplxd tng Bdpxac.
H (ypovix?)) yetoBolr| tne Yepuoxpactag mou napatnpolue avtavaxhd tny xivnon tne Bdpexac. H taydmta
u* oty (1.19) elvar 1 tayOnTa T Bdpxac.

*

Thuxh noedywyog

Trodétouue Tdpa 6TL GBAVOUUE TN UNY OV XA APYVOUUE TO pEDUA VL UAS TAPACUREL, EVK cLVEY(LOUUE Vo
peTEolpE TN petoBolt tne Yepuoxpacioc. H ypovuir uetafolr) tng Yepuoxpaciog mou petpolue egoptdtan
amd Y T dTNTa U Tov peduatos. Oétovtac ut=u otny (1.19) éyoupe Ty TapdywYo

Df _ 9f . 1.20
Dr o TV (120

7 omolo xuheltow LAWY Tapdywyog (material derivative) i ouclacTixn 1 ovoLOING TaEdywyYOS
(substantial derivative). O mpdtog dpog e LAXAS TapaydyYou anotehel To petaBatikd 1 TomikS YEPOS
xaL 0 BEOTEPOC TO HETAPEPBILEVO ) TUVAYOUEVO UE0OC TNE TIORAYWYOU.

Or yop@éc tou TEAETTY| TNG LAXAC TApAYdYOU,

D 0

Z = 4+ u-V 1.21

Dt ot ( )
oToL BLdPopa GUGTHUUTA GLYTETAYUEVWY QaivovTar otov Ilivonca 55. Tia Ty LAY TaEdywYo Tou dlovu-
ouatixold medlouv Tne ToydTNTAS Loy LEL
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IMopdderypa 1.4.2. H egicwon cuvéyelag
H e&iowor ocuvéyeiac (dnh. 1 e&iowon dratipnone tne palac) etvon 1

dp
. =0. 1.23
2+ V(o) (123)
Xpnotgonowdvtae t devtepn Towtdtnta tou Iivaxa 1.4 7 e&icwon nalpver ) popyh:

7]
a—?—l—qu—I—pV-u:O. (1.24)

XpnoonolmvTog ToV 0pLoUd TNG LALXNC Tapay@you £Y0LUE enlone TNV EVUANIXTIXT Lop®T:

Dp
Pp u=0. 1.25
o T rVou (1.25)
O
Hopdderypo 1.4.3. E€iocdoeig Euler
H e&lowon dathpnone e opuic v avi&mdn pon elvon yvwoty cov e&icwor Euler:
Du _ (1.26)
Ppp = VP
OTOU p N TLUXVOTNTA XL P 1) TleoN. e XUPTECLAVEC CUVTETAYUEVES
Du ou
Dt o + u-Vu
B Ouy Ouyg Ouyg Oug \ . Ouy Ouy Ouy Ouy \ .
= (at Ty Ty T ) T e T Ty T )
+auz+u%+u%+u%k
ot T Ox Y oy ey
peeis 5 5 5
vp = Ly Ly Py

Ox dy 0z

Ané tic o ndvw e€lodoelc Beloxoupe ebxoha Ti¢ TpELC oLVIGTWOES TNg e&lowaong Euler oe xoptectavée
GUVTETAYMEVEC:

Ouy Ouy Ouy Juy\ _ Op (1.27)
P(W+“wm+“ya—y+“zw = oy
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1.5 Tavuotixdc Aoyiopog

'Eotw {e1,es, e3} o opdoxavovixr| Bdon tou R3. T1ic mponyoluevec mopoypdpouc oploule To €ow-
TEPIKG VIVOUEVO, €; - €5 = §;; xadWe ot 10 €§wTepikd ywipevo e; x e;. To avoixtd YWWOUEVO e;e;
Yo 0 xoaholue povadiaio ywopevo duddag! A anhdc povadiada dudda (unit dyad). AZilel va ma-
patneicouue 6Tt evdd éva povadialo Sidvuoua avtimpoowredel pia (H6vo) Siebuvon cuvtetaypévmy, Wia
povadlota dudda avtinpoownelel éva Sratetaypévo Lebyog dieutivoewy. Etot ij # ji. Ot povadiaieg
Buddec TOL XAPTECLAVOY GUGTAUATOC CUVTETAYUEVLY oTov R3 elvon oL e€fic:

i, ij, ik
Jj, ji, Jk
ki, kj, kk

‘Eotw topa ta davdopata a,b € R™. To avowxtd ywvouevo ab xoheltar ywopevo duddac (dyad
product) ¥ anhoe dvadixd (dyadic) ¥ duddo. Av

a = aji+asj+ask xu b =bii+ boj+ b3k
To1E
ab = a1 by ii + a1b2 ij + a1bs ik + agby ji + asbs jj + a2bs jk + aszby ki + aszbs kj + azbs kk . (1.28)
Iopatnpolue 6Tt To Yvouevo duddag etvarl £vag Ypouuixde cLYBLACUOS TwV PLovadLaiwY BuddwY:
3 3
ab = Z Zaibj eie; . (1.29)
i=1 j=1

Ou oploouue Tdpa xdnotec oNLovTiés TedEelc petall wovadiaiwy duddwy:

i) I'wépevo povadiaimwy duddwy A yivopevo teleiog:
i) - (k) =i(-k)1=4,,1il (1.30)
To anotéheoyo g meding elvar duadixé. IHopatnpolue enlong 6t dev toyler 1 avuetadetix BdTHTA
ii ) T'wopevo dinthAc teleiog | Badpuwtd yivopevo:
(ij) : (k1) = (i-1) (G- k) = dir (1.31)
To anotéleopa e npdéng autrc eivon Baduwtd. O avayvdotng uropel exoia va del 6t
(k1) = (ij) = (ij) : (kl)
iii) T'wépevo povadiaiog duddac pe povadiaio didvuopa:
(i) k=i (-K) = o5 i (1.32)
To ywéuevo duddac pe didvuopa pog diver didvuopa. Hpogave dev woylel N avTeTade T Lot T
k- (ij) = (k1) j=0ri] (1.33)
iv) EEwtepixd ywopevo povodiaiog duddac pe povadioio didvuopo:
(ij) xk=1i(j x k) (1.34)

k x (ij) = (k x 1) j (1.35)

'Ye apxetd BiBAa yio T povadiaia Budda yenotuonoteita enlong o cuuBoiiouds e; ® e;.
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To amotéleopo tne mpdne autic elvon duadixd. Aev toylet 1 avtigetade x| WBLOTNTAL.

Yti¢ (1.30)-(1.35) ypnowonotolue t Aeyouevn cuvdixn eviéone twv Chapman xa Milne 1 onola
Yeonilel Levydpwpa and péca npog Ta E€w. O o tdvw Tpdlelc yevixebovtol EDXOAA YLOL YLVOUEVAL
duddac. Av ta a, b, ¢ xor d elvar davbopata tou R3, téte

(ab)-(cd)=a(b-c)d=(b-c)ad (1.36)

(ab): (cd)=(a-d)(b-c)
(ab)-c=a(b-c)=(b-c)a
c-(ab)=(c-a)b
(ab) xc=a (b x c)

Treviuuilouue e 6Tt 6N Yevix tepintwor Sev oy et 1 avtigetadetxy idtnta: ab # ba. ‘Onwe Yo
B00UE TO ®ITW, N LOTNTA Loy VEL WOVO GTaY 0 BLABXOS ab elvol GUUUETEXOS.

Oplloupe thHpa g duadixd 1| Tavuoth debTepng TédEne (second-order tensor) xdde ypouuixd cLVOL-
aoud TV Yovadlalwy Suddwv:

3 3
T = ZZTM €,€; (141)
i=1 j=1

Eivat pavepd dtu tar yivoueva duddoc elvar tavuotés deltepne téEne. Kdde tavuotic T urmopel vo ypapel

ot popPn

Ti1 Ti2 Ti13 (S
T = (61762763) T21 Ta22 T23 €3
731 T32 T33 e3

1 axdpa, 6tav ot Slevdivoelc e;e; evvooluvTa, oe Lopgy| Tivaxa

Ti1 Ti2 T3
T=| Te1 T22 T23 (1.42)
731 T32 733

Fevixebovtag, 0dnyolpaote 6TouS ToAvAdLXolE N} TavLoTéS avwtepng TéEng. 'Etol évac Tpiadindg
1 TavuaThg Teitng TdENg eivon YpouuLxog cUVBLACHOS ovadiaimy TELddwy, T.Y.

B = Z Z Z ﬁijk eiejek (143)
i=1 j=1 k=1
‘Eva Boduwtéd nedio elvar tavuotic undevixrc tédEne eved éva dtavuopotind edio elvar TavuoThS TE®TNG

¢Ene.

Ou povadiaies duddec elvon puoxd tavuoTtéc deltepne téEnc. Autéc ypdgpovtar UTO Hop®Y| Tvaxo we
egnc:

1 00 010 0 01
ii=|{0 0 o0}, ij=(00 0], ik=]0 0 0],
0 00 0 0 0 0 00

Or oplopol mou axohoudoly eivar ouxelol and ) Yewplo mvdxwy. ‘Eotw

ab = Z Z aibj €;€;
g
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éva ywopevo duddac. To ywduevo duddac mou mpoxdnTeL av evodlNdEoLUe Touc delxtes Twv a o b oTo
o Téve ddpotoua xokeitar avdoTpopo yopevo duddag xa cuuBohiletor e (ab)T:

(ab)T = Z Z ajbz- €,€; (144)
i
Eivor gavept 61t (ab)T = ba. Opolwc o avdotpogoc Tou TavuoTh dedtepnc T8Enc
T=>_ mijeie
)

elvar o
TT:ZZT]'Z' eiej. (145)
g

T T

Av T =71",161€ 0 T xoheltoll CURRETPIXOG, EVO OTOV T = —T" 0 T XUAeltol AVTICVRKETEIXOS. Eivar
pavepd 6TL évag TavLoTAS NS Hopprc aa elvon CUPETEXGS (doxnon).

O povadiaioc Ttavuothg (unit tensor) dedtepnc t¢éne oupBorileton pe I xon opileton we eZhc:

I= Z Z 6ij eiej (146)

i=1 j=1
1} o popeY| Tvoxa,
100
I=]0 10
0 0 1

1.5.1 "AlyeBpa tavuoTtmy

‘Onwe xat otoug Tivaxeg, To dadpotoua 800 TUVUGTOY

3 3 3
T = E E Tij eiej ol g = E E Oij eiej

B -

3
J g

optleton wg e€nc:

3 3
T 4+ o= ZZ(TM + Uij) eiej . (147)
g

Eniong, o Paduwtés molamhaciaouds AT, émou A € R, oplletar wq e€hc:
3 3
AT = ZZ)\Tij €;€; (148)
i

Ac Bolue ex véou tic Boaoixée mpdlelc HETOED TAVUGTAOV.

i) Tavuotixd ywvéuevo 1 ywopevo teleiog
To tavuouxd yvéuevo 1 yvouevo tehelog tensor or dot product) d0o TavuoTtdy T xou o yoc dlver xatd
T YVWOTY

~l
Q
I

E : E :Tij €i€; | - E E o eger | = E E E E TijOkl €;€j - €€y
i ko1 i g k1

Y YN mijom ke = > > Y Tioiee =

g k1 ij 1
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T -0 ZZ ZTijUjl e;e; . (1.49)
J

i l

Mafpvoupe hotmdy eniong éva TavuoT Tou onofou 1 (i,1) cuvioTdoa elvor 1
E Tij O3l
J

‘Onee xor 6TouC TETPAYWVX0UC Tivaxee, Ypdpouye o - o = 02, 0 - 02 = 0 x.o.x. H avuipetadetind

WBuoTnTa dev Loy Vel 6To Tavuo TG Yvouevo. Av I elvar o yovadiaiog tavuetic Tou Unopolue Tohb edxola
va del&ouye 6tL
c-I=1-0=0. (1.50)

» »

ii ) T'wopevo dinhAc teleiog B Baduwtd YVOREVO
T to heyoupevo ywobuevo dimhrc terelog B Boduwtéd ywoéuevo (double dot or scalar product) 8o
TAYUCTWV EYOVYE:

T.O0O = E E Tij €i€j : <E E Okl ekel> = E E E E TijOkl €,€; | €€
J k l % 7 k l

%

= ZZZZTijUkl 0i1 05 = ZZTijaﬁ 8i 655 =
i k1 ;

i

T:U:ZZTijUji. (151)
J

%

To anotéleopa e npd&ne etvan Baduwtd. Me nopduolo tpéTo unopolue vo del&oupe ot
T:ab = Z ZTij ajbi (1.52)
©og

pdeis

ab:cd = Z Z aibj dei (153)
i g

iii ) T'woépevo TavuoTh - diavdopotog
‘Eotw 7 tavuotg xat a dudvuoua. T to yivoéuevo T - a €youye:

E E Tij €;€; . ( E Qg ek> = E E E TijQk €;€; - e
i g k i j k
= E E E Tij Ak 5]']9 e, = E E TijQj 6]']' €e; -

B
®
I

T-a= Tiia; | e;. (1.54)
D | 2
J

%
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To amotéleopo tne mpdene elvar éva Stdvuoua Ue § CUVLOTOON TNV
E TijQj -
J

Ouolwe, ywa to yivéyevo a - T Bploxouue 6T

a-T — Z Zaﬂ'ﬁ e; . (155)
J

%

Mapatnpolye 6t yevixd T -a # a- 7. H wobdtnta toydel mdvta 6tav o T elvor cUUUETELXOC.

1.5.2 Tavuotég 0T PEVCTOBL VALY

’ 7
O TAVLGCTNG TACEWY

T pevotoduvapixy, o TavuoThg Wwddy tdoewy (viscous stress tensor) nou Ya tov cupBoiilouye

ue 7,
3 3
T = Z ZTij eiej , (156)
g

AVTLTPOOWTEVEL TIC LEMOELS TAGELS G'éVal PELUOTO. B TIC XUPTECLUVES CUVTETAYUEVES EYOULUE TNV TULVOXO-
HopPn

Ti1 Ti2 Ti3 Tex Tzy Tz
— 4 — 1
T = | To1 To2 T23 N T=| Tye Tyy Tyz (1.57)
T31 T32 733 Tzx Tzy Tzz

O tavuoThc TdoEwY elval CURETEIXOC, DNAUDY| Try = Tyz, Toz = Teg XU Tyz = Toy. OL Bloy®VIEC CUVL-
OTOOES, Ty, Tyy X0 Tz, XoAoUVTaL Xd¥eTES Tdoel (normal stresses), Ve oL EEWBLAYWVLES CUVIGTWOES
TOL TAVLOTH T8oEWY xaholvTo SratunTixéc tdoelg (shear stresses).

O oAixb¢ Tavuothc Tdoewy o (total stress tensor) opiletor we e&hc:
oc=-pl+r (1.58)

onou p 7 nieon xou I o povadiatog tavuothic. Elvar gavepd 61l o o eivor enfong cuupetpinog. O tavuothc
—p I xodelton TavuoThc Tdoewy micorne (pressure stress tensor). Eivou woétpornoc (isotropic) yroti
oty Spd mdve ot ya empdveta pog diver €NEn (traction) emgdverac. Mpdyyatt, av n eivon To povadiaio
%AdeTO OE Uit ETLPAVELa Bidvuoua TOTE

n-(—pI)|=|—pn-I =|—pn|=p

Auto dev oupfalvel ye Tov TavLoTH TdoEWY T oL givor avio6teonog. O oAxoS TAVUGTHC TACEWY UTopEt
va ypapTel entong otn wopr:

—-p 0 0 Tow 0 0 0 Tey Taz
c=| 0 —p 0 + 0 Ty O + | Ty 0 Ty (1.59)
0 0 —p 0 0 7T, Tie Tzy O

6Tou o p®Ttoc Tivaxag Bivel tig Tdoelc nieong, o debtepoc T MBI XddeTeS TdoEC X 0 TplToC TG
LEMOELS DlATUNTIXES TAOELS.
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O Tavuotig xhiceswy Tng TayLINTAS

O tavuothg xhioewy Tng Taydtntag (velocity-gradient tensor) cuuBoliletar ye Vu xou elvon éva
YVOUEVO BUEDBAC. XTI XAPTEGLAVEC GUVTETAYUEVES Bploxoupe anAd:

d 0 0
Vu = (_i + a_y.] + _k) (uel +uyj +uk) =

Ox 0z
Oug Ouy ou Oug ou ou Oug ou ou
:—lo- ZY e z -k —l-- —yo- z -k —lk- —yk- Zkk 1
Vu Ox n Ox 1']+8:c1 +8y']1+ 8y‘]']+8y'] +8z T 0z ']+8z (1.60)
ITio ovtopa uropolue va ypddouye
° L S O,
— I oo
Vu = Z Z B, & (1.61)
i=1 j=1
1} o€ pop@y| Tivona
Ou, Ouy  Ou,
= Uy  OUy  Ouy
Vu= | G G Gl | (1.62)
Ouy Oty Qu,
Jz 0z 0z

Epyoalbuevor avédroya pmopolue va Bpolue Tov TavuoTh XAoEwvV g Toy0TNTac o8 XUAVOPIXES o
oopéc ouvtetaypévee. (Ilpocoyn: o tomoc (1.61) dev toyler 0’ avtd T CUCTAUUTA. )

Ot TavuoTég pLIRKY TaEARORPWONS Xl CTEOPBIAICKROV
Onwe xou xdde dhhog tavuothc dedtepne T8ENC, 0 TavuoThC XAlcewy g Taydtntag Vu unopel va
YoupTel wg ddpoloua EVOC GUUPETEIXOU Xl EVOS OVTLOVUUETEXO) TAVUOTH WS EEAC:
1 1
Vu = 3 [(Vu) + (Vu)T] + 3 [(Vu) — (Vu)7T] (1.63)

6ToU To TEWTO NULddpOoLoUa EiVAL CUUUETEIXOC TAVUCTAC Xl TO BEOTEPO OVTICUUHUETEIXOC TAVUOTHS.

O ouppeTpXdS TaVLGTAS

D = [Vu+ (Vu)"] (1.64)
xoheltor TavuoThe pLIKRKY Tapandppwaone (rate of strain or rate of deformation tensor) evd o
QVTIGUUHETPIXOS TAVUGTAS

Q- % [Vu— (Va)’] (1.65)
xohelton TavuoThe otpoPihicpol (vorticity tensor). Elupwvo UE TOUC T TEVL 0PLOUOVC UTOPOUUE

va. ypdupouyue
Vu=D+Q. (1.66)

O Tavuothc puiucy tapaudeewong D avTinpocwrelel TI¢ TUPULOPPMCELS TOL PELGTOV Xou Elval UNdEVL-
x6¢ 6tay €youyue petdleon 1 teptotpopr| otepeod owpatos (solid body translation or rotation), oo
THTE BEV EYOLUE TopaUopoels. O TavuoThc oTpoflliopol 2 avTintpocwrelel To GTEOBIAMOES TNC POHC
xan €tol elvan undevixde oe aoTpdPLAEC poEC.

[o tov tavuoTh pLIIGY THEUPOPPHCTC GE XAPTECLUVES GUVTETAYUEVES EYOUUE

ou; ou;
D:% ;;a—zzeiej—l—;;%eie]‘ —
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DZZ§<8;+8$»> eie; (1.67)
i g g J
1} o pop@Y| Tivoas:
Ouy 1 (Ouy | du, 1 (0u, , Ouy
Oz 2\ oz Ty 2(8x+82)
_ | 1 (0 Oy Ouy L (0uy | Ou,
D=173 ( ay T ax) ay (o2 oy ) | (1.68)
1 (Oug , Ou, 1(0Ouy | Ou, Oou,
(% +55) 2(82+8y) 92
Ebvor gavepd 611 oL cuviotioee Tou D elva:
Ouy
Daz = Oz
Ou,
Dy, = 8—;
Dzz = %
0z
b o, 1 (u, | du, (1.69)
e T 2\ o oy
1 /0u, Ouy
o = =3 (az * az)
1 /0u ou,
D,, = D, = - 2+
o= a5 (55

Ouolwe Yo Tov tavuoty otpolihicuod Beloxouvue 6T

o 1 8uj 8u1
Q= Zz]: 5 <8$i - a:cj) e;e; (1.70)

1} o€ pop@y| Tivona

0 1(0uy,  Ou, 1 (auz aux)
2\ ox dy 2\ Oz z
_ 1 Ouy aUJy 1 (Ou, aUJy
2= 7(ay ‘—ax) 0 7(ay o) |- (171
1 (8% B 8uz) 1(0uy  Ou, 0
2\ 0z Oz 2\ 0z Jy

IMapdderypa 1.5.1
Io va Beolpe toug Vu xow D oe xuhivdpixéc ouvtetayuéves, Yewpolpe 10 Vu we dudda o’autd o
ochoTnuaL

Vu = ﬁJr lng 9 ( + + )
u= erar e9r89 ezé)z Ur€r +Upe€y+ Uy€y).

AopBdvovtoc vnddn 6Tt Tor yovadiato dtaviopota Sev elvar otadepd o’ auTd TO GUCTNUN GUVTETOYUEVLDY
Beloxouue 6t

Vu = e,er% + e,.eg% + e,.ez%
or or or
+e9erl% + eglur% + eeel% + eelue% + ege 1%
r 00 r 00 r 00 r 00 “r 06
+eer%+eeg%+e %
=T 0z = 0z 75 0z
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_ Ouy Oug Ou,
Vu = W ere, + E ereg + W e, e,
Jrl aurfu epe +1u+% epe +l%ee
r\og )T\ T o ) T o T
8U7- 8U9 auz
+ E e,e,. + E e,ep + E e.e, . (172)
T tov avdotpogo (Vu)? éyouye:
ou 1 /0u ou
T _ T - LA Zr
(Vu) = 3 e,e, + " <69 ue) e,eg + P e,e,
+%ee +lu+% epe +%ee
or r T\ e ) TP T Ty T
+ W e,e,. + ;W e,ep + E e.e, . (173)

Mrnopolue tépa ue Bdon Tov oploud vo Beolue TIC CUVIGTMOES TOU TAVUOTY pUUIUMY Tapalde(PKONC OE
XUALVOPIXEC OUVTETAYMEVES:

ou,
D'r‘r =
or
1 Oug
Doy = - (u + =2
00 . (u + 89)
Dzz = %
0z
1 (0w, Ou (1.74)
Drz = Dzr = = - + s
2\ Or 0z
B 1 0 /ug 1 0u,
Dro = Dor = 2{T6T<r)+r69]
1 (Oug 10u,
Dow = Do = §(E+FW)

IMapdderypa 1.5.2. H xotactatixy eglioworn Neutdvelov peuctod
H vhixn f xataotatixn egicwon (constitutive equation) evéc pevotol elvar 1 cuvdptnon tou amel-
xoVi{eL Tov TavuaT pLIUGY TaPaUdpPwone D oTov TavuoTh LEwdOY TdoEWwY T:

r=f(D). (1.75)

Yto Nevtdvewa pevotéd (Newtonian fluids), n vk oyéon elvar tne poppic
2
T2nD+<k§n)V~uI (1.76)

6mou n xou k otadepéc xou u to ddvucua tne taydTnTac. H otadepd 1 xahelton SratunTind 1Eddeg
(shear viscosity) 7 amhée &ddeg eved N k (tou €yel npogavde Tic (Blec povadec ye 1o EMdeC) xaheito
oo 1Ewdeg (bulk viscosity). To wévo mou yvwpellovye yio to palind Zddeg k efvar 6tL 1 TLH oL
elvon axpBde UNdEV Yo wovoatouxd aéplar youniic tuxvétntac. Xe OAeC TiC JANES EQUPUOYES, AOYW
EMedne emhoyoy, to palixd 1Ehdec thetar awdaipeta (1) (oo pe undév (R.B. Bird, R.C. Armstrong
and O. Hassager, Dynamics of Polymeric Liquids, John Wiley & Sons, New York, 1987). 'Etol
(1.76) yivetou:

2
T=277D_§77V'UI (L.77)
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H no ndvew eZlowon anhonoteiton axduo teptocdtepo 6tay 1 poY elvan acuunieatn, dnhad 6tay 1 TuXvo-
NTaL p Tou pevaToU elvar otadepn. Btny nepintwon avth, N e&lowon cuvéyetag tatpvel T popyn V- u=0,

onoTE:

T=2nD.

(1.78)

H (1.78) anotelel tnv vkixr oyéon Nevtdvelou peuotol oe acuumieotn pori. Me Bdon to anotehéouota
aUTAS TNE TaPAYEdPoL, unopolue Tohh edxoha Vo Bpolue Ti cuviotthoes e (1.78) oe xapTteclavég xou

XUALVOPIUEC OUVTETAYMEVES:

Kopteolavéc cuvTETAYREVES:

Kulwdpixés cuvteTaypréveg:

B Ouy
Tex = n O
ou
Tyy = na—y
B ou,
7-ZZ - 77 az
= gy = (D Ot
Tey = Twe =N gy Oy
B B ou, Ouy
Toz = Tz " ox 0z
rye = 1oy = (2 O
v= dy 0z
B ou,
Trr =40 or
2 1o}
s T )
Oou,
= 2
7-ZZ 77 82
B B ou, Ou,
Trz = Tzr n or 9z
= = |+ 2 (1) L our
o = Ter =7 rar r r 00
= gy = (Mo 10U
Tox = Tz =W z r 00

O TaVLOTAG UETAPEPOUEVNG OPUNG

O TAVLOTAC RETAPEROUEVNG OpUNS

3 3
puaua = p E E UiUj €;€;

i=1 j=1

(1.79)

(1.80)

(1.81)
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elvon €val yvouevo duddac. O cupETEIXGS aUTOS TaVUCTAS YpdpeTar oe LopY| Tivaxa we e€Xg

U Uty UgUs
puu=p | wu, w2 wyu, | . (1.82)
Uy Usly U

1.5.3 AmndxAion Tavuotixol nediov

Ou Bpduue TE®TA TNV AMOXALOT) TOL BLAdLXOD

3 3
ab = Z Z a;bi ejey (1.83)
ik

6mou a o b daviopata tou R3, Boloxovtag o ywépevo V - ab émou

3 9
V.= Ze Bo; (1.84)

0 TEAECTAC XAOTC O XAUPTECLAVES CUVTETAYUEVES:

3 P 3 3 3 3 3 P
V-.-ab = ;eia—xi~;§ajbkejek = ;;;ei~a—%(ajbkejek)
3.3 3 alab 3.3 3 olah
ML —IREE D I

U
3 3
Veoab=3Y > a(;;bi) €. (1.85)
i J

Me mapduolo 1pdmo unopolue vo BpolUe TNV andxAon EVOC TAVUOTYH T OE XUPTECLAVEC CUVTETAYUEVES:

3 3 o
V.T:ZZ oz, €. (1.86)
i

H i cuvictdoa tov V - 7 elvan

aTji
zj: &rj '

IMopdderypa 1.5.3. H eicwon Siathenong tne opwhc
H e&iodon datrpnong e opunc yia xde peuctd Ypdpetal oe SLOVUOUATIXT HopPTH w¢ eENG:

Du
p— =—-Vp+ V-7 +pg (1.87)
Dt
6Tou g TO Bidvuoua NS EMTAYLVONC TN PapdTnTac,

g=9.1+ gyj + 9:k (1.88)
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EfSaye mponyoupévwe 6Tl 0TIC XUPTECLAVESC CUVTETAYUEVEC

Du (aux Oy Oy Oy ) . (auy Ouy Ouy Ouy ) .
+ uy +u 1+ Uy U J

Dt \ ot "y oy " s ot " ay T4
Ou,, ou, ou, Ju,
Uz . K 1.
+<8t +u o +uy8y +u 82) (1.89)

Ané v EZ. (1.86) Bploxouue 6Tt

OTze | OTye = OTuz )\
V.T_(ax + Jy + 8z)1+

(arxy N OTyy N arzy) it

OTz. 0Ty,  OT..
Ox dy 0z

R R ) k. (1.90)

Mrnopolue hotrév va Bpolue tic tpelc ouviotioee tne EE. (1.87) avuxahotdvrac tic (1.88), (1.89) xou
(1.90):

X-CUVICTWOo:

(aux Ouy Ouy aux) Op  OTye  OTys  OTuy
p Sz - _ +

o Ty T oc T or Tay T ox PO

y-CuvVIoTOo:

ap , (1.91)
Oy Oz Oy * 0z TPy

(auy " Duy " Ouy auy) __Op 07y N OTyy . OTzy

Z-GLVICTWO:

Oou, ‘u % Oou, Ou,\ 7@ n 0Ty n 0Ty n 0T, n
P\7ar """ os T 9 or "oy T a. P

Tvwpiloupe 611 oty mepintwon Nevtdvelouv pevotod oe acupniestn por (V- u = 0) o tavuothg
Tdoewy divetar and TNV
T =2nD =n[Vu+ (Vu)’] (1.92)

O avayvodotne propel va dellet 6t toyler téte (doxnon)
V-1=nVu. (1.93)

Avtixadotdvtog oty (1.87) nafpvouye tnv e&icwon twy Navier-Stokes:

pﬁ?=—Vp+nV2u+pg- (1.94)

Ou ouviotoes g (1.94) oe xapteciavéc ouvteTayuéves elvau:

X-CUVIOTWO:

) <5‘uz Oy Ouy 8uz> _Op <82ux Pu,  0%uy

ot T Mear Ty T D aﬂ4@2+a%>+wx

Y-CUVICTWOoW:

Ouy Duy Ouy duy\  Op Puy  uy  O%uy (1.95)
”( ot “ar Ty T )T Tay T a2 o T e ) T

Z-CGLVLCTWO:

5‘uz+u %Jru aueru du.\ _ 9p 82uz+82u2+82uz N
at " ar TWay T8, )T o2 a2 oy " 9.2 ) TPIE
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Ou o mdvew e€lotaElc cuUUTANEGYVOVTAL UE TNV EEIOWOT GUVEYELNS YLl AGUUTEGTY PON:

Ouy i % i ou,
Ox Jy 0z

=0 (1.96)

‘Etou éyoupe éva cUOTNUA TECGEPWY UEPIXWY DLIPOPLXWY EELCOOEMY TOU OVTLOTOLYOUY GTo TEGCERI
Borduwtd medlo: Uy, Uy, Uy XL P.

O
IMopdderypo 1.5.4. H anoxAiomn Tou TEAECTH UETAPEPOUEVNS OpUNAS
Ou Bpolue TNV ATOXALOT] TOU TAVUOTH UETAPEPOUEVNC OPUNAC pUUL YLOL ACUUTEGTY PO

V-puu = pV-uu:pZZ gxuj €;
J
8 Ju;
= P25 (ug g @
- r XY ug et+pzzuﬁ“l
au]' 8u2
=0 S|\ ) et o X e
i J J

= pZuiV-uei—l—pu-Vu =

%

V-puu=pu(V-u)+pu-Vu. (1.97)

T acvunieotn por), Vu=0 xat €tol o nptdtog 6pog oto 8e€id puéhog e (1.97) undevileton. Apa toyvel
V-puu=pu-Vu. (1.98)

‘Etot, yia acvpnieotyn por| ot e€lo®oelc dlathenong e opunc Talpvouy eniong TN Hop®T

- v, puu=—-Vp+V . .-T+pg (1.99)

eve v acvpnieotn Nevtoveia pon woylel

du
pat-i-V puu=-Vp+nVu+pg. (1.100)

1.5.4 Tlpwreboovoeg dtevdivoels xon AVAANOIWTES TAVLOTA
Let {e1, ez, e3} be an orthonormal basis of the three dimensional space and 7 be a second-order tensor,

3

= Z Z Tij €€ , (1.101)

i=1 j=1
or, in matrix notation,

711 Ti2 Ti13
T = T21 T22 T23 . (1.102)
T31 T32 733
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If certain conditions are satisfied, it is possible to identify an orthonormal basis {nj, ns, nz} such that
T = )\1 nin; + )\2 oIl + )\3 nsns, (1103)

which means that the matrix form of 7 in the coordinate system defined by the new basis is diagonal:

A 00
=0 X 0 |. (1.104)
0 0 A

The orthogonal vectors ny, ny and ng that diagonalize T are called the principal directions, and A1,
A2 and Ag are called the principal values of 7. From Eq. (1.105), one observes that the vector fluxes
through the surface of unit normal n;, i=1,2,3, satisfy the relation

fi:ni~7':7'~nz-:)\ini, Z:1,2,3 (1105)

What the above equation says is that the vector flux through the surface with unit normal n; is
collinear with n;, i.e., n;- 7 is normal to that surface and its tangential component is zero. From
Eq. (1.107) one gets:

(T—)\iI) - n; = 0, (1.106)

where I is the unit tensor.
In mathematical terminology, Eq. (1.108) defines an eigenvalue problem. The principal directions and

values of 7 are thus also called the eigenvectors and eigenvalues of T, respectively. The eigenvalues
are determined by solving the characteristic equation,

det(tr —AI) =0 (1.107)
or
Tir — A T12 T13
T2 T2 — A T3 =0, (1.108)
T31 T32 T33 — A

which guarantees nonzero solutions to the homogeneous system (1.108). The characteristic equation
is a cubic equation and, therefore, it has three roots, A;, i=1,2,3. After determining an eigenvalue
Ai, one can determine the eigenvectors, n;, associated with \; by solving the characteristic system
(1.108). When the tensor (or matrix) 7 is symmetric, all eigenvalues and the associated eigenvectors
are real. This is the case with most tensors arising in fluid mechanics.

Example 1.5.5. Principal values and directions

(a) Find the principal values of the tensor

x 0 =z
=0 2y O
z 0 =z

(b) Determine the principal directions nj, ng, n3 at the point (0,1,1).

(c) Verify that the vector flux through a surface normal to a principal direction n; is collinear with
n;.

(d) What is the matrix form of the tensor 7 in the coordinate system defined by {ni,ns,ng}?

Solution:
(a) The characteristic equation of 7 is

T — A 0 z
0 = det(r — AI) = 0 2y—X 0 = (2y— )
z 0 r— A\
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Qu-=AN(z—=A—2)(x—A+2) = 0.

The eigenvalues of T are \;=2y, A\o=x — z and A\3=z + z.
(b) At the point (0,1,1),

0
T=10
1

o N O

1
0| =ik + 2jj + ki,
0

and A\y=2, Ao=—1 and A3=1. The associate
characteristic system:

oL

eigenvectors are determined by solving the corresponding

(T—)\iI)-ILL':O, i=1,2,3.
For A\1=2, one gets

0—2 0 1 N1 0 727111 + Ny, = 0
0 2-2 0 ng | =10 = 0=0 —
1 0 0—2 N1 0 Ng1 — 27121 =0

Ngegl = Ny = 0.

Therefore, the eigenvectors associated with A; are of the form (0, a, 0), where a is an arbitrary nonzero
constant. For a=1, the eigenvector is normalized, i.e. it is of unit magnitude. We set

n; = (0,1,0) = j.

Similarly, solving the characteristic systems

[0+1 0 1 N2 0
0 2+1 0 Ng2 | = | 0
|1 0 0+1 | | na2 | | 0]
of Ao=—1, and ) o ) -
0-1 0 1 N3 0
0 2—-1 0 nys | = | 0
|1 0 0—1 ] | ns | | 0]
of A3=1, we find the normalized eigenvectors
1 1
n = —(1,0,-1) = —(i-k
2= 500 = -k
and
1 1.
ng = — (1,0,1) = —= (i+ k).

V2 V2

We observe that the three eigenvectors, n; ny and ns are orthogonal:?

o

n;-nz = Nz N3 = nN3g-n; =

(¢) The vector fluxes through the three surfaces normal to n; ny and ns are:
n -7 = j-(ik + 2jj+ ki) =2j =2n

(i—k) - (ik + 2jj + ki) =

Jlary

(k*i) = —Ig,

r—t%‘r—t
[\

L
V2
1
ny-7 = —(i+k)- (ik + 2jj + ki) = — (k+1i) = n3.

V2

S

2A well known result of linear algebra is that the eigenvectors associated with distinct eigenvalues of
a symmetric matrix are orthogonal. If two eigenvalues are the same, then the two linearly independent
eigenvectors determined by solving the corresponding characteristic system may not be orthogonal. From
these two eigenvectors, however, a pair of orthogonal eigenvectors can be obtained using the Gram-Schmidt
orthogonalization process; see, for example, [3].
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(d) The matrix form of 7 in the coordinate system defined by {n;,ns,n3} is

2 00

T = 2nin; — nsony + ngng = 0 -1 0

0 0 1

O
The trace, trT, of a tensor 7 is defined by
3
trr = Zm = 711 + Te2 + T33. (1.109)

i=1

An interesting observation for the tensor 7 of Example 1.5.5 is that its trace is the same (equal to 2)
in both coordinate systems defined by {i,j,k} and {n;,n2,n3}. Actually, it can be shown that the
trace of a tensor is independent of the coordinate system to which its components are referred. Such
quantities are called invariants of a tensor.? There are three independent invariants of a second-order
tensor T:

3
=3 (1.110)

i=1
3 3
I = trr° = Z Tii Tii s (1.111)
i=1 j=1
3 3 3
Il = ZZZTijTjkai s (1.112)
i=1 j=1 k=1
where 72=7 - 7 and 73=1 - 72. Other invariants can be formed by simply taking combinations of I,

II and III. Another common set of independent invariants is the following:

L =1 =trr, (1.113)
1 1

I, = 5 (I* —1II) = 5 [(trT)? — tr7?], (1.114)
1, .

Iy = 2 (I3 =31 IT + 2II) = detT . (1.115)

I, I, and I3 are called basic invariants of 7. The characteristic equation of 7 can be written as?

N LN+ LA —13=0. (1.116)

If A1, A2 and A3 are the eigenvalues of 7, the following identities hold:

.[1 = )\1+)\2+)\3 = tT”T, (1117)
1

I =M + Aads + Ash = [(trT)? — tr7?], (1.118)

13 = )\1)\2)\3 = detT. (1119)

The theorem of Cayley-Hamilton states that a square matrix (or a tensor) is a root of its characteristic
equation, i.e.,
3 L7+ Lr — I =0. (1.120)

3From a vector v, only one independent invariant can be constructed. This is the magnitude v=+/v - v of

4The component matrices of a tensor in two different coordinate systems are similar. An important property
of similar matrices is that they have the same characteristic polynomial; hence, the coefficients I, I and I3
and the eigenvalues A1, A2 and A3 are invariant under a change of coordinate system.
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Note that in the last equation, the boldface quantities I and O are the unit and zero tensors, re-
spectively. As implied by its name, the zero tensor is the tensor whose all components are zero.

Example 1.5.6. The first invariant

Consider the tensor

= ik + 2jj + ki,

)
I
— o O
o N O
OO =

encountered in Example 1.5.5. Its first invariant is
I =trr =04+4240 = 2.
Verify that the value of I is the same in cylindrical coordinates.

Solution:
Using the relations of Table 1.1, we have

r = ik + 2jj + ki
= (cosfe, —sinfey)e, + 2(sinfe, + cosbep) (sinf e, + cosb eg)
+e, (cosfe, —sinbep)
= 2sin’fee, + 2 sinf cosbe ey + cosbe e, +
2 sinf cosf ege, + 2 cos®fegpey — sinf ege, +

cosfl e,e, — sinfle,ey + Oe.e, .
Therefore, the component matrix of 7 in cylindrical coordinates {e,,ep, €.} is

2 sin20 2 siné cosf cosf
T = 2 sin@ cosf 2 cos’f —sinf
cos —sinf 0

Notice that 7 remains symmetric. Its first invariant is
I =trr =2 (sin29+00529) +0=2,

as it should be. O

1.5.5 XupBoAiopog dewxtov xou n obpPacr ddpotong

So far, we have used three different ways for representing tensors and vectors:
(a) the compact symbolic notation, e.g., u for a vector and 7 for a tensor;
(b) the so-called Gibbs’ notation, e.g.,

3 3 3
E U; €; and E E Tij €;€;
i=1 =1 j=1

for u and 7 , respectively; and
(c) the matriz notation, e.g.,
711 Ti2 Ti13
T = T21 T22 T23
731 T32 T33

for T .
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Very frequently, in the literature, use is made of the indexr notation and the so-called Einstein’s
summation convention, in order to simplify expressions involving vector and tensor operations by
omitting the summation symbols.

In index notation, a vector v is represented as

3
v; = Zvi e = V. (1.121)
i=1

A tensor T is represented as

Tij

3 3
ZZTM e e; = T. (1122)
i=1 j=1

The nabla operator, for example, is represented as

B 20 B B B
_ L= Zitv L5+ Lo, 1.12
ox; ;&me 8931 + I v ( 3)

where x; is the general Cartesian coordinate taking on the values of , y and z. The unit tensor I is
represented by Kronecker’s delta:

3 3
(Sij = ZZ(&U e;e; = I. (1.124)
i=1 j=1

It is evident that an explicit statement must be made when the tensor 7;; is to be distinguished from
its (4,7) element.

With Einstein’s summation convention, if an index appears twice in an expression, then summation is
implied with respect to the repeated index, over the range of that index. The number of the free indices,
i.e., the indices that appear only once, is the number of directions associated with an expression; it
thus determines whether an expression is a scalar, a vector or a tensor. In the following expressions,
there are no free indices, and thus these are scalars:

3
Uili = Z“i”i =u-v, (1.125)
=1
3
i = ) T o= T, (1.126)
=1
O = O Ougy | Ouy  Ou,
= =25, T 5, =V 1.127
ox; ;axi Oz + Oy + 02 Vou, ( )
an 82f 3 92 82f 82f an ,
53 = 2,53 3.2 T a2t 5.2 = 1.12
0x;0x; or 8IZ2 Z@xf ox? + 8y2 + 022 Vif, ( 8)

where V2 is the Laplacian operator to be discussed in more detail in Section 1.4. In the following
expression, there are two sets of double indices, and summation must be performed over both sets:

3 3
045 Tji = ZZO’ijTji = O .T. (1129)

i=1 j=1
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The following expressions, with one free index, are vectors:

3
€ijkUsVj = Z ZZewkuzv] e, = uxXv,
1=1 j=1
Of _N~Of  _0f  0f.  Of
axi:;axiel’a + 5,0t gk = VI
3 3
TijVj = Z ZTz‘jUj e =T-V
i=1 \j=1

ou; D _ou
ot 5(2“"3’) = ot

aT'i 87"1'
a:gjj =2 Zax]j & =V-T

Uy = Uj e, = u-Vu.
J (i‘)Ij Z Z J (i‘)Ij !
Finally, the following quantities, having two free indices, are tensors:

3 3
Uv; = E E uv; €;€; = uv,

i—lj—l
rimy = 303 (z ) ey — o7
= 1] 1 \k=1
E E e;e; = Vu
axl v
=1 j=1

Note that Vu in the last equation is a dyadic tensor.?

It is easy to show that the continuity and momentum equations,

dp
ot + V-(pu) =0
and 5
(a—ltl + u- Vu) =-Vp+ V-7 +pg,
in index notation become
dp n Opu) _
and
ou; n _aui B 78}) n 0Tji n
P\at T "o, ox; | ox; P

33

(1.130)

(1.131)

(1.132)

(1.133)

(1.134)

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)

(1.141)

(1.142)

5Some authors use even simpler expressions for the nabla operator. For example, V - u is also represented
as O;u; or u,,;, with a comma to indicate the derivative, and the dyadic Vu is represented as 0;u; or u; ;.
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1.6  OloxAnpwtixd Yewpnuata

Yy nopdypapo auth, Yo culnticouue 600 Veuehiddn YewpRuata TN SLAVLCUATIXAC AvdhuoNC: TO
Vedenuo Tou Stokes xot 1o Jedpnua tne andxiiorne (divergence theorem) 1 dedpnua Tov Gauss.

1.6.1 To Yeddpnua Tou Stokes

Oewpole 6Tt 0 avayvoHotNe elvar EEOXELOUE-
VOC UE TNV £VVOLa TOU TROGAVATOALGO D [LoC
poayUévne empdavetag S xaddc xot Tou XAl
o100 Guvopou g AS. M Tétow emipdvela
gaivetar oto Yyrua 1.6. 'Eotw F éva diavuoua-
w6 nedlo. YTrevuuilovye 6Tl To emavelaxd

ohOX AW o9

F-dS
S /7 / /
xoleitar po) Tov F Biapéoov tne empd- fipar 1.6: Hpooavazohiopévn gpaypen e

el A ne eme mpdvela e mpooavatohiopévo avvopo.
VELaG S, EVE TO ETXOUTOALO OAOXAHOWUL

/ F.dr 7{ F - dr
as as

xahelton xuxAogopia Tov F yOpw and tnv xAewoth xapundAn 9S5. To Yedpnua tou Stokes yoc
Ael 611 ) porj oTpoPiiouol €vés davvopatikol nediov F 0id péoov pag empdreag S woltar pe tny
kukAogopia tov F ylpw and to ovvopo 0S wng S.

SN

Ocedpnpo 1.6.1 Oemdpnua Stokes (Stokes theorem)

‘Eotww S yio tpocavatohopévn emigdvela xor 95 1o eniong Tpocavatohouévo e olvopo. Av
to F elvau éva Aelo Bravuopatixd medlo, téte

/S(VxF)-dS:/ F.dr (1.143)

as

Hopathenon

Enedr; dS=ndS, émouv n 1o povadioio xddeto Sidvuopa otny empdveta S (BA. Tyfua 1.6 ) xoudr=tds,
610U t 10 povadLlolo EPATTOUEVIXG SLdvuopa GTNY XadmOAN 0S xat ds T0 oTolyewddec Whxog T6Zou, N
(1.143) ypdepetar eniong we e€he:

/S(VXF)-ndS:/ F-tds (1.144)

as

H oyéon (1.144) poac Met 6Tt To odokAnpwua tns kdletng ouriotdoag touv 0tpoPiriopol evés Savvoua-
tikoV mediov F ndvw o€ yua empdrveia S 1000tar e to oAokAnjpwpa tns eQantopevikng ouvioTdoas Tov
F rndvew oto (mpooavatoliopévo)ov vopo S tng S.

IMopdderypo 1.6.1
Oa dei€oupe ye 800 tEdTOLS GTL TO Blavuopatixd nedlo F = ye®i + xe®j + zye’k elvor cuvtnentixd
(conservative).

log Tpdmog
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Apxel va ei&oupe bt n xuxhogopla Tou F yOpw and onotadrrote xhetoth xaunOAn C elvon undév:

/F~dr:0.
c

'Eotw hotndy yia TuyoLoa xhetoTh xamOAn C' xon S yia emipdveta mou €yel av cbvopo tn C, onk. 95=C.
Tougpwva pe to Yedpnua tou Stokes (ue tny tpobnddeon 61t ot C o S elvar TpocAVITOMGUEVES) €Y OLYE:

/CF-dr:[S(VxF)-dS

Ouwe
i j k
VxF=| & a% L | = (we* —ae?) i~ (ye* — ye) j+ (¢ — ") k = 0.
ye* ze* xye*
YUVETKC:

/ F-dr=0.
as

"Apa 10 medlo F elvar cuvtnpntixd.

20¢ TpoéTOC
Ou delZoupe 6Tt to F elvon medlo xhioewy, Snh. o1t undpyet Baduwtd tedio ¢(z, y, z) tétowo wote F=V¢.
Mapatneolye 6t éva tétolo nedio eivon 10 ¢ = xye®. Apa 1o F elvar cuvtnenuixd. O

1.6.2 To Yedpnua Tne andxAiong
o

‘Eotw ) éva tplodidotato gpayuévo ywelo xo
0 1 xheLOTH EMPAVELX TTIOL TO PpdooeL.  §)-
C YVWOTO, ETQAVEIEC OUTAC TNC UOPPHC TPO-
cavatohilovta €tol Hote To povadlalo xdleto
dLdvuoya vou Bely Vel Tpog Ta €€, OTWS QalveTAL n
GTO BLIAAVS Gy UL
Ilpooavatohiopévn khewotrj empdrea.

To dedpnua tne andxiione pog AéeL 6Tl o Ywpikd oAokAnpwua ths andkAions €vog diavuouatikol tediov
F o’éva tpiohidotato ppayuévo ywpio S elvar ioo ue tn pony tov F 0id péoov tng empdreas 02 tov .

Ocopnua 1.6.2 Oedpnpa Tng anoxiiong | Yedpnua touv Gauss

‘Eotw 2 éva tpioddotato gpayuévo ywpelo xar 9§ 1 TpocavatoMoUEVY) XAELOTY ETLPAVELY TOU
pedooetl o 2. Av F eivon éva Aelo dravuopatind tedlo opioyévo oto €, tdte

/V-FdV:/ F-dS (1.145)
Q [219]

Eredr dS = ndS, n (1.145) nafpvel enlone ) popen

/V~FdV:/ F-ndS (1.146)
Q o0



36 Kegdlono 1: Awxvuouatixds xon tavuoTixos Aoyiouos

To Yedpnua TN AMOXAICTC EMEXTEVETOL XOL OE TOVLGTLXA TedlaL.

Ocopnpa 1.6.3 Oewpnura TNg ATOXAIGNG YL TAVLGTEG

‘Eotw 2 éva tpiodldotato gpayuévo ywplo xar J§2 1 TpocavatoMoUEVY XAELOTY ETLPAVELY TOU
pedooel o 2. Av T elvar éva Aelo TavuoTxd medlo oplopévo oo €2, ToTE

/V~TdV:/ T-ndS (1.147)
Q T9)

IMapdderypo 1.6.2

Oa untohoyloouye to ohoxhfpwyua [ F-ndS 6nou F = 221+ 132j + 2%k xou S 1) empdvera e povadiotag
opatpac Tou opileton and Ty 22 + Y2 + 22 = 1.

Ané 1o Yedpnua tou Gauss €youue
/V-Fde/F-ndS
Q s

6mou §2 1 yovadialo ogalpa. O ameudeloc utohoylouds Tou empavelaxod oAoXANEOUATOC elvor dBoAoc.
Ipotwolue Aotndy vor UTOAOYICOUUE TO YWELXO OAOXANPWUAL.

/F-ndS = /V~FdV:/2(1+y+z)dV:2/ dV+2/de+2/de.
S Q Q Q Q Q

Aoy ouppetplag, ta 800 teleutaior ohoxAnpduota undeviCovtal. Yuvendg

/F-ndS=2/dV:2V:8—7T,
s Q 3

apo 1 povadtaio ogalpa éxel dyxo 4m/3. O

IMopdderypo 1.6.3

‘Eotww F xoau G dovuopatind medla xhdone C! oto tpioddortato ywplo § mou gpdoceto and tny
amh xheloth emgdvela 02, Oewpolue 61 oe xde onueio tng 9N to davuopatind nedio F x G elvon
gpantouevo e 0f). Oa dellouue 6T

/F-VdeV:/G-VdeV (1.148)
Q Q

Anoédedn
Ané ) Bravuopatind TawTtéTHTY

V- FxG)=G-VxF-F-VxG (1.149)

€Y OULUE:

/V-(FxG)dV:/[G~VxF7F~VxG]dV
Q Q

Ané 1o Yedpnua tou Gauss nalpvouye:

/v-(FxG)dV: (FxG)-dS= [ (FxG)-nds
Q o0 o

To nedlo F x G egpdnteton tng 052, dpa awtd eivon xddeto oto n:

(FxG)-n=0.
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IMapatnpolpe 6Tt To enupaveloxd ohoxhipwuo undeviletar xou €Tot
0= /V-(FxG)dV:/[G-VxF—F-VxG]dV —
Q Q

/F-VdeVz/G-VdeV.
Q Q

IMopdderypa 1.6.4. H e&icwaon cuvéyelag
Oewpolye éva TplodidoTtato otadepd xaL QPEAYUEVO 6YX0 peucTol § o’éva edio poric. O pudude porc
pdloc pevatol dagécou g OS2 elvan

dm
E—/@ﬂpu-nds

o6mou m N Yala, p N TUXVOTNHTO XAl U TO Bldvucpa T ToybTntac. And to Jedpenuo tng amdxAlong
€Y OLUE:
dm

—:/ pu-ndS:/V-pudV. (1.150)
dt o9 Q

To amotéleopo autd eivon Wlaitepa yphHowo otny anddeln e e&lowone cuvéyetac. Mropolue TdvTtng
VoL TUPATNPROOUUE OTL av T0 peLOTS elvan aouUTiEsTO Xou To Ywpelo 1 otadepd (dnhadh un xwvoluevo), 7
udlo mov mepheleton oto Q elvon otadeph. Apa

dm

— =0 = /V-pudeO == /V-udV:O

(apots 1 p elvon otadepr)). Enedn 1o ywplo Q elvon avdaipeto, cupnepaivouye dtt
V-u=0. (1.151)
Anodeiaue étol Ty eiowon GLVEYELAC Y aoUUTIETTN por). O

O tOroc¢ Touv Ostrogradsky
O tOnoc tou Ostrogradsky eivar otnv ovola 0 Jedpnuo Tne amdxAoNG SLATUTWHPEVD O XOPTEGLUVES
ouvtetaypévee. Tov pvnuovebouye ed® BLOTL elvan YphHoWog o ApxeTEC epappovec. Lo v anddeln
Tou T0noL Yo yenolonotioouue g eEAC OYECELS YIXL TN OTOLEWODN EMPAvEL dS XaL TOV GTOLYELDOO
oyxo dV:

n-idS=dydz, n-jdS=dxdz, mn-kdS=dzdy
xa

dV = dzxdydz .

Av F:Fll + FQ_] + ng, t61E
Oz Oy 0z
Anopével va petaoynuaticovue tov 6po F - ndS nou eypaviletor oto emigovelaxd oloxhfipwyo Tou
Yewpfdatog e andxhong:

V- F=

F-ndS=FindS+Fj ndS+F;k-ndS —
F-ndS = Fidydz + Frdxdz + Fsdzdy .

Avtiathotdvtog Tic o tdve oyéoec oty (1.146), talpvouue tov TORo Tou Ostrogradsky:

/ of + oF + OF; dxdydz = / (Fy dydz + Fy dwvdz + F3 dzdy) (1.152)
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IMopdderypo 1.6.5

z
©u unoloyicouye To ohoxhApwua
a=y1—-=z2
I = / rdydz + ydrdz + 2z dxdy
s
6mou S N xhewoTh empdvela tou oplleToun amd
T0 TapaB0NOELBEC z=1—a? —y?
2?4+yP+2=1, 0<z<l1 /1 1 Y
xot to eninedo z=0 (BA. Simhavd oyfua). X

H emg @ea S.

Me tov 010 tou Ostrogradsky, éyouue yia T0 ohoxAfpwua I:

I= / (1414 2)dedydz = 4/ dxdydz.
% %

Iopatnpotue ot

1 1 1 291
124/ dz/ da?dy:él/ 7T042d2:477/(1—2)d,z=47r{z—2—] =27
0 0 0 2 ],

IMopdderypo 1.6.6
Oa vrohoyicouye T0 empavelaxd ONOXAHEWUA

1= / 22 dydz + y? dedz + 22 dady
s
Téve oty eEwtepixh 64 tne ogaipac 2 + y? + 22 = a?. Amé tov im0 Tou Ostrogradsky, éyouue:
I= / (2x + 2y + 2z) dzedydz
v

6mou V = {(x,y,2) € R? | 2? + y* + 22 < a®}. Av xou unopolye va dolyue apéone 6t To I elvon undév
Aoyw oupuetolog, Yo To uToloyioouue ooy doxNoT oTNY AANXYT) CUVTETAYUEVWDY. O epyacTOUUE AOLTOY
o€ oapxés ouvtetayuéves (r, 0, ¢). Tvwpllovye 6t

x=rsinfcos¢, y=rsinfsing, xwu z=rcosb

6oV

0<r<a, 0<¢<2mr xu 0<60<m

INo to oTouyewddn dyxo dV éyouue

oz, y,z)

drdfd¢ = r?sin 6 drdfde .
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SUVETOC TO TELTAG OAOXAAPWUL YRAPETOL:

[ T 2
I = / / / 2r(sin 6 cos ¢ + sin @sin ¢ + cos §) r* sin 0 drdfde
o Jo Jo

2m ™ a
= 2 / d(b/ (sin? @ cos ¢ + sin” § sin ¢ + sin 6 cos #) df / e dr
0 0 0

4 2T
5 [l ) 2

. U
sin? 9]
0

4 4

4 2
— %/0 {g(Sin(ZWrCOS(b)JrO} dﬁb:%[*coséfﬂrsinq&]g“ _ Fa”

T (1H1+0)=0

O

Ot TawtotnTEG Tov Green

"Eyouye 1o 6t 6Tt 10 Yedpnua Tng andxAiong eivol oA Yoo GT1 LETATEOT TELTADY OAOXANPWUSTWY
OE ETUQAVELOXS GTaY ToL BEVTEPA ATOBELXVUOVTAL EUXONGTERA Xat avTioTpoga. ‘Ouwe 1 YeNnowdTnTaL TOU
dev meplopiletar Yovo G’outd T0 YEYOVOS, 0ol UE aUTO UTOPOVUE Vo HEAETACOVUE TN QUOLXT onuacia
NS AATAUCLAVAC Yo PXETES Uepxéc Dlopopixéc e€lotoeic. LNy mapdypapo autr Yo anodellovpe Tic
TautéTNTEC ToL Green.

Yreviupiloupe 6Tt éva C? Paduwtd medlo ¢(z,y, z) xaheltor appovixd (harmonic) av txavorotel Ty
eZlowon Laplace, dnh. av VZp=0. Oewpolue Thpo T1 cuVEpTnon:

F =¢Vy (1.153)
6mou ¢ xon ¥ Baduwtd tedla. And T SovuopaTiny THVTOTN T
V-(JF)= fV-F+F.Vf
Yétoviag f = ¢ xou F = V) Bploxovpe yia v andxhion tou F:
V-F=V-(¢Vy) =Ve Vi + dV (1.154)
Ohoxnpdvovtoc Ty (1.154) tdvew oto PpayUévo Tpioddotato yweio V éyoupe:

/ V- (V) dV = / Vo - Vi + ¢V dV . (1.155)
14 %4

Ané 1o Yedpnua tng andxhiong Loy leL:

/v-(qsw) dV:/(;sw-nds (1.156)
14 S

6mou S 1 empdvela Tou ppdooer to V. Zuvdudlovtac Tic (1.155) xou (1.156) maipvoupe Tty medTy
TavtéTnTa Tou Green:

/(v¢~vw+¢v2¢) dvz/ww-nds. (1.157)
\% S

Evod\docovtog ta ¢ %o 1p 6Tny mo mhvew oYEoT), TalpvouuE:

/(vw~v¢+w2¢) dvz/¢v¢~nds. (1.158)
1% S
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Agonpdvrac Ty (1.158) and v (1.157), naipvoupe tn dedtepy tawtdTnTa ToL Green 7 omolu elvo
eniong YVwoTh we cLRRETEIXO Yewdpnua (symmetrical theorem):

/ (pV2) — YV2¢) dV = /(qbvw — V) -nds . (1.159)
A% S

Yy mo mdve anddelgn vnodéooue 6Tl To ¢ xou P Eyouv cuveyelg Sebtepeg moapaywyous. Ta Vo xou
S wavonooly Tic cLVITXES ToL Vewphlatoc Tne andxione. Lnuewdvouye enlone 6t n (1.159) unopel
v’anodetydel av 9€couyue

F = ¢Vip — Vo (1.160)

X0l EPYUOTOVUE OTWS GTO TPWTo Yépoc (doxnom).

IMopdderypo 1.6.7
Av 1 ouvdptnon ¢ elvon Moo e e€lowong Laplace oe xdmoto ywelo V mou gpdooetor and tny emipdveta

S, tote:
o
—dS = 1.161
/Sé)n S=0 (1.161)

Anodedn
Oétovtac ¢ = 1 otnyv npwtn TawtdTnTa Green mofpvouue

/(0-V1/)+1V21/;)dV:/1V1/)~ndS
14 S

/ V21/JdV:/V1/)~ndS
v s
‘Opoc V2 = 0 xu Vip - n = 9 /dn, ondte

oy B
S%dS—O.

IMopdderypo 1.6.8
Av ou ¢ xau ¢ elvar appovinés, T0 ywexd ohoxhpwpa tne devtepng TautoéTNTac ToL Green elvon Pndey,
OToTE

[ @0 —uv6)-nds =0
S
Eneldr Vi -n = 0¢/In xo Vo - n = 9¢p/0n, éxovue tehxd:

o 9o B
[(52 - 022 as—o,

IMapathipenon
To Yedpnua e andxAlorng,

/V~FdV:/F~ndS (1.162)
14 S

petaoynuatiler Eva Yweixod ONOXANPWUA LA DLAPOPLOUEVNC TOGOTNTAC G'EVA ETLPOVELUXO OAOXATPWUA
070 0molo 0 SlPopLxdg TekeaThC Tou Exel amaheiplel. To Yedpnua tou Stokes,

/S(VxF)-ndS:/F-tds (1.163)

c
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petooynuatiler éva empaveloxd oAoxhpwuo oe ETXoUTONO amakelpovtac Zavd To dlapopixd TEAEGTH.
Ané 1o Sravuopatind hoyloud yvopllouvpe eniong étt

/C V¢ -dr = ¢(P2) — ¢(P1) (1.164)

610U ¢ Eva Barduwté Tedio xou C' Yia TeoGAVATOAGUEVT XoTOAN UE dxpa tat Py xou Py, AV GuugwVAicouue
6TL oL amopovwuéva onuela Py xan Ps elvor undevodidotata, téte 1 eZlowon (1.164) axohovdel to potifo
TWV TEONYOLUEVWY Yewpnudtwy. Eyouue dnhady| avaywyy) xatd €vo TNE SLACTACTC TOU OAOXATEWUATOC
X0l OTAUAOLPY) TOU BLapoptxol TEAEOTH. XTNV TEAYMoTixOTNT, Aot Ut Tor YEWpHUATA UTOPOLY Vo

Yewendoly cav avdhoya oe TEPLOGOTEPES BIAOTACEC TOL VeueAiddouc Yewpruatog tou ALapopLxon
Aoyiopot:

/12 % dz = f(zs) — flar). (1.165)

1
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1.7 To Yewpnua petagopds tov Reynolds

To Oewenpa Metagopds tov Reynolds (Reynolds transport theorem) efvon éva i8iadtepa ypriowo
Yedpnuo yio TNy anddelln twv vopwy dwathenone (conservation laws), 6nwe yio nopddetypa oL e€L-
owoelc dathpnone e wdlac xat e opunc. To Yedpnuo avtd umopel v Yeweniel we 1 enéxtaon tou
ohoxAnpwTixol xavoy o v Leibniz (Leibniz integral rule) ond ) wio ywetxr didotoon otov tpio-
BLdoTaTo YWEo. Ou EEXWVACOLYE TEWTA oo ToV xavova tou Leibniz tov onolo divoupe ywpelc amddeln.

Oceopnpo 1.7.1 Kavévoe tou Leibniz (Leibniz integral rule)

Avn f: R xR — R elvat ouveyde napaywyiown cuvdptnon ot ot a,b : R — R elvow eniong
CLVEY WS TAUPAYWYICIUEC CLVAPTACELC TOTE

d [ ‘O of db da

d _ @w- @« 1.151

i, feve= [ CSene s onnG - faw 0. 0
IMapatnerosc

1. Tpddape f: R xR — Rxau éyt f: R? - Ry va daywploovye Ty yweixh uetoBhnth and
ToV YpoVOo.

2. Av tadxpa a xou b Tou Slaotiatoc ohoxhfpwong elvat otadepd téte o Torog (1.151) amhonoteiton

CTOV TLO XATW:
E/a f(z,t)de = /a E(x,t) dx .

O mo mdvew TOToC yac AEeL OTL 1) GELPA TORAYWYLONE Xl OAOXAHIPWOTC UToEEl Vo avTioTpapel 6Tay
70 BldoTNua ohoxhApwong elvar otadepd.

3. Avn f Bev elvon ouvdptnon tou ypbdvou, f=f(x), talpvouue TNV O XTw EWBLXH LOPPT TOL XavdVA
tou Leibniz:

b(t) .
% o) fla)de = f(b(t))% — fla(t)) fl—t- (1.152)

H anédei&n e (1.152) elvar yvwoty and tov Ohoxhnewtixd Aoylouéd. Av F elvan i mapdyouvoa
e f, av dnhadh F'(z)=f(x) téte

b(t) o)
ﬂﬂﬂﬂM=HWMﬂ=ﬂW»—ﬂW» —

b(t) )
G, T = FEO0) - Fa)] = FO0E - P =
b(t) .
7 swds = ) G~ slao) G

4. Yn yevud| teplntwon, to Sidotnua ohoxhipwone I(t)=[a(t), b(t)] elvon xwvntd e YeToBANnTé winoc
OTWS QUVETOL TUPUGTATIXG OTO TLO HATW CY AL
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t=0 . T
ago bo z
t=t . .
! aj b1 z
t * -
a(t) b(t) v

Eivow Aoywd va ewphooupe 6t ta ecwtepxd onuelo tou I(t) elvor xou auTtd CUVIPTACELS TOL
XpOVOUL xa va oplooupe piat XatdhANAn cuvdptnon w(x(t)) yia Ty TaydtnTa xdde onueiou Tou
I(t). Tapatnpodue téTE OTUL

$00.0 %~ a0 % = 60,0 w01 = [ D100 u60)
2 a(t),t) — = [f(@(),t) w(z(®)ly) = o O x(t),t) u(x x .
"Apo umopolye va ypdhouue Tov xavéva tou Leibniz otn yopen:
d b(t) b(t) 0f b
— flx,t dacz/ [——i——fu]da:. 1.153
dt Ja) (@1) a(ty LOt c‘):c( ) ( )

‘Onwe Yo dolue o xdtw, 1 TehevTaio aLTH Hop@T elvol TO LOVOBLACTATO AVAAOYO TOL OEWPNATOC
ueTagopds tou Reynolds.

IMepirypogpéc ponfg xatd Lagrange xou xotd Euler

x = (X, 1)
e

X = ¢(X,0)
t=0

Eyfua 1.9: Yurretaypuéves Lagrange X, t kar tpoyid €vog owpatidiov.

H xivnon evéc peuotol meptypdgpetar Yewpdvtag 6Tt xdie cwuatidio peuotol xatalopuBdver £va onueio
otov yopo. XN Aeybuevn Yedpnor Lagrange (Lagrange approach) mopaxolouvdolue tn pory axo-
Aouddvtog Tic TPoytés Twv owuatdiny tou peuctol (BA. Eyua 1.9). ‘Eva cwuatidio mou Beloxeto
apywd otn ¥éon X=(X1, Xo, X3) uetd and ypdvo t Vu Bploxetar otn Véon x=(x1, x2, x3). H tpoyd
0L cwaTdloL Propel Vo TepLypapel and yio e€lowon TS HopPRc:

x = ¢(X,1). (1.154)
H mo ndve e&iowon pag diver hotdv yia xdde ypovixr otryur| £ T ¥éom tou cwuatidiou ue Véomn avapopds

X. Ta X, ¢t xahoOvtow cuvtetaypéveg Lagrange (Lagrangian coordinates) 1 ox6uo RETOUPEROUEVES
1y VAxéc cuvtetaypéveg (convected or material derivatives).
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SuvAdwe duwe dev evdlagpepduacte i Ty xivron xdde Eexwptotol cwpatdiov peuoTod AANS Yior TNV
XATAOTACT) TNG PO XoU TN HETABONT TNS UE To Ypbvo. Etn Aeybuevn dedpnon Euler (Euler approach)
epyaldpoote ye tic cuvtetaypéveg Euler (Eulerian coordinates): x xou t. "Etol n tayOtnta u=u(x, t)
elvon 1 ToyOTNTAL TOL CLWPATIBOL PEVGTOL oL TEPVA amd TO onueio x TN Ypovixn oTiyur| t. Mnopolue
va, ypdupouyue
o¢
u(X7 t) - ot (X,t) ’

6mou x=¢(X, t).

H eZlowon (1.154) opilet éva petaoynuatiopd and tic ouvtetayuéveg Lagrange oTic oUVTETAUYUEVES
Euler. H ToaxwBiavy (Jacobian) tou petaoynuatiopol eivan n

8%1 81'1 81'1
8X1 8X2 8X3

_ O@nwa1s) | Jry  Jry  Oxy
7= (X1, X2, X3) 0X; 0Xs 0Xs (1.155)

0X:1 0Xy 0X3

(Oewpolye 6Tt 1 SlavuouaTixh cLVEETNON @ Elvar CLVEYHS TapayWYioW.)

Ocewpolpe oty edlowon (1.154) bt n xivion touv cwyatidiov elvor cuveyhc xou Yovoohuavty (single-
valued) xou 611 1 anewdévion ¢ elvar avtiotpéduun étol Mote

X = ¢ '(x,1).

H mo ndvw oyéon diver v apyixh 9éomn (dnh. tic ouvtetayuévee Lagrange) tou owyatidiov tou eivor
otn Véon x xatd ) ypovixh oty t. H @ ~1 elvon eniong ouveyfc xow povoohupavtn. And guoixifc
dnodng, avtd onualvel 6Tl Eva GUVEYEC TOZ0 CLWUATIOIWY TUPUUEVEL GUVEYES XAUTA TN POT| 1 oxoud OTL
o owyatidla mou Bploxovtal ot YeLTovd eVEC BOGUEVOL COUATLOIOU THPUUEVOLY GTY] YELTOVLA TOU XoTd
™ por}. To povooruavto tng cuvdptnonc ¢ onualvel 6Tl éva cwuatidio dev umopel vo dlaomacTtel xou
vor xatohdBer dlo Véoeic, v To povootuavto e ¢ eLacpahiler 6t dlo Eeywprotd cwuatidio dev
xatahopPBdvouy moté v Bl Béom. Avaryxator xon txavr) cuvdixn yio Ty avtioteeudTnTa TS @ elvor
var pn undeviCeton n IowBiavy) J ToU YeTaoyNUATIONO) GUVTETAYHEVGY.

Ac¢ Yewprioouvye tdhpa éva puoxd péyedog f (m.y. ™V muxvétnTa i T Vepuoxpacio) mou petagpépeTal
and ta xwolUeva cwuatidia Tou pevotol. Xtn Yewpnorn Lagrange to péyedog autd mopatnpeiton cov
F(X,t). Auth n éxgppoon meptypdpel Ty TWH TS f Tou cuVBEEToL 6TO EEXWPLOTO CLUATIO PELCTOY
mou avtiotouyel ota X %o t.

Ané v &, ot Yedpnon Euler to péyedoc f nopiotdvetar ye T ouvdptnon f(x,t), n onolo dnhwve
NV T ToL peYEYoug oTo onueio x ato ypovo t. Epdoov 1 tpoyid evég owuatidiou peucTtol TeplypdpeTon
and v eZlowon (1.154), unopolye va exppdoouye tov pudud petaBoric tou yeyédous f(x,t) wg eZhc:

dfx,t)  _ df(@(X,1), 1)

dt dt
X0 | o 96.(X.1)
= — @5 7T %@(X,UJ)T +
0 0y (X 0 99 (X,

+ 00002250 1 I g, 0,025
af(x 0 0 0

= 7fgt7t) + a_i(X7t) 'U/;C(Xat) + a_‘;;(xfﬁ) Uy(X,t) + a_‘i(x7t) ’U,Z(X,t)
97 (x.1)

- ot + u(Xv t) ’ Vf(X, t)

O pudude petoBolrc Tou peyédoug f dev elvon dhhog amd TNy LAY TOEAYWYO TIOU OPICOHE GTO TEOT-
yoOueva:
Dfx,t) _ 9f(x1)
Dt ot

+ u(x,t) - Vf(x,t).
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H tomxr} mapdywyos Of /0t mpoxinter and v e€dptnon tou f and tov Ypdvo, eved N u - Vf elvor 1
Aeyouevn petagepduevn mapdywyos (convective derivative) mou elvon anotéheopa TG PETAPOPUC TNS
nocétnTac f amd 10 xvoluevo peuotd. Me auth TV €vvold 1 AT TUpdYWYOS OVUPEQETOL UEPIXES
Qopéc oav 1 mtapdywyos katd prkog TnS Tpoxids evoc cwuatLdiou.

b(X, )

t=0

Sy 1.10: TAixds dyros eAéyyou.

YTAxde 6yxog eAéyyou

H évvola tou LAxoV 6yxou eléyyou (material control volume) eivor onuavtixf oty anddeiln twy
vouwyv dtathenorc otn Peuotoduvapixy]. Oewpolue 0 por| pELGTOL GTOV YOEO XL EVOL VONTO, TUVEKTIKG
ka1 ppaypévo Tplodldotato ywelo Vo 1o onolo oe ypdvo t=0 nepixelet Eva dedouévo aOVoro uUATOIWY.
To cwpartidia autd xvobvtar pall ye tn por xou €tal 1o ywpelo V(t) mou xatahauBdvouy oe xdde ypovixh
OTLYU XVElTOL Mot Tapopop@@veToL 6Tws galveton oto LyAua 1.10. To ywplo V(t) mou xwvelton pall pe
™ pot) o TeptéyeL o (B cwuatidla peuaTol oe xdVE ypovixr oTiyur) xaheltoan VAIkdS dyKkog eAéyxou.
‘Etot, av éva owpatido Beloxetar otov apyixd dyxo ehéyyouv Vo autd Yo Beioxeton xou otov V(¢). Eivor
pavepd OTL 1 udlo oL TEPLEETUL GTOV GYXO EAEYYOU Elvon otadepr, apol € 0pLoUOU XAVEVI CWUATIDIO
0ev pedYEL amd ToV LA OYx0 eAEYYOL 00TE EloépyEToL 0’ owTov. Me Blapopetind AdyLa UTOpolUE Vo
noLpE 6Tt 0 puiuds pors pdlag 8id p€oou NG EMLPAVELNS TOU LALXOU &Yxou EAEYYOUL elvor €€ oplopob

undEV:
/ pudS = 0.
oV (t)

Av V(t) elvar évag LAx6S byxog eréyyou Tou avtiototyel otov apynd byxo eréyyou Vp, tdte unopodye
vaL ypdupouye:
V() = {xeR®|x = ¢(X,t), XeV}. (1.156)

Ioyter npogavae V(0)=V, apod X=¢(X,0). Toupwva pe 1o Yedpnuo ahhayhc HeTaBANTdY Tou At
vuouatixod Aoyiopol yia Tov 6ToLELddN LALXG byxo dV (1) oy et

dv(t) = JdVp, (1.157)

onou J 1 IoxwPlavh tou yetaoynuatiopod. Av Jewprioouvye éva oTolyewddeg tapolknieninedo Yipw
ané éva doopévo onuelo X otov apyxd ypdvo t=0, Téte auTd uvelToL XU TUPUUOPPOVETAL AOY® TNG
ponfic ahAd dev unopel vo daonactel epdoov 1 pot| elvar cuveyc. XTov Ypovo t, TO TUPUUOPPWUEVO
napoAnieninedo Yo elvon 1 yertovid Tou onueiou x= ¢ (X, t). And v mo ndvw eZiowon, o dyxoc Tou
Yo elvar dV=JdVy xou étol

av

J = —.
dVo
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H ToxoBravi Tou yetaoynuatiopol eiva Aotdy 0 Adyoc Tou oToyemdous Uxol 6yxou dV (t) tpog tov
apyx6 6yxo V. T'Vautd to Aéyo n J xahkelton eniong Sraotory (dilation or dilatation or expansion).

T tov 6yxo tou V (t) oydet:
V(t):/ dV:/ JdVy,
V(t) Vo

6ToL xaTUYENOTIXG Yenotuonololue to cbuBoro V(i) téco Y To ywplo mou avtiotolyel oTov LAIXG
6Yx0 eAEYYOU 6G0 XL Yol TOV GYXO TOU.

ITpw Bratumwoouye To Oedprnuo Metagopdc divoupe Tp®Ta PLo YeNoIY TEOTACT] Xol ETCTUAUVOVUE OTL
»xéde pudpnde petaforfc d-/dt mov avapépeton oe x&noto LAXSG 6yxo eAEyyou TawTileTon He
™V VAN napdywyo D-/Dt. Anéd tnv dAAn xdde pudnde petaBordc d-/dt nov avapépeton
o’éva otadepd dyxo ehéyyou tautiletan pe TN wEp Topdywyo J-/0t.

Igétaon 1.7.2

Av u(x,t) elvor o nedlo TorynTog xou J elvor 1 Iuxwflavi Tou pETAoYNUATIONOY TwY GUVTETAY-
péveyv Euler otic ouvtetaypéves Lagrange, téte

— = . . 1.1
pm V-oulJ (1.158)

Amoédedn
Av S5 elvor 10 oUvoho twv petadéoewy o=(01,02,03) TV Quoxdy {1,2,3}, unopolue va YpAPoLUE

v LoxwPlovh oty popen

81‘1 81'2 8333

J = Z sgn(o1,09,03) 5% X BX._ -
€5 o1 o2 o3

Mapaywyilovtag éyoupe
dJ o d 8:51 8I2 6303
E N UEZS' Sgn(ULU%US) |:dt (aXUI) aXUz aXUz *
8:51 i 6302 6303 + 8:51 6302 i 8I3
0Xs, dt \0X,, ) 0Xg, 0Xos, 0Xs, dt \ 0Xo, '

ot v mpdTn Yeovinh Tapdywyo oTo Be€ld UENOG EYOUNE:

i o0x1 B 0 %76u17%8$1+%8$2+%8$3
dt \0X,, ) 00X, \ dt - 0X,,  Ox10X,, 0xq 0X,, Ox3 0X,,

(xenotpomnotfioayue Tov xavéve g ohuoidag). H ohoxhfipwon tne anddeling aprivetan oav doxnom. [l

H (1.158) unopel va ypagel enfong otn popen

d(ln J)

i =V-u.

Iofpvouye €tol Yo onuovTixe QUOLXT EpUnvela Yia Ty amdxhion TS ToayLTnTag. Elivan o oyetinde pulude
BLAOTOATC XaTd uAxoC TNE TeoYLdS EVOC owuaTidiou peuotol. Enedy yia acuunicotn por) o pulude autédc
elvon undevinde, toylet té6te V - u=0.
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Oevpnua 1.7.3 Ocdpnua Metagopdc tov Reynolds (Reynolds Transport Theorem)
- Baduwt poppn
Avor f:R*x R — Rxa ¢ : R? x R — R3 elvaw cuveyde mopaywyloec,
¢
ll(X,t) = E(Xa t) )
xou o V(t) elvon évac ulinde byxoc eréyyou,
V() = {xeR?|x = ¢(X,t), XeV}, (1.159)
To1E J 5
= flx,t)dV = / [—f + V-(fu)} dv (1.160)
xou 4 5
— f(x,t)dV = / —de + fu-nds, (1.161)
dt Jv ) v Ot S(1)
6mou S(t)=0V (t) n empdvela nov gedooet tov V() xat n 1o npoc ta €Zw xddeto oty S(t)
povadtaio ddvuoua.

Amoédedn
Me v ahhayr oUVTETAYUEVODY

x = ¢(X,1)

TO YWEXO ONOXAAPWUAL YEAPETIL:
[ genav = [ .00 dn,
V(t) Vo

onou Vp 0 apynde 6yxog ehéyyou xa J 1 IoxwBiavr tou petaoynuatiopod. Agol 10 ohoxhipwuo 6To
0e€16 uéhog elvan mdvw oto otadepd ywplo Vo, tapaywyllovye ebxola we Tpog Tov Yedvo xou Beloxouye:

d d df dJ
— t)dV = — X,t),t) JdVy = - — | dW.
i, rena =G [ o0 /V thJ+fdt} v
Avtiathotdvtoc ty dJ/dt and v eZiowon (1.158) noalpvoupe:
d df
@ oo Fx,t)dV = /V (E + fV-u) JdVy .

Emotpégouye tdpa otov Lhxd 6yxo eléyyou V(t), dnhadnh otic ouvtetayuéveg Euler:

d df
L qv — Y L rvou)av.
dt /V(t) fx.t) /V(t) <dt t u>

Ened?) o pudude petaBoric o’éva 6yxo eréyyou tawtileton ye TNy LAXY Tapdywyo,

d _ Dr _ 9f

i~ or o TV
Bploxouye telnd:
d of
— f(x,t)dV = = 4+ u-Vf+ fV-u) dv (1.162)
d of
— f(x,t dV:/ [—Jrv-fu}dv
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Me egapuoyr| Tov Yewpruatoc Tou Gauss,

/ V-(fu)dV:/ fu-ndS.
V() S(t)

TpoxOnteL apéone 1 (1.161). ]

To Oedpnua Metagopds cuoyetilel Tnv ok uetaBolf tne tocbdtntog f otov dyxo eréyyou V(t) ue
v Tomx UETOBOAY ToL f UE TOV Ypovo xai TN HETABOATR Tou f AdYw Tou puluol PoTC TOL SLVUCUATIXOD
Tediou pu did péoou e emwpdverac S(t) Tou V(¢). Tuyxplvovtac v (1.151) pe ty (1.161) Aty (1.153)
pe v (1.160) Brérnouue mpdypatt 6T o xavévag tou Leibniz elvon eldud) nepintwon tne Baduwtic uopghc
oL Oewpruatoc Metagopds. IHoapadétouye tdpa T Stavuopatiny popen oL YewpnNuaToc.

Ocopnupa 1.7.4 Oecopnua Metagpopds tou Reynolds - Atavuopatixn poper
Me tic npobrodéoelc tou ©. 1.7.3, 1oy lel

d o [uw |
d Jy fx,t)u(x,t)dV = /m) { 5t V(fu) + (fu)V-u| dv . (1.163)
Anddedn

Av ypddoupe v ToyOTNToL 6T HopeN
3
u = Zui €e;
i=1
€YOLUE
d . d
— f(x,t)ux,t)dV = ei—/ fu; dV .
dt /V<t> e fubed ; dt Jyv )
H oloxhipwon tne anddeléng aghveton cav doxno. [l

Yo nopadelypata tou oxoroudoly divovton ot puluol HETABOAAC ONUAVTIXGY PEYETWY o’éva LAIXS dyxo
ehéyyou pe v uevdiuion 6t autol tawtilovtar ue TV LAY TopdywYo:
() o pudubde peTaBONC TOL OYXOL ENEYYOV,

av d
— = — av .
dt dt Jy @

Avutéde undeviletar oty nepintwon mou 1o peuotd elvar acuunicoto (epbdoov N wala Tou mEpAelETL
otov byxo eréyyou elvar otodepn).
(B) o puiwde peTafolfc Tne wdLoc mou nepxheieton o’éva LA Gyxo €heyyou o omolog givor €2
oplouoU (coc Ue undév:

dm d

— = — pdV = 0. (1.164)

dt — dt Jy
(Y) o pudpde petaforhc Tne Yeappuxhc oprhc J Tou peuoTol Tov TEptEyETaL o'éva LAXG GYxo
ehéyyou V(t), o onolog clupwva pe tov deltepo véuo tou Neltwra eivon (oo ye ) ouviotauévn F tov
duvdeny tou acxolvTaL Tvw otov V (t):

d—J = 4 pudV = F. (1.165)
dt dt Jy

Oa GLUYAVTACOUPE TOLS To TaVK pUIUOUS PeToBolrfc oTn cuvEyeta dTay Yo anodelloupe Tic eElotoeLs
dlathenong e pdloc xon e opuhc. Xtov Ilivaxa 1.8 cuyxplvoupe toug mo mévew puluols ye toug
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Metapopd GTEREOD CHORATOS | Poy gevotod
Vi 6yxog otepeol V=V (t): vhixdc byxog ehéyyou
u=u(t) u=u(z,y,zt)
'‘Oyxog V:fv 1%
Méla ‘ m=[;, pdV. Av p=const., 16t m=pV
Opu J=[, pudV=mu J=[, pudv
Pulude
wetaBoirc Cé—‘t/ =0 Cé—‘t/ = % [, av
Y ®OU
Pulude
wetaBoirc CZ—T = % [ pdV=0
walog
Pulude
petaBolfc Cfl—‘g = %(mu) =m Ccli—;l =ma Cé—‘g = % [ pudv
opic
Aeitepog
vouog 10U F:Cgl—‘g:ma F:Cé—‘g:% [ pudv
Newton

Mivaxag 1.8: Aidgopa peyédn kar pviuol petafodns mov apopotly atny petapopd otepeot oo-
pazos (rigid body translation) kar oTn pon pevotol.
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avtioToloue OTNY TEPTTWoN RETAPOES oTEpEol cdpatog (rigid body translation), étou u=u(t)
X0l Ol BLAPOPES EXPPACELS ATAOTIOLOUVTAL OE YVwoToUE TUToue Tne Puotnrc.

IMopdderypo 1.7.1
Octovtag f=1 otn Baduwt poper Tov Bewpruatoc Metapopds €youpe:

Wi/ dV:/ V-udv. (1.166)

H o mdve oyéon pog Aéel 611 0 puduog uetaforric Tou dyxou eivol (G0 UE TO OROXAHPWUA TS ATOXALOTIC
NS TaOTNTOC U X0 YaC BelyVeEL Eavd Ty puotxy) epunveio TOL SOCAUE YLoL TNV ATOXALOT) BLAVUCULATLXOD
nedlou. Av udhiota n V - u elvan otadept|, pmopolue va ypddouue
1 dv(t)
— —— = V-u. 1.167
V) dt b (1.167)
Yy nepintwon mouv 1o pevotd elvar aouuniecto (p=const.), and tnv dathenon tne udlac TEOXUTTEL
6T
av(t
0=p J =p V.-udV

Enedn n mo ndvew oyéorn toylet yio xdde LALXS 6Yx0 eAEYY 0L, GUUTEPAIVOLUE OTL
V-u=0.

Av Yewprioovue tdpa TV evolhaxtixd popen (1.161) tou Oswpruotoc Metagopds Bpioxouye:

w :/ u-ndS.

H oyéon auth pac Méet 6Tt o pulude petoBorric Tou 6yxou elvon (coc e Tov pulud poHc 6yxou BLd pécou
T0L oUYGPOL S(t) Tou byxoL ENEYYOL. TNy TEpinTwoN aovuniestne pofc, dV (t)/dt=0, xa étol

/ u-ndS =0.
S(t)

H tekevtala auth oyéorn yoc Aéel 6Tl oe meplntwon aoLUTEsTnE Pofc 0 PLILOS POHC GYXOU Bl UEGOU
e S(t) elvar undéyv, N axdpa 6L o pudude poric wdlag 8ud péoou e S(t) elvar undév:

av(t
pJ:p/ u-ndS =0,
70 onolo Quoixd e€ac@aiileton amd TOV 0pPIGUS TOL LAXOD GYXOU ENEYYOU. O

IMopdderypo 1.7.2
Oewpdvtac 6Tt toylel N e€loworn GUVEYELNC,

dp

= . = 1.1
Bn + V.pu =0, (1.168)
xou
u-V(pu) = pu-Vu + uu-Vp. (1.169)
(n anddelln e aghvetan cav doxnon), Ja delZouvpe 6Tt yia to pLIUS PeTABONAS TNS OpUAc Loy VEL:
D
@ = 4 pudV = / p—u av . (1.170)

INo tov oxond autd Vewpolue T Slavuopatixh Loper Tou Oewpruatoc Metagopds Vétovtag f=p:

dJ d d(pu)

— = — pudV:/ {—Jru-Vpu + (pu)V-u| dV .
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Avtiathotdvtac Ty (1.169) nolpvoupe:

dJ [ Ou Op
= = - - .V v vV - dVv
ar /V(t) _pat +u8t + pu u + uu p + pu u]

[ [Ou dp
= - . ot . . dv
/V(t)_p(at +u Vu)-i—u(at + u-Vp + pV u)]

Du dp
“ gl (G o)

Xpnotgonoldvtag Ty e&€lowor GUVEYELNS TUlPVOUPE TEAIXA

d D
a4 pudV:/ p = dv .
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1.8 ITgoBAAuota

1.

ITowa poper| malpver To davucuotixd tedio
u= (22 +9?)i+ayj+k

OE XUAVOPLXEC CUVTETAYUEVEG;

. Ael€te Ty o X4Tw THUTOTNTA Yia TO TRLTAS BLUVUCUATIXG YIVOUEVO:

ax(bxc) =b(a-c) — c(a-b)

Ynueiwon: Ta a, b xau ¢ elvon dravuouatind tedla.

. Ay

u=z2y—1)i—-¢y*j+(+Dk
elvon To Bidvuouo TN ToOTNTAC:
() Bpeite tov otpofihicwd w. Eivow 1 po) otpofilg;
(B) Eivat n po) aouprieotn;
(v) Bpeite tov Tavuoth xNcewv tne ToayxdTnToe Vu 08 XpTECLUVEC CUVTETAYUEVEC.

AelZte 6T v xdde dravuopatixd tedlo woylet
V- (VxF) =0

(n andxhion xdde otpofihiopol elvon Undév).
Smpeiwon: Oewpolue 6Tt opillovton OAES oL Ueptxéc TopdywYoL Tou eupavilovior oTNY To Téve
€xgppaon.

. Av r elvou t0 Sdvuopa Yéong va Beedel n xhion V f otav

(@) f=log|r|
®) fzni—H

. Ael&te 6T yio Tov TENECTH %NloNC oy louy o e€nc:

() Xe xoaptectavéc cuvteTayuévee (,y, 2):

o . 9. 0
V=gitgitagk (1.171)

(B) e xuhwvdpixéc ouvtetayuévee (1,0, z):

ST B a1
(v) Ze opoupixéc ouvtetaypévec (1,6, ¢):
VZ%erﬁ-%%EQ-l—ﬁa—d)e(ﬁ (1.173)
E&icwon cuvéyelag yio acLRTESTN POY).
H e€iowon ouvéyetag yio acupniestn poy) elvar 1
V-u=0, (1.174)

6ToL TOo dlavuouaTind medlo TaybTNTAC U elvon Cl. Aciéte 6T 1 e€lowor cLVEYELNC TTAlPVEL TIC TILO
HTW HOPYES:
() Xe xaptectavéc cLVTETAYUEVES (T, Y, 2):

Ouy % Oou,

E—Fay—i—az

=0 (1.175)
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10.

11.

(B) e xuhvdpixéc ouvtetayuévee (r,0, z):

10 1 Ouyg Ou, B
(v) Xe ogoupixéc ouvtetayuévee (1,60, ¢):
1 8 2 1 8 . 1 8u¢ -
r? ar(r ur) + 7 sin 0 ae(smoue) Ry o9 0 (1.177)

. K\ion nieonc.

Aei&te 6L 0 Vp, 6mou p 1 nieon, malpvel Tic axohovdes poppec.

() Xe xoaptectavéc cuvteTayuévee (z,y, 2):

_Op.,  Op.  Op
Vp = 9 | + 0y‘] + 0zk (1.178)

(B) e xuhvdpixéc ouvtetaypévee (r,0, z):

_ Op 1 0p dp
Vp = o e, + ey, ey + ER e, (1.179)

(v) Xe opoupixéc ouvtetayuévee (1,60, ¢):

1 1
vp:@er‘i’_ap ap

o , % ey + m 6_¢ €y (1180)

. H potxh cuvdptnon (te€thatvotpeaupuyctiov) ¥(x, y) ot BddoTatn poY| GE XUPTEGLAVES CU-

veTtaypévee oplleton and Tic

_ %
- 5

W
oz’

Ug kai uy =

Oewpdvtag 6Tt u,=0, Seite 6T N e€lowon GUVEYELNS YIa AGUUTEGTY POT| IXAVOTOLELTAL AU TOUATAL.
H potx¥ ouvdetnon ¢(r, z) mou oplletar and Tic

1
uT:——a—w kai wu, =

r 0z

1 0y
r Or
XPNOLLOTOLE(TAL Y10 TNV TIEPLYROPT| POV HE aE0oVIXT) GLRUETELN o€ XUAVOPXES cuvTeTayuéves. TTot

oLV TEETEL Var Loy VEL YLOL TNV CUVIOTAOOA Ug TNS TOOTNTAC VIO VAL LXUVOTOLELTOL oUTOUOTA 1|
e&lowomn cuvéyelag yio aouunieoTtn por;

To Swavuopatixd nedio Tng emTdyLVoNG.
To Bravuoypatind tedlo e enttdyuvorne opileta we eERc:

du
= 1.181
a= ( )
6ToL U To dlavuopaTixd Tedlo TNE ToydTNTIC
dr
= — 1.182
u = ( )
XOlL
r=uxi+ yj + zk (1.183)

10 Sdvuopa Yéong.

Na Betydolv o e&nc:
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() Xe xoapteotavéc cuvteTayuévee (,y, 2):

d’z d?y, d’z

= —i — — 1.184
2=t Tl T e (1.184)
(B) e xuhvdpixéc ouvtetayuévee (r,0, z):
d>r o\’ 9 drdf Az
S e . 27 Y i 1.1
a [dﬂ r(dt) er (rdtQ M7 dt)ee T aEe (1.185)
(v) Xe ogoupixéc ouvtetayuévee (1,0, ¢):
@ o\ 2, (30
a = |—3 - 75 rsin o e,
drdy = d*0 do\*
2= 4 s — i =
+ [ T + T rsm@cos@(dt) ey
drd de d d?
+ <2sin9d—zd—f + 27"(:059%6[—(? + rsin@d—tf) ey (1.186)
12. O ztekeoticu -V
Aei&te 6Tt vy Tov teAecT U - V ioybouy ta e€hc:
() Xe xaptectavéc cuVTETAYUEVES (T, Y, 2):
0 0 0
WV = e U+ U (1.187)
(B) Xe xuhwdpixéc ouvtetaypévee (1,6, 2):
0 ug 0 0
= u, 409 4w, 1.1
u-V urgs t 5 T uxg (1.188)
(v) Xe opoupixéc ouvtetayuévee (1,0, ¢):
0 Uug 0 Ugp 0
. = Up— — — 1.1
u-v “ or + r 00 + rsing d¢ (1.189)
13. To Siavuopatixd nedio (u- V)u
AelZte 6Ty to Sravvouatixd edio (u - V)u toybdouy ta e€hc:
() Xe xoaptectavéc cuvteTayuévee (,y, 2):
Ou Ou Oug \ .
Ouy Ouy Ouy \ .
+ <ux0x oty Oy s 9z ) !
ou ou ou
U= w22 k 1.190
* (““ax+“yay+“az) ( )

(B) Xe xuhwdpxéc ouvtetaypévee (1,6, 2):

2
(- V)u < ou, n ug Ou, ug " 8ur> .

Ur or r 00 r * 0z

Oug ug Oug UyrUp Oug
* (“TW+TW+ )

ou, ou, ou,
N (_ L o Ous _) . (1.191)

or r 00
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(v) Xe opoupixéc ouvtetayuévee (1,60, ¢):

B ou, ug O, up Ouy u% + Ui
(w-Vju = (u,« or r 00 * rsinf 0¢ r er
Oug ug Oug ug Oug UprUg ®
+ (u,« or + r 00 * rsinf 0¢ r r
Oug ug Oug Uy Oug Uplhg UHUgp
* (u,. or * r 00 * rsing 0¢ * r

14. Teleothg LAXNG ToEAY WY OL

15.

16.

17.

Ael&te 6T yia TOV TEAEOTY LAXAC Ay dYOoU,

D 0

Z— = 4+ u-V

Dt ot ’
6ToL U to dtavuvouatixd nedlo TaybNnTag oy bouy Ta eENg:
() Xe xoaptectavéc cuvteTayuévee (,y, 2):

Do a0 0
Dt Ot T ox Y oy “0z

(B) Xe xuhwvdpxéc ouvtetaypévee (1,6, 2):

D09 wo 0
Dt ot "or r 00 “0z
(v) Ze opoupixéc ouvtetaypévee (1,6, ¢):
D 0,0 wd w0
Dt Ot b or r 00 rsinf d¢

Av p n muxvétnTa, vo Beedel n VALK, TS ToEdYWYOS

Dp dp
=L = Z£ v/
Dt ot TP
ot Tplal GUCTAUATA CUVTETAYUEVWY.
Av u n toyOtnTa, va Beedel 1 LA TS TaEdYWYOC

Du ou
E - E —i—u-Vu

oTo TPl GUGTAUATA GUVTETAYUEVWY.

Ympeiwon: Anodexvieto ot
(u-Vi)u = u-(Vu)

6mou Vu o tavuothg xNioewy tne ToydTnTag (tpdBinua 19).

H e€icwon Siathpnone tne opwnc Y avi&cdon por) molpvel tn Lopen:

Du

- - _vy
P i p+rg

6ToL g TO Bldvuoua EMLTAYLVOTC TS BapdTnToC.

u2 cotd
€y

cot 9) ey

TCpddte avarvtnd g ouviotdoes g (1.200) ota Tple GUCTAPATO GUVTETAYUEVGY.

25

(1.192)

(1.193)

(1.194)

(1.195)

(1.196)

(1.197)

(1.198)

(1.199)

(1.200)
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18. Bpelte Tic oLVLOTOOEC TOL TAVLGTYH XxAloEWVING T axdTNTAG, VU, oTa Tpla CLUOTAUNTA CUVTE-
TAYUEVODY. LT oUVEYELN BRELTE TIC CUVIGTWOES TOL TAVUCTY PUURMY THEAROLPWOTC,

19.

20.

21.

22.

D = % [Vu + (Vu)'] (1.201)
X0 TOU TAYLOTY aTeoBiAionoD,
Q= % [Vu — (Vu)'] , (1.202)
(ota tplat CUGTAUATA GUVTETAYUEV®Y).
Epyaléuevol oe xapteotoveéc cuvtetaypéves dellte 6t
(u-V)u = u-Vu. (1.203)
Aei&te 6Tt 1) andxALon TOU TAVUOTY TACEWY TOUPVEL TIC THO XATW HOPPES:
() Xe xoaptectavéc cuvteTayuévee (,y, 2):
v o= (G Ge e )
o (T e )
+ (8g;z + 8522 + 6(;;2) k (1.204)
(B) e xuhvdpixéc ouvtetaypévee (1,0, z):
Vor = [T+ e - s e
¢ [ i 2
+ % gr (r7y2) 188722 6(;:] e, (1.205)
(v) Xe ogoupixéc ouvtetayuévee (1,60, ¢):
Vor = [agten) + orpppnesing) + o Gre - et T
T L L A
H e&iocwon Siathpnone tng oprnc YL 0mowadimote por) TolpVeL TN Hop®h:
p%?:prJrVW'erg (1.207)

Tuvdudlovtoc ta anoTeAEoHaTa TwY TeoBinudtwy (17) xa (20), Beeite Tne cuviotdoee e (1.207)

ot Tplal GUCTAULATA CUVTETAYUEVWY.

Av 1o a xar b elvon Sravdouata, o T tavuotic xou I o tautotxde tavuoTthc va Serydoly ot e€Xg

TOUTOTNTES:

() I-a=a-I=a
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23.

24.

25.

26.

27.

28.

29.

30.

(B) I:(ab)=a-b

() 1.I=1

(3) I1:1I=3

e - -I=sl-7=71

(61) T :ab=(7 -a)-b

Na detydo0v oL € TavtoTnTES:

() I:Vu=V-u

(B) V-(sI) = Vs, 6mou s Baduntd nedio.

(v) V-(st)=Vs-T+ sV T, 6nou s Baduwtd nedio.

Av o tavuoTthc T elvan cuppeTpds dellte ot
T:Vu=V-(r-u) —u-(V-1) (1.208)
H xotactatixd e€loworn acvpnicotouv Nevtdveiov pevsto elval:
T =2nD, (1.209)
6moL 1) To 180G Ko
D = % [Vu + (Vu)'] (1.210)

o tavvoti§ puiudy tapapdppwons. Bpeelte Tic exQpdoell TV GUVLGTWOMY TOL T oTa Tpld CUOTH
MOTOL CUVTETAYUEVWV.

AclZte 6Tt yia acvprieoto Nevtdvewo pevotd woyleL:
V-1 = nVu. (1.211)

Me Bdon to mo ndvw anotélecpa 1 e&lowaon BlaTHENoNS TNG OPUAC AVAYETHL oTNY TaclyvwoTn
eglowon Navier-Stokes:
Du

o

Beeite e ouviotdoee e (1.212) otal tplot GUCTAUATA CUVTETAYUEVOV.

= -Vp+nVu+ pg (1.212)

Na amodeydet n Mpbtaon 1.6.2:
Av u(x, t) elvar to nedlo tayvTnrag xar J elvan 1 IaxwBlavy tou yetaoynuotiopod twy cuvtetay-
uévwv Euler otic ouvtetaypévee Lagrange, téte

E =V-ulJ.

Av J ebvar 1 TaxoBiovh tou petaoynuatiopod twy cuvietayyéveoy Euler oe cuvtetayuéveg La-
grange, defgte 6Tl v wévpn por (steady flow) woyler:

d*J

— = JV-A{(V-u)u}. (1.213)
TrédeEn: H ol napdywyos d-/dt tavtiletar €3¢ pe v vhxh D-/Dt.

Xpnowonothote ) Boduwth popph Tov Oewphuoatoc Metagpopds tTou Reynolds yio va amodel€ete
tov Kavéva tou Leibniz.

Anodel&te ) Bravuouatind uoper tou Oewphupatoc Metagopdc tou Reynolds:

M nunav = [ (29 4w () + ()Y
dt/v(t)f(,t)(,t)dv /v<t>[8t + u-V(fu) + (fu)V-ul av.
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31.

32.

33.

34.

35.

36.

37.

Kegdlono 1: Awxvuouatixds xon tavuoTixos Aoyiouos

Aceltte 6T
u-V(pu) = pu-Vu + uu-Vp. (1.214)

() 'Eotw S(t) xhewoth LA emupdvera o’éva tedio pofic u(x,t) xo a éva O dvuopotind
ned{o optopévo oo edlo porc. Aceilte 6t yia T HETHBOAT Tou pUBUOL PO Tou a did uéoou TNg
S(t) woyveL:

4 a~ndS:/ <%+UV~a>~ndS. (1.215)
dt S(t) S(t) ot

(B) AnodeiZte ex véou tny (1.215) yenoiponodvtas to Oedpnua Metagopds Puduot Povg
(flux transport theorem):

4 a~ndS:/ <%+uV~a)~ndS+/ (axu)-dr, (1.216)
dt Js) s \ Ot )

6mou S(t) avouxth LA empdvera ue ovopo TV (UAx) xaurndin C(t).
Av 1 toyOtnta oe pla Nevtdvela pory diveton and tny
u=-c(®+y)k

o) EléyZte av n u avorolel vy e€lowon cuvéyelag ylo aouuniestn po).
Boelte to otpofiliond tng tayvtntoac. Eivar n por) otpofny;

Bepelte tic ouvoThoES TNE TaOTNTAC GE XUALVDPLXES GUVTETAYUEVES.

) Bpelte tov tavuoth xhoewy tne TaydtnTac.
£) Bpeite tov TavuoTth puludy Tapaudppwone.

ot) Bpelte tov tavuoTh Ewdhy Tdoemy.

Na enavolngdel To mo tdvew TedBAnua Yo TNV Toy\TNTA
u=uzxi-—yj
Eoctw o tavuotig tdoewy
T = byij + byji + 522 jk + 522 kj + 10xzkk

Na Bpedet to didvuopa téone oto onueto (3,4, 5) tne xuhvdpuic empdvetac 22 + y>=25.

Bpeite tic oy€oelc mou CLUVBEOLY TIC CUVLGTWOES TOU TUVUCTY TACEWY OF XOPTECLUVES CUVTETAY-
MEVES UE TLC CUVIOTOOES TOU GE GQULEIXES GUVTETAYUEVES XAl AVTIGTPOQA.

Oewpolpe TNy eNiNEDdY POT} OE KAPTECLAVES CUVTETOYUEVEC:
u = ug(z,y) i+ uy(z,y) ]

() Bpelte v éxgpaon nou woyler yo T dedtepn avolholwtn IIp oL TavuoTh pUBUGDY Tapo-
udppwone.
(B) Bpeite ™ poppy| mou nalpver  IIp btav 1 por elvar povoxatevduvTixd,

u = uib(y) ia

xat untohoyloTe 1o Yéyedoc Tou TavLaTH PLIUGY TUPAUOPPWGTC

4 = \/2IIp
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38. Oewpolye TNy eninedrn por} o€ XUAVOPIXES CUVTETAYHEVEC:
u = u,(r,0) e, + ug(r,0)eq

() Bpelte v éxgpaon nou toylel yio T debtepn avallolwtn IIp oL TavuoTh PUIUGDY Tapa-
uoppwang.
(B) Bpeite tn poppy| mou nalpver  IIp btav 1 por| elvar povoxatevduvTixd,

u = uy(r) eg,

xat UTohOY(OoTE To U€yedog TOL TAVLOTH PUBUMY TUEAUOEPWONC
¥ = /2Ip
39. 'Eotw o tavuothc tdoewy
T =4ii —ij —ji +4jj + kk
() Bpelte Tic x0plec tdoelc TOUL.

(B) Bpeite tic avarrolwtec I, II xou IIT.
(v) Beeite tic avarhoiwtee I, Iz %o Is.

40. 'Eotw o tavuothc tdoewy
T =1 — 2ik + 3jj — 2kj — 2kk

a

b

) Bpelte tic x0piec tdoelc Tou.
) Bpeite tic xpiec dtevdivoeic tou T.
) Beeite tic avahholwtee I, IT xou III.

o 2

~ o~~~

) Bpelte tov nivaxa neptotpopric Tou drywvorotel Tov T.

41. Aef€te 61 ol axdlovdeg npotdoelc elval loodOVOUES:

() "Eva peuoté elvar aocuurieoto (dnh. éxer otadepn nuxvotnta p).

(B) Dp/Dt=0.

(v) V-u=0 émouv u n toydrnro.

(8) J=1 6mou J n laxwBlavr touv yetaoynuatiopod ond T cuvtetayuévee Lagrange otic ou-
vretaypévee Euler.

42. Av J elvor n ToxwPravi Tou petaoynuotioyol and tic cuvtetaypévee Lagrange otig cuvtetayuéves
Euler xou p n muxvétnro, Setlte 61t

p((X,1), 1) J = p(x,0) (1.217)
omov (X, ) xou (x,1) ot ouvtetaypévec Lagrange xoau Euler avtictotya.

43. Av u elvan 10 BLdvuoua g TaydTNTOC Xou T To didvuopa Y€ong, va Setydoly oL TaUTOTNHTES:

()

V(irxu) = —uxI + rxVu

®)
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KegpdAouo 2

Ol E=ZIXQXEIY KINHXHX

2.1 IocoliOyio palog xot YROUUUIXNG OPUNS

Yy nopdypopo auth Ya amodelEoupe Tic BLapopéc HopPec Twv eEICMOEWY TOL BLETOLY TNV Lo6Vepun
pot| evog pevoTol. AuTéc elvan:

o 1 e&iowon drathenone e pdloc, xou

o 1) e&iowor BLATAENONE TNG YEUUMIX S Opung.

[ tov oxoné autd Yewpolue €va dyxo eNEéyyou (control volume). Autde unopel va elvan oxivntog 1
var xevelton pall ue To peuoTo €Tot HoTe va TEPEYEL O XAOE Ypovixh oTyur) ta (B cwpatidia peuoTo.
'Onwe eldaye oto Kegdhowo 1, o’auty| 11 Seltepn nepinTtwon o 6yxog eAEyyou Xaheltor VAXOG 6Yxog
eNéyyou (material control volume) xou woyler 10 Oebdpnua Metagopdc tou Reynolds. To wwoliyia
uélac xon opunic o’éva (axivito 1 LAXE) byxo eNéYyOoUL pag Slvouy T AEYOUEVES OAOKANPWTIKES UOPPES
v eglodoewy dathpnong. Ot diagopikés Hoppés Va amoderydoly oTr CUVEYEL.

2.1.1 Axivntog 07Yx0g eAEy YOV

Elvor @avepd 611 tar owpatidia peuotol mou xoatahaufdvouy €va axivinto dyxo ehéyyou elvor yevixd
drapopeTind oe xdde Ypovixy| apol To PELGTO PEEL L8 UEGOU TNS ETLQPAVELAS TOU.

Awatvpnon tng pdloc

Oewpolue évay avdaipeto axivito 6yxo eréyyou V mou gpdooetar and TNy empavela S, 6nwe golvetal
oto Tyfua 2.1. Loupwva ue tov vouo dtathenone tne pdloc o pudude adénone tne wdlac tou peustol
pé€oa otov 6yxo eléyyou V eivan (oog pe tov pulud potc peuctol did Yéoou g emLpdvelag S:

. Pudués
P,Uﬁy o €1pors
augna/ng = pdlas . (2.1)
s pddag dapuéoov
otov V e S
O puiude adZnone tne wélac etvor
dm d
—_ = = dv . 2.2
a — dt ), ” (2:2)

Eneor) o 6yxog ehéyyou V elvar otadepde, 1 ypovinn mapdywyog unopel vo unel yéca oto ohoxhrjpwua:
dm dp
— = —dV . 2.3
i~ 23

63
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Lrotyetddng empdveta dS

‘Oyxog eléyyou V

Emgdvea S

Eyfua 2.1: Axivntog yKog eAéyyov oe medio porjs.

(TTapoatnpolue edd 6Tt 1 ypovixh tapdywyog d-/dt Toautiletan ye TRy oy mapdywyo 0-/dt.) O pudude
potic wdlag did péoou g emupdvetag S diveton and Ty

- [ m)-ns.

6mou 1 o TEog Tt £€w xddeTo povadiafo dtdvuoua. To apynTind mpdomnuo delyver 6Tt av 1 por elvon Tpog
o €€, av dnhadY| To (pu)-n elvar Yetind, T6TE Exoupe pelwon e pdlac Tou peusTol o PploxeTon oTOV
6yxo eréyyou. Avuxadiotdvtag otny e&lowon (2.1) nalpvoupe TV To xdtw ohoxAnpwtixy e&lowon yia
) Batpnon g palag oe otadepd dyxo eAéyyou:

/V%d‘/:—/s(pu)onds. (2.4)

Awxtipnomn tne yeopxis oppis

Yougwva ye tov vouo xivnone tou Newton o pududc PeTABOMAC TNC YeoxX\C OpUAC toolTol YE TN
GUVIGTOUEVT] TWV BUVAUEWY TIOL aGXOLVTAL OTOV 6YX0 EAEYYOoL. Eneldy| o dyxoc eréyyou V elvar otodepde
€youue emlong YeToBolr| Tng opuic Aoyw g ewopofic () exponc) peuotol did péoou Tne empdvewas S.
Ané tnv dhAn, oL Buvduels Tou aoxolvTal daxpivovtor o cwpatixég xat empavetaxés (body and
surface forces).

Ov cwpatixéc duvdyuelc Tpogpyovton amd TNy aAANAETiBpacn Tou Gyxou eAéyyou ue e€wtepixd medio
BUVAUEWY XAl ooXOLYTOL TAVW OE GAO TO GWUI TOU OYX0U EAEYYOU, OTWS BNADVEL xou 1 ovopaocio
toug. Ol BUVAUELS AUTEC aloXOVVTOL 0T XEVTEA HALaC TwV owpatdiny xot elvar avdioyes tpog T udla
Toug. Tuvileg cwuatixég Suvdpel etvon auTh TN PapUTNTag XoL oL NAEXTEORXYVNTIXEC Buvduelg. Ot
ETLQAVELIXEC DUVAUELS TIPOEPYOVTAL amtd TNV AAANAETBPACT, TOU &YXOoU EAEYYOU UE TO GUECO TEPBAANOY,
oNAadr awtd ue To omolo Bploxeton oe dueon guont| emagr. ‘Etol n adAnienidooon auth yiveton dayéoou
NG ETMPAvELNC S TOU PEACOEL TOY OYXO EAEYYOU XAl OL BUVHELC TOU avamTOOGOVTOL 0oX0VVTOL TEVW OF
auTh 6mwe dNAGdVEL xat 1 ovopasio Toug. Ot emupavelaxéc Suvdpels elvon: (o) 1 dOvon Tou aoxelton oty
empdvela S Moyw tng Ldpootatxic mieong, xa (B) 1 duvaun TeYBrc Tou aoxelta and to mEPBAANOY
peVoTH 010 PELCTO Tou Bploxetar Yéoa oTov 6yxo eAéyyou. H deltepn auty) udpoduvouxr SOvaur Tou
aoxettar oty empdveta S ogelletar ot Yoptaxée xvioelC xat aAANAETORACELS xon lvor axE B auTh
Tov povoe! 1 apy Y dpdomnc-avtidpaonc (tpitoc Néuoc tou Newton).
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O vépoc drathpnone e yeaupixic opunc uropel vo dtatunwidel Aotndy we e€nc:
Pudués

Pududg 000F Yunorapérn Yuviotauévn
avénong a P :E’ ETIPAVEIAKDY owpaTikdy
YPapUUIKNAS = ypoy}l’ s + durduewv mov + duvdpewr mov - (2:5)
opuns OPETIS aokoUrTal aokovvtai
oiaLéoov
otov V me S oty S otov V

H opur| J tou peuctol mou meptéyetan oTtov 6yxo ehéyyou Blvetal and Tnv

J = / pudV , (2.6)
v

dJ d d(pu)
- - = = . 2.
a = oa ), v /V a v 2.7)

Treviupiloupe yioo AN wa gopd 6Tt oty mep(nTwom oxdvntou ywelou 1 ypovixh napdywyos d- /dt
tawtileton pe Ty Tomx) napdywyo J-/0t.

oL €TOL

O pulude mpootinnc opunic AoYw TNe potc dtd péoou tne S elvon
—/ (puu) -nds.
5

To apvnTnd TpdoNUo TPOXVUTTEL ANd TO YEYOVOC OTL TO TEPIEYOUEVO TOU OYXOU EAEYYOL ALEAVEL HTAV TO
ddvuopa tng T dTNTag u detyvel pog o ecwteptnd Tou V. O duadixdg TavuoTAS puu elval K¢ YVWoTo
0 (CUUUETEEC) TAVUOTAC UETAPEPOUEVNC OpUNC.

H emnpdodetn por} opuric AOYw TV ETLPAVELOXDY SUVAUEWY Elvol EToNC €VOC CUPPETPXOE TOVUGTHS, O
oAix6¢ Tavuothg Tdoewy (total stress tensor):
o= -pl + 71, (2.8)

6mou p 1 nleon xaL T 0 TAVUGTNHG WEwdWY Tdoewy (viscous stress tensor). Etot, o pudude adEnong
TNC 0pUNC AOYW TWV ETLPAVELOXGDY DUVAUEWY elvar:

/Sn'crdS:/Sn-(—pI—FT)dS. (2.9)

Méow T0U aVIGOTEOTOL TAYUGTY IEWOWY TACEWY T AopfdveTtar UTOYPN 1 oYETIXY XIVNoT WV COUATLOIWY
ToU PELOTOV. XE OTUTLXY| LCOEEOTHA, 1) WOV U UNDEVIXT]) CUVELGPOPA OTY) POT] OPUAC TEOEEYETOL UTO TNV
udpootatixh nleon p. To didvuopa n - T elvon  éAEn (traction) mou mopdyeto and ) dpdon tou T oe
éva oTolyelo EMLPAVELAC UE TPOCAVATONOUS N.

Y1n ovvéyewa Yo Jewpiooude 6Tl 1) WoVN cwpotixy| d0voun mou aoxeltar 6To pevotd Tou Beloxeton oTov
6yxo ehéyyouv V elvar auty) Tne Bapbtntoc:
/ pgdV .
v

AvtiadiotdvTog TiC o Tévew exgpdoelc otny eglowon (2.13) malpvouue TNV TO XATw OANOXANEGTIXN
eglowomn yia ) Swathipnon tng opuric oe otadepd dyxo eréyyou:

/ en) gy - [oua)nas + [ ne(pr 4 ryas + [ pgav. (2.10)

To enupavelaxd ohoxinp@poata otic e€lotaoets (2.4) xa (2.10) urnopody va YeTatpanody PUOIXE OE ONO-
XANpOUTA OYX0U UE EQupUOYT| Tou Oewpriuatog Tou Gauss.
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Vo
V()
POH Q :
t=0 t

Tyhua 2.2: Thikds Syros edéyyov V().

2.1.2 YAwx6g 6yxog eAéyyou

Oewpolye TP TNV TepitTwon UAXoL byxou eréyyou V (1), émou o byxog ehéyyou xwvelton poli ye ™
pofy (BA. Lyhua 2.2).

Awatvpnon tng péloc
H ydZa tou peuotol nou meptéyeton 6'éva LAXG 6Yxo eNéyyou elvar €€ optogol otadepr|. Apa yio to
poxpooxomixd 1oluylo udlog EYoupE:

Pududs
avénong —0. (2.11)

™mg pdlag
orov' 'V

‘Etot 1 ohoxinpwtiny e€iowon yio tn dtathpenon tne walac o VAXS byxo eréyyou elvar n:

d

. pdV = 0. 2.12
dt Jv ) (2.12)

Awxtipnomn Tne yeopxfis oppig
Egbéoov o vhixde dyxoc eréyyou xiveltar yall ue TN porj Sev €y0oLPE €L0pOT YPaixAc opuhc Sid uéoou
e empavedc touv S(t). Etor 1o poxpooxomuxd 10oliyio Yeouxhc opuhic Talpver TNy wop®:

Puiudg Yurotapévn Yunotauévn
avénong ETIPAVEIRKDY OWHATIKGY
ypayyuﬂ?s‘ = 5UV(f}l€u)V TovU + Suydpewy ToU (213)
opHIIS aokolvTal aokovvtai
otov'V oty S otov V

e avtiotolyn ohoxhnpwtixt e&loworn tnv:

d
— pudV = / n-(—pl + 7)dS +/ pgdV . (2.14)
S(t) V()

Awxtfipnon tne oTpopopuic
H opyr datiipnone tng otpo@opuhc hoc Aéel 6Tt o puiudc uetaBoAfc Tng oTpoopunc 6’ €va LAXG 6Yxo
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gAY you elvar (0o Ue TO dYpOLoUA TWV POTIRY OV AoXOUVTOL TAVW OE AUTOV:

) Porrj Porn
P/ vipudg ETPAVeEITKDY Uw}laflz'd)V
au‘fr;or]g/ = Suvduewr mov + duvduewy mov : (2.15)
TTPOPOPUNIS aokolvtar ackolvtal
otov V. otnr S otov V

H avtiotoiyn ohoxinpwtixn eiowon €yel we e€nc:

4 rxpudV = rx[n-(—pI+7')]dS+/ rx pgdV (2.16)
dt Jv () 5(t) V(t)

6mou r To didvucua Yéong.

2.1.3 Awpopxéc LopPEéc TV EELIOCWMOEWY dLATHENOTS

Oa amodel€ouye TPA TIC BIUPOPNES HOPPEC TV ELOWOEWY dlathpnong walag xat opung.

IIp6tacy 2.1.1 E&icwaon cuvéyelag
H Sropopiny poppy e e&lowone drathenone e udlac elvou:

dp

n + V-(pu) = 0. (2.17)

Anodedn
o) Anddeiln pe otabepd dyro eléyyou
[ avdalpeto otadepd 6yxo eréyyou V oto nedio poric éxouue and v (2.4):

ap /
—dV = — [ n-(pu)dS.
|5 [0 (ow

Ouwe and to Oetdpnua tou Gauss toylet:

[ n-myas = [ - (uyav

[ ]2 5] ar.

Emedn to ywelo V etvor awdoipeto nafpvouue

Jdp B
En + V-(pu) =0.

xou €Tol

B) AnddeiEn ue vhiké dyko eAéyyou
T avdalpeto LAXS byxo eréyyou V (t) oto nedlo porg éyouue and v (2.12):

d

— pdV = 0.
dt V(t)

Ané ) Badunth yopen tou Oewpnuatoc Metagopdc €youue

d dp
— dv = / [— + V- u} av
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Enewdn 1o ywelo V(t) eivon avdaipeto maipvouue Eavd

dp B
B + V-(pu) = 0.

IMgotaon 2.1.2 EEloworn Stathpnong tng Yeariixne opunc
H Siopopiny popph tne e&lowone datrhienong e Yeauxic opunc etvou:

p(%—?+u~Vu):—Vp+V~T+pg. (2.18)

Anoédedn
T avdalpeto LAXS byxo eréyyou V (t) oto nedlo poric éyouue and v (2.14):

d
—/ pudV:/ n-(—pI+7‘)dS+/ pgdV. (7)
dt Jy @ 5(t) V(t)

Y10 Hopdderypa 1.7.2 del€aye ypnotponowdvtag o Oewpnuo Metagopdc tou Reynolds xat tnv e&iowon
ouvéyelag Ot

d Du Ou
— pudV:/ p—dV:/ p<—+u~Vu) av . 1
Ané 10 Oedpnua Gauss yia TOVUGTEG EYOUNE elong:
/ n-(—pl + 7)dS = V. (=pl + 7)dV = / (=Vp + V-7)dV, (u44)
S(t) V(t) v(t)

6oL YeNnoonotioaue we YVwoth Ty tavtétnta V - (pI)=Vp. Avixadiotdvtoc tic (i) o (iii) omy

(i) maipvouye:
ou
/ pl—= +u-Vu| +Vp—-V.7 —pg|ldV =0.
V(t) ot

Enedn 1o ywelo V(t) eivor avdaipeto naipvouye:

0
p(a—ltl-l-u-Vu)—i—Vp—V-T—pg:O

0
P (a—ltl +u~Vu) =-Vp+ V-7 +rpg.

]

Yuppetplo ToL TAVLOTH WGV TdoEWY
H apy? Stathenone tne otpogopuic elvon aveldptntn and autrh TS BLUThHENONG NG YRS OpUhS.
Modi ye autr ouverdyeton T cLUUETElO TOL TaVUOTH LEWOGOY TAoEWY, T.

IMpétacn 2.1.3

O toavuothc €ndhy Tdoewy glvon GUUUETELXOC.

Anoédedn
Ou delfoupe 6TL 0 OAUOS TAVUOTAHC TACEWY

T=-pl+71
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elvar ouppeTexdc. Ao Ty opyt dratienone e otpogopuic o’ éva LAxG dyxo eléyyou [EZicwon
(2.16)] oy Vet
d
— rxpudV:/ rx(n-T)dS+/ r x pgdV (4)
dt Jy ) S() V(t)

Ané 1o Yedpnua petagpopds tou Reynolds oy et

i/ rxpudV:/ {M—I—V-(rxu)(rxpu)} av
dt Jv sy vip L Ot

Metd ané xdmowec mpdZeis (doxnon) Beloxoupe:

d d(pu) ..
— rxpudV:/ rx[ + V:puu| dV i1
dt V(t) V(t) at ( )
Ané o Yedpnua e andxong Beloxoupe (doxnon):
/ r><(n~T)dS:/ rxV-T — €:T]dV (#31)
S(t) v(t)

6TV € 0 TaVVOTHC Hetdleang o omolog elvan TavuoThc 3nc TEENe xon opiletar we e&hc:

3 3 3
€ = ZZZGWQ €,€;€er . (219)

Ané uc (i)-(iil) ralpvouye:

/v(t){rx [8(5:) + V- (puu) — V- T —pg] +e:T} v = 0.

Emedr) o vhixde dyxoc ehéyyou elvor oaudaipetoc xou 1 mapdotaot otic ayxUAes undeviletor Aoyw e
eZlowone drathpnong e Yeouuxic opuhc (Ilp. 2.1.2), Beioxouye ot

e:T=0. (2.20)

H tehevtaio oyéon ouvendyeton 61t o T elvor ouppetoxde (doxnon). Apa xon 0 T elvon CUPIUETELXOC.

2.2 E&wowoeig dlatenong Yio OTOLOdNTOTE PELCTO

Mt toddepun por| Siéneton and tic e€lotoeic datripnong tns pdlas (conservation of mass) xou datripn-
ong s opuns (conservation of momentum). ‘Onwe eldaue oty nponyolbueyn topdypago, N e&lowon
drathpnone e pdlac efvar wa Boduwty ellowon xou elvor yvwot we eflowon ouvéyeiag (continuity
equation):

Jdp B
% + V- (pu) =0, (2.21)

omou p N muxvotnta xou u N oot H eiowon dlatienong tne opurc (momentum equation) ebvon
e dravuopotien e€lowon xou pmopel vor ypagel we e€hc:
Ju
P E+U-Vu = -Vp+V-174+pg (2.22)

6moL p N mieom, T 0 Tarvotiis €wddy tdoewy (viscous stress tensor) xou g To JdVUOUA ETLTEYUVONS TNS
BapOTnrac.
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IMoapdderypa 2.2.1. Evallaxtixég pop@éc tng ediowong cuvéyetag
O avoyvaotne unopel edxolo vo enahniedoet Tic To x8tw EVAAOXTIXES Hop@éc NS eElowaone CUVEYELIG
(2.21):

0
a—?—i—u-Vp%—pV-u:O (2.23)
o D
zp a =
Di +pV-u=0. (2.24)

Me oupBohiond dextdy (index notation) n eZioworn cuvéyetag Ypdpeton we e&Nc:

Dp ou;
Dt P o,

= 0. (2.25)

IMapdderypa 2.2.2. Evallaxtixéc pop@éc tne ediowone Stathpnong e opunc
H e&iowon dathpnone e opphc (2.22) ypdgeta enione we e€hc:

Du
P = -Vp +V-1+pg (2.26)
1
Ou
p(E-FU'VU):V'(—pI—i—T)—i—pg (2.27)
1 axouo
ou
p E+u~Vu =V.0+pg (2.28)

6nou o=—pI+7 0 OAxOC TAVUOTAC TAoEWY.

Me cuyolouéd dewxtdv 1 e&iowon dlathpnone tne opurc tolpvel T Hoppn:

aui 8uz - 8}7 8Tj7; )
p(at + u]a%) = s, + oz, + pgi- (2.29)

O

O eZlotoelg drathpnong (2.21) xon (2.22) elvon yevixée pe tnv évvoia 6t toybouv yio xdlde pevatd
(ouumeotd 1\ aovuricoto, Nevtdveo B un Neutdvew). H e&icwon cuvéyetac oL oL TpELS CUVIOTOOES
e e&lowone Swthpnone e opuiic (Yo 0TotdYToTe cUCTNUN CUVTETAYUEVWY) Uag divouy éva choTnua
tecodpwy Baduwtdy eElodoewy oL omolec avTioToyoly ota Téocepa dyvwota tedla: TNy Teon p xou
TUC TPELC CUVIOTMOOEC TS TaYUTNTAC U (MY TIC Uy, Uy XU U, OF OPTECLAVES ouvtetaypévee). Ot
téooeplc auTég e€lowoetc elvan Yvwotée oav e&iodoes kivnong (equations of motion). Eivor govepd 6t
70 GUOTNPA TWV TECTAPKY AVTAOV EELCWOEWY EiVaL avolkTd Aol auTEC TEPLEYOUY €Val ETLTAEOY Ay VWOTO
nedio: Tov TovuoTh wdWY Tdoewy T. Ealpeon anotehel guowd 1 eld| tepintwon ani€ddous poris
(inviscid flow) ool t6te
T =0,

xou 1 e&lowon dratipnone tne opulc (2.22) avdyetar otny Aeybuevn egicwon Euler:

0
p(a—ltl + u~Vu> = -Vp +pg. (2.30)

IMapdderypa 2.2.3. Egiowoeig xivnone yia aviEkdn pon
Or e€loddoeic xlvnong yior avi&@on por| 6e XUPTEGLAVES CUVTETAYUEVES ElvaL Ol TLO XATw:

9p 0 P P -
a " %(Puw) + a_y(puy) + &(Puz) =0, (2.31)
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Ouy Ouy Ouy Ouy op
Ou, ou, Ou, Ou, dp
— ) = —= . 2.34
p<8t+u$8 +“yay+“Zaz) 5. " P9 (2:34)

(]

Ty nepintwon 1&wdoug ot (viscous flow), yia va xAeloet 10 clotnua twv edlowoswy (2.21) xou
(2.22) amonteiton par TavLOTIXY EZ0KON TOU Va GUVBEEL TOV TAVUGTH LEWIWY TECEWY T PE TO Sdvuoua
e Ta0TNTAC U, 1), oxpBECTEPX, UE TOV TAVLUOTYH PLOWUMY Tapapdepwong (rate of deformation
tensor):

D = % [Vu + (Vu)'] , (2.35)

6mouv Vu o tavuothc xNicewy tng tayltntag (velocity gradient tensor). H amoutoluevn auth

tavuotixy e€icwon,
F(r,D) = 0, (2.36)

eZopTdTon amd TO PEVCTO XA EVAL YVWOTH ¢ XaTacTATIXY €§lowon 1 VA1 oxéom (constitutive
equation). H amholotepn xataotatixy| eglonon avtiototyel ota Nevtdvera pevotd (Newtonian fluid-
8). ‘Onwe Yo Sodue otny enduevn napdypago, N avixdtaotacn e Neutwvetag xataotatixic e€lowong
oty e&lowon (2.22) odnyel oty eZlowon Navier-Stokes. Xe endueva xepdhona da acyohndolue enlong
e mo meplmhoxes xataoTatixés eEloWoels Tov agopoly ot wn-Neutdveta (non-Newtonian fluids) xou
i€ wdoshaotind peuotd (viscoelastic fluids).

Or e€iomoelg xivnong amoteholy €va GUGTNUA PEPIXMY BLIPOPIX®Y EECOCEMY TO OTolo YOVO OTdvLal
emdEyeTon avaAuTixr) Aoom.  Axdpa xon 1 aprduntd enthuon Twv eEloOoEwY AUTOY TUEOUGLAlEl Go-
Bapéc Suoxohieg otn yeviny| nepintwor. Eutuyde duwg oe moAAd mpoBAfuata pofig auTéC unopoly va
amhovateudoly pe Tapadoyéc ot onolec Bacilovtar oTic cuVIriKeS poric, TN YEWUETElO Xou Tl YapPUXTNEL-
OTLXd TOL UTO UeAETY peucTo. Ot mapadoyéc autég elvan anodextéc poévo av 1 AOon Tou anAonotnuévou
TpofAuaTog elval plal oY TEoGEYYLon TN ADGNE Tou apyxol TpoPBAuatoc porc. Xtn cuvéyelo Yo
aVaPEEOUYE TIC Tto cLVNHoPEVES TapadoYEC oL omoleg avandpeuxta 0dnYoVV G BlapopeTXd TUTO POTC.

AcuunieocTteg xo CLUUTUECTES POEC
Av 7 tuxvotnta elvon otadepn,
p = const.

t61E éyoupe acvpnicotn pox (incompressible flow). Aiagpopetind Mpe 6t 1) pot elvor cupmesTh!
(compressible flow). H napadoyr| aovunestétntog eivon ToAd cuvrhopévn otny tepintwon o6depuonv
POWY LYPOVY OANG byt oe aviobleppes poéc (Abyw tne e€dptnone tne tuxvétntag and t Vepuoxpacio)
xou o€ pogc aeplwv (Moyw tng toyuphc e€dptnong tTne tuxvétntag and tny Tean).

Ty neplntwon acvunieotne pofic N e&iowon cuvéyeg (2.21) anhonoteiton 6TNy
V-u=0. (2.37)
Ytouc Ilivaxec 2.1-2.3 Sivovton ot e€iomoeic xivnone ot tpla Baoixd GUCTAUATA CUVTETAYUEVKDV. X ou-

T00¢ aiveton 1600 N YEVIXT Lop@h TNe eElonone oLvEXELas (2.21) Yo CUMTLEDTH PO} GO Xl 1 ATAOTOL-
NUéEVN wopt, (2.37) v acupmieotn pof. Av xon otoug mivoxes autols dev alvetar dueon drapoponoinon

L Apxetd ouyvd avti tou 0pdol oupmeoTy kai aguunieaTn ot} YENOLLOTOOOVIOL Ol GPOL ATUUTIETTO Kol
ovumeaté pevotd. O bpoc aovurieotn por elvon mo axpBhc agod ot pa oY) €va peLoTO unopel var Vewpnidel
AGLUTECTO EVEK GE Yol GAAN EOY| TO (B0 PELCTO UTopel Vo Elval CUPTLESTO.



72

Kegdlawo 2: O eioddoeic xivnone

E&icwon ocuveEyetag

() Xuumeoth pon

dp
5+ Beloua) + 55 puy) + 5 (pus) = 0

(B) Aovuunieotn pon

Ou, , Ou Ou, _
oz T oy t o =0

EZicwon diathpnons tng opphs

L-CLUVICTWO:

Ou Ouy, Ouy, Oug\ _
(79_ ey Ty +”237) =

. Op 6Txm 87—3/2? aTzw

Y-CLVICTWOO:

Ouy Ouy Ouy, Ouy \
(at+wax+yay+za>—

— 9y [87” - aTyy - 88%} + gy

-5

Z-CLVICTOOo:

6p 0Tz aTyz

— 0T,
= 8z+[8z+8y+8 ]*sz

Mivaxag 2.1: Or efiodoes kivnons oe kapTeoavés ourTetayuéves.
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E&icwon cuvéyelag

() Zvumeoth pof

p

ot rg—(m“ur)‘i'% g

S (pua) + & (puz) = 0

(B) Aouvunicotn pof

% (ruy) +

0T oz

==

10u Ou,
TRt GE=0

Egicwon dxthipnons tng opuns

T-GUVIGTOO;

2

f-cuvicTOoo!

aUQ 8u§ _98 Ug UrUY 8u€ _
<8t+T8?"+T + L+ Uy )—

Z-CUVICTOOL:

p (G +u e+ %0t 0, Gl ) =

[Mivaxac 2.2: O eCiodoes kivnong o€ kuAvopikéS oUrTeTayIEveS.

73
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E&icwon ocuvéyetlag

() Xvumeoth pon

(pug sin0) + 1t 7 (pus) = 0

|
+
w| =
S
)
Y
$
+
—_
g

(B) Aoupnieotn pof

1.9 (2 19 1 Oug _
7237(7“ ur) + rsin@@?(ugsme) T rsinf d¢ 0

EZicwon diathpnons tng oprhc

r-CUVICTOO:

2 2
duy Ou, | ugu, . _ug Ou, UgTUs) _ dp
p(wﬂ‘rar*rae rsind 00 T =~ or
. oT, Too + T,
+ [%%(VQTM) * rsilnﬁ%(TTe sin6) + rsi1n0 8¢¢ - T M)} P
f-cuvicTwox:
dug . Oug , ugdug | Uy dug , upug UL\ 10p
p<8t+u’“8r+7“ 9 Trsm0o9 T T =790

10 1 0 ;
+[T—QW(TQTTQ)—FT,Sinem(T%Slne)—i—rsine 96 + 5 T T Tee

P-cLVIGTWGCA:

Ouy Oug | ug Oug Uy OUug | Uply | Uelg -
P(at gy T T rsme g Tt otf) =

o 079 1 or, Tr to
= om0 + [%%“2%)*% 90+ rsng ag T T 295 0| + pgs

[Mivaxac 2.3: O1 €§i0ao€is kKivnong o€ oQaipikés ourTeTayHéves.




2.3. OI EZEIXQYEIY NAVIER-STOKES 75

WV oLVICTWOWY TN e&lowone dtathenone T oppric oty Tepitwon acuptieotne porc, Yo mpénet va
onuetwVel 6Tt aUTEC amhOTOLOUVTAL PERIXWS Péow NS xataoTtatxrc eglonons (2.36).

Moévipeg xot ¥povoReTaBaANOUeEVES pOEG
Av uio por) dev mopouctdlel YeTUBOAEC PE TNV TEEOBO TOU YEOVOU, oV ONAADY] OL YPOVIXES TORAYWYOL
OV TV TEdiwY Tou epgaviovtor otig e€lowoelg xivnong etvar undéy,

9-

— =0,
ot

Nue 6T n poY) elvon o€ ROVIUT 1| oTdoun xotdotacy (steady-state) 1 oxdua 6L 1) ot elvar ROV
otdouur (steady flow). Aiopopetind, av dnhadh xdnowo nedio eZoptdron and tov ypbdvo, Aéue 6t 1 pon
elvor YeOVORETHPBANNOREYT 1 1 wéviwT 1) wn otdowwr (time-dependent or nonsteady or unsteady
flow) f petafBatixn (transient flow).

Yy nepintwon péviune pofc ot eELoOOELS GUVEYELIS Xat DLUTARNONS TS OPUAS ATAOTIOLOUYTOL OTLC
V:(pu) =0, (2.38)

pu-Vu=-Vp+ V-7 4+ pg. (2.39)

AviEdelg xou LEWOEG poEg

Ye dpxeTEC TMEQIMTAOOELS poWY aeplwy, 6mou ot LEWMOE Gpot elvar uxpol o oyéomn PE TOUC BPOLG o~
dpdvetag (inertia terms), dnhads Touc Gpouc oTo dpLoTEPS PENOS TN e&lowone dtathpnone e opunic,
UTOPOUUE VoL AUEAIGOUUE TY) CUVELGPOEE TOU TAVUOTY TACEWY T xai vo Y€oouue T=0, Jewpdvtag 6Tt To
Zdeg elvan mpaxTind undevixd. Tauth Ty nepintwon 1 pot| xoheltor aviEddng f wn Ewdng (inviscid
or non-viscous flow) ¥ axdua Wavixy| 1 télewa (ideal or perfect flow). Awogpopetxd Mue bt 1 pon
elvon 1£56ns (viscous flow). Xty neplntwon avi&ddoug porig, n e&lowan Biatpnong tne opunc avdyeto
oty e&lowon Euler otny onola éyouye 1dn avopepdel.

Mo dhAn mepintwor Ty onola cuVAVTOUUE xuplwe oe LYEd xar THyUaTa, elvon étav 1 por| elvon Tord
apYY) HE anoTéAeopa oL adpavelaxol 6poL va €ouv aUEANTEN CUVELO(POPA OE GYECT UE AUTHY TOL OAXO0
TVUOTH Tdoewy. Lty nepintwon auth Mue 6t 1 poY elvan xadapd &wdne (purely viscous flow). Xe
1600 apYEC poéc ageholue enfong xar Ty emtdyuvon tne Bopdtntag. Enedy axoua autéc ol poég elvan
oLVilwe aouUTiEsTES, Ol EELOMGELC GUVEYELIC Xal SLUTAPNONG TN OPUHS ATAOTOLOUYVTOL OTIC

V-u=0, (2.40)
~Vp+ V-1 =0. (2.41)

Muat xordopd 1€d0ng Neutdvela pot| xakeiton eniong xou poy Stokes.

Yo endpeva xe@dhona Yo SoUe 6T aloonuElnTEG ATAOTORoES TwV eEloWoEWY xivnong unopel va
yivouv pe v Tapadoyn T o 1 0o cuvioTdoee e ToydTnTac elvar UNdéy (povoxatevduvTinée xou
SuxateLPUVTIXRES POEC) Xou PE TNV Tapadoy T OTL OL Un UNBEVIXEC CUVIGTWOES TNE TaVTNTAC Xou 1) TEST
elvar cuVaPTACES LOVO Wiag 1 800 YWV YETIBANTOY (Lovodidotates xau didtdotateg pogg).

2.3 O eiowoec Navier-Stokes
'Onwe o1 avagépape 10 oUCTNUA TwV EELCMCEMY GUYEYELNS XAl SLATHENONE TNG OPUNAC XAEIVEL UE TNV Xot-
Tactotixy e€lowon (constitutive equation) mou etvon yopoxtneioTied| yio xdde pevotéd. H xataotatixd

eZlowon exppdlel Tov TovuoTH IEWOWY TACEWY T Gav GUYAETNOY TOL TAVUCTY PLUIUMY TOPULORPWONG

F(r,D) = 0. (2.42)
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H amloVotepn xatactatixy e€lowon eivan auth Tou Nevtdveiou pevctoi:
2
T =2nD + K= 3n V-ul, (2.43)

6mou ) To 1EWdeg (T0 onolo elvar oTadepd), Kk To dracTakTind EHdec (dilatational viscosity) xou I o
povadtafog Tovuothc. To Siotadtind Eddeg elvor TauToTnd (00 Ue UNdEY GTNY TERITTWAT) HOVOXTOUXWDY
OEPlWV PE PIXEH TUXVOTNTOL X TIC TEPLOCOTEPES EQUPUOYEC Umopel va aueAndel, ondte 1 xataoToTiXn
eglowomn anlomotelton oTny:

2
7-:277D—§77V-u1. (2.44)

AZ{Zel va onuewdoouvye 61t V-u=trD ondte ot e€iowoeic (2.43) xou (2.44) elvor oupBiactéc ue ) yevixn
eZlowon (2.42).

Yy neplntwon acvunieotne pofc (V - u=0), n e&iowon (2.43) anlonoteltar oty

T =2)D =7 [Vu + (Vu)'] (2.45)
1) o€ GUUBOAOUS BEXTGOY:
(’)ui 6’LLJ‘
Tij =1 <6xj + ﬁm) . (2.46)

O ouVioTOoES TOU TaVUOTH EWOWY TACEWY T Yia aoUUTiEcTn NEUTWVEL POT) GE XOPTEGLUVES, XUAVOPIXES
%ol oQoLpixég ouvteTaypéves divovtar otov Iivaxa 2.4.

AnodexvieTton ebxola (doxnon) 6t yia acuunieotn pon toylet
V.1 = nVu. (2.47)

Avtadhotdvtae ) Nevtdveta xotaotatix e€lowon oty eiowon Swathpnone e opuic Toalpvoupe Ty
neplonun egloworn Navier-Stokes:

0
p(a—?—l-u-Vu) = —Vp+nViu+pg. (2.48)

O ouviotdoeg e eglowone Navier-Stokes oe xopteaiavés, XUMVOPXES Xl CQUPXES CUVTETAYHEVES
divovtar otoug Ilivaxec 2.5-2.7.

IMapdderypa 2.3.1
Bpeite v z-cuviotdoa tne e&lowonc Navier-Stokes (0e xapTECLOUVEC GUVTETAYUEVES) VLol AOUUTESTY

pof.

Avon:
Ané tov Ilivaxa 2.1, éyoupe:
Ouy Ouy Ouy Ouy Op OTpe  OTye  OTay
p - Fuy ot ==+ +

ot "o Ty Y0 )T e T o ay+az}+pgz~

AvtxoaotdVTaC TIC TPEC CUVIOTMOOES TOU TaVUoTY Tdoewy and tov Iivoxa 2.4,

. _28% o 8um+% o 8um+8uz
we = S gy Tve =0 Oy ar ) T hs ox )’

Talpvoupe

Oug o Oa ) Ot O )
P\t "% Ty "0, ) T
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Koapteolavég ouvtetaypéveg (z,v, 2)

Kulwdpixég ocuvtetaypéveg (1,6, 2)

Tex = 27781?

iy
Tyy = 2778—y
Tzz = 277%1?

Ty = 29 e

Too = 21) (%% + %)

r.. = 29

Tro = Tor = 1) [T% (54) + %%ﬂ
= o O O

T20 = Toz = 1) [O_uzg + %%%Z}

Spoupixéc cuvieTAYREVES (1,6, @)

Toy = 27787:“1"
Too = 21 %% + %}

Oug | ug cotd
Too = =11 r51n05—¢+%+ r
Trog = Tor = 1] Tai (U_) + %%%T

7

7. / z / 7 7 / 4
Mivaxag 2.4: Yuriotwoes tov tavvotn Ewdwy tdoewy T ya aovurieotn Nevtwvea por) o€

didpopa ovoTipata oVYTETAYUEVWY.
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_ _Op oy < 0%uy N 0?u, N 0?u,, N 0%uy N 0%u,
ox Ox? oy?  Oxdy 022  0z20x
dp 0uy  Puy  OPuy 0 (Ouy Ouy Ou,

- T or <8x2+8y2+322>+pgm+n%<%+8—y+8z)'

Ané v e€lowon cuvéyeloc TapatnEoUUe 6Tt 0 TEAeUTAlog 6po¢ elvon TowToTiXd (0og Ye To undév. Etat,

<8ux Oug Oug Ouy > o Op (82%@ uy  0%uy,

) + PGx

ot Ty T, gL or T T o

ox?  Oy? ) TP

O

Egicwon ocuveéyetag

3ux 8uy auz _
or T Oy T, T =0

Egicwon dwthienons tng opuns

T-GUVIGTOOO

P(at T Uy Uy gy +“Zaz)—

_Op azux azum 9%

Y-CUVIOTWON

Ouy Ouy Ouy Ouy \
P(at+zax+yay+“zw>—

_ _Op O%uy  %uy | 0u,
= 8y+n<8 +8y +622 + PYy

Z-OLUVICTOOA

Ou, Ou, Ou,
(E)t T Uy Tyt U

i) =

2 2 2
%+n(a“2+a“2+8“2>+pgz

Z

Oy? 0z°

[Mivaxac 2.5: Or eqiodoes kivnong yia aovurieotn Nevtavea pon o€ kapteoiavés ovvtetaypé-
Veg.
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E&icwon cuveéyetog

) + 7 G+ Gz =0
EZiocwon dathpnons tng oprhc

r-GUVICTOOV

2

f-cuvicTwoo

Z-GLVIOTOCA

Ou., Ou, | ug du, Ju, ) _
p(8t+u’"8r+ + U )_

79

[Tivaxag 2.6: O1 eCioaoes kivnons ya acvurieotn Nevtdvela por o€ KUAvOPIkES TUVTETAYUé-

Veg.
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Egicwon cuveEyetag

1 0 1 Ou
2 e _
W)t e rsin 6 89(uesm€) + rsinf d¢

0
g

Egicwon dwthienons tng opuns

T-GUVIGTOOV

2 2
p(@ur_i_uraur_i_%@u,ﬂ_*_ Uy Ou, u9+u¢>

ot or T 90 " rsinf d¢ T
__9p 2 — 2, _ 20up 2 __ 2 Oug
frn 8T + n |:V Ur T2 u?" T2 80 T‘Q u@ COt 0 T2 Sin 9 ¢ + pgr

f-cuvicToo

_ _10p 2 20u, __up _ 2cosf Ouo
= —F 9+77[V u9+r2 90~ Zsinf  rlsin2g 0o + pgs

P-cuVIoTOCA

Oug Oug | ug Oug Uy Oug | Uply ueu¢,
p<8t+7"6r+7"89+rsin98¢+ G cot?
0

_ 1 ap u¢> 2 Ou, . 2cosf Oug
- rsm@&b [Vu¢ r? sin 9+r s1n08¢+r sin® 6 ¢}+pg¢

6Tou

2, _ 1 0 (20u 1 0 (s p0ui 1 9%y
Vi =5 (r )+r 2sin§ 00 <Sm039>+r2sin29 0¢?

Mivaxag 2.7: Or efiodoeg kivnong ya aovunieotn Nevtorea pon o€ o@aipikés ourTeTaypuéve.
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2.4 Adwoctatonoinor twyv egiowoewy xivnong

Tty eloaywyh Tou avayvhotn ot daotatixn| avdivon (dimensional analysis) Yo Yewpriooupe Tic
eglotoelg wivnone oty mepintwon acuunicotne Neut®velag poric GE XUPTEGLAVES GUVTETAYHEVES UE TOV
d€ova twv 2z Vo dely Vel Tpog Tal Thvw:
V-ou=0 (2.49)
ol
Du
o
Yuvidoc o’ éva TpoPAnUa pofic UTHEYEL EVal YUpUXTNELOTIXG UAXOC %ol WLal YAeaXTNELoTIXY oy 0Tt
o omofa Yo ouuBolioovye pe L xou U, avtiotorya. Mnogolue t6te vo oploouye cav yopoxtnelotind
YEOVOo NS pong Tov

= -Vp+nV?u - pgk (2.50)

Ls

ty = — 2.51
o (2:51)
Mmnopotpe axdua va oplooupe cov yapaxtnptotxt tieon (¥ tdomn) v
U.
ps = % (2.52)

O avayvootne unopel ebxoha vo emahndeloel 6Tt Ta t5 xou ps €YOLV HOVABES YpoVOU Xai TEONC o-
vilotowa.  Zuvodilovtag, ta Ls xan ts elvon ov xh{poxec (scales) mou Ya yprowonoticouue yio vo
OBLUCTATOTIOLAGOUUE TIC ave€dpTNnTeg HETOBANTES

r I = =z I y I, z I ( )

o : .
th = — = ——— 2.54
ts Ly /U ( )

6mou oL aotepioxol onualvouy 6Tt oL avtioTtotyeg YetoBANTéS efvon adidotateg. Ouolwe, o Ug xou p, elvou
oL xAlHoxee yia Tic e€apTNUEVES UeTABANTES:

u
* _ = 2.55
u i (2.55)
Hal » p
« _ P 2.56
P Ds nUs/ L (2.56)

Hupotnpolye enfong étl extog and tic aveldptnres xou Tic e&aptnuéves uetofAntéc otic e€lodaoeg (2.49)
xou (2.50) eugavilovton Tpelc oToepés TAPSUETPOL: 1 TUXVOTNTA P, TO LEWOES ) Xou 1) EMLTEYUVON TNS
Bapdtnrac g.

ITpwv adractatonotioouye Tic e€lotaotle (2.49) xou (2.50) Yo adLtaoTATOTOLACOVUE VLol EUXOAD TOUC TENE-
oTéc TNg xMong xar tng LALKAC mapaydyou. I Tov mpwTo €xouue

- Ox 8y‘] 0z O(z*Ly) 6(y*Ls)‘] O(z*Ls) L, \ Ox* Oy* J oz*
1
VvV = . \Y (2.57)

omou V* o adlactatonotnuévoc TeAeoTthc xhiong. Ouolwe yio Tov TEAEOTH TNg LAXNC TOpary Y ou €Y OUUE:

D 9 9 L1, UL

0
ot*

+u*.v*> _—

(2.58)
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Ity e€iowon cuvéyetag Twpa Bploxouye:
1
0=V-u= L—V*-u*Us —
V*-u" =0. (2.59)

H eZlowon (2.59) eivar 1 adlactatonoinuévn exdoyt tne (2.49) pe Bdon tic xAlpaxeg tou oploaue mo
ndvw. Iapatnpolue 6t dev elyaue xopior cdhoryhy ot wopey tne e€iowone. Autd dev woylet yor Ty
eZlowon Swthpnone tne opuhc:

Us D*u* o 1 * * 1 *2 % _ nUS %, *2 %
PT. D= *Lfsv (p 77U(€/Ls)+nfzv u'lUs —pgk = L. (=V*p* + V*u*) —pgk =
pUSLS D*u* * % *2 % ng2
Prs™s - _ v — Pos
” i Vip* + u U
Opllovpe tdhpa dV0 adidotatovg aptdpols (dimensionless numbers), tov aprduné Reynolds,
UsLs
Re = P25 (2.60)
n
xou Tov oprdwod Froude,
_ pgl3
Fr = —= 2.61
r= 2 (261)
OTOTE TOPVOUPE TNV O XATW ABLIGTATOTONUEVY EXBOYT TNg e&lowone Slathpenone e opunc:
D* *
Re Dtl’l‘ = —V'p" + V' — Frk. (2.62)

Metd tnv ohoxhfipwor tng adlaotatonolnong oL aoTtepioxol cuVTwS TopIAElToOVTIL Yot AGYOUS AnAdTY-
TaC.

Ané ¢ abloTaTonoUEVES LOPPES TV EELOOCEMY BLaTHENOTNC ToEUTNPOVUE OTL Ol ToEdyovTES XAi-
paxog (scaling factors), dnA. ov yetoBAntéc mou meptypdpouy o cuvolxd uéyedog xou TNy TodTHTA
TOU CUOTARATOS POTE XS XL TIC PUOLXEC BLOTNTEC ToL peuaTol, cuvodilovtal oe Blo addoTateg
ouddeg, toug aptiuote Reynolds xou Froude. Av oe duo cuothuata poric ol napdyovteg xhipoxag etvou
Té€t0l0L WOTE ol dVo autol aprduol va etvor (cot, TéTE auPdTEPA Tot CUCTAUATA PONC LXAVOTIOLOUY TIC (Bleg
adLdoTate Yeptxéc Slopopixéc eELOWOEC. AV ETITAE0Y, OL aBLECTATES OPYIXES oL CUVOPLUXES GUVUTXES
elvar ot {(Bieg (awtd ouuPalver pévo av to dbo cuoThuata elvor YEWUETEXS duota), TOTE Tar dVo cuoTAUATY
elvor amd podnuatind| dnodn ta B, Me Stagpopetind Adyla, ta adidotorta medla u*(z*, y*, 2%, t*) xou
p*(a*, y*, 2%, t*) ota 8o cuoThuata porc elvar o (Bla. Tétola cuoTAUTO XAAOUVTAL SUVARIXDS dpoLaL
(dynamically similar).

O TEENEL VoL ETGNUAVOUUE OTL UTOROVUE VO YETCULOTIOLACOUUE SLIUPORETIXG CUVBLIGUS XALUIXWY YLoL Val
odLUoTATOTOCOVUE Tl e€lotdaele xivnone. Ta mopdderypa, pior ypovixnh xAdoxo Tou yenoonoteitot
OTaY BEV UTHPYEL YUROXTNELOTIX TayUTNTAL 67 €val TpdBATua poric lvon 1
L? L2
t,= P s (2.63)
n v
(0 avayvédotne unopel va emodndedoel T 1 o Thve TapdoTaoN ExEL HOVADES Ypdvou). Axdua, cuyvd
YETOWOTOLOUVTOL SLOPOPETIXES XALMAXES WiAxoUC Yia Ti¢ ywpwée aveldptntee yetaBintée. T napd-
delypa oy €xoule poY oe Poxpd XLVAVOEO aywyd axtivag R xau ufxoug L, ta r xar z umopodv va

adtactonotndody wg e&Ng:
z
xu 2F = — 2.64
z (264)
Ye pa tétota TeplnTtewaon oTiC adlaoTOTONUEVES EELOOTELS Vol ELQAVIOTEL oaxdua Evag adldotatog aptiuoc,

0 Néyoc popync (aspect ratio):

r* o=

==

R

a= -

(2.65)
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2.5 IIpofArjpata
1. Na derydel n tavtétna V - (pI) = Vp.
2. Anodelgte my e&iowon dathipnong e opunc Ke T Xerion otalepod 6yxou EAEYYOL.
3. To cOuPolo petadéoewy opiletor wg e€hc:
1 ijk = 123,231,312

eijr = { —1 ijk=132,213,321 (2.1)
0 BpopeTind

xan elvon ypriowo otov unohoyiopd opllouc®y. [Mo mopddetypa Yo 10 eEWTEQIXS YVOUEVO TwV
BLAYUOUATOY U Xot V Loy VEL

uxv = ZZZeijkuivjek. (2.2)

=1 j=1 k=1
O tavuothg petddeong eivon tavuotrc 3nc téne xon opiletar we e€hc:

3
€ — Zzzeijk €;e;€e . (23)

i=1 j=1k=1
() Av o T elvar tavuotic 2ng Tdeng, va Beedoby ot Tpeic cuviothoee tou dtaviopatoc € : T.
(B) Ave:T=0 deiZte 6t o T elvon cuppeTpixde.

4. Adwortatonotfiote ti¢ e€lovoelc Navier-Stokes xot GUVEYELIC YENOLUOTOLOVTOC TIC TLO XAt XAi-

HOXES:
Dot tor uinn: ls=L (yopoxtnptotind wixoc)
T tov ypdvo: ts=pL?/n
Doty e Us=n/(pL)

Tty p xaw tov 70 ps=n?/(pL?)

IMwe opilovton pe avth v adtactatonoinon ot aptipol Reynolds xou Froude;

Ynpeiwon: H mo ndvw adiaoctatonoinon yenoyonoeiton 6tay otny por| Sev UTHpYEL xapakTnpl-
otikn taxyvTnta.

2.6 Biphoypagia
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2. L.G. Leal, Laminar Flow and Convective Transport Processes, Butterworth-Heinemann, Boston,
1992.

3. A.0. IMandiwdvvov, Mnyavikn twy Pevotdy, Adiva, 1999.

4. T. Papanastasiou, G. Georgiou and A. Alexandrou, Viscous Fluid Flow, CRC Press, Boca Raton,
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Chapter 6

UNIDIRECTIONAL FLOWS

Isothermal, laminar, incompressible Newtonian flow is governed by a system of four
scalar partial differential equations (PDEs); these are the continuity equation and
the three components of the Navier-Stokes equation. The pressure and the three
velocity components are the primary unknowns, which are, in general, functions of
time and of spatial coordinates. This system of PDEs is amenable to analytical
solution for limited classes of flow. Even in the case of relatively simple flows in
regular geometries, the nonlinearities introduced by the convective terms rule out
the possibility of finding analytical solutions. This explains the extensive use of
numerical methods in Fluid Mechanics [1]. Computational Fluid Dynamics (CFD)
is certainly the fastest growing branch of fluid mechanics, largely as a result of the
increasing availability and power of computers, and the parallel advancement of
versatile numerical techniques.

In this chapter, we study certain classes of incompressible flows, in which the
Navier-Stokes equations are simplified significantly to lead to analytical solutions.
These classes concern unidirectional flows, that is, lows which have only one nonzero
velocity component, u;. Hence, the number of the primary unknowns is reduced to
two: the velocity component, u;, and pressure, p. In many flows of interest, the PDEs
corresponding to the two unknown fields are decoupled. As a result, one can first find
u;, by solving the corresponding component of the Navier-Stokes equation, and then
calculate the pressure. Another consequence of the unidirectionality assumption, is
that u; is a function of at most two spatial variables and time. Therefore, in the
worst case scenario of incompressible, unidirectional flow one has to solve a PDE
with three independent variables, one of which is time.

The number of independent variables is reduced to two in

(a) transient one-dimensional (1D) unidirectional flows in which w; is a function of
one spatial independent variable and time; and

(b) steady two-dimensional (2D) unidirectional flows in which w; is a function of
two spatial independent variables.
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The resulting PDEs in the above two cases can often be solved using various tech-
niques, such as the separation of variables [2] and similarity methods [3].

In steady, one-dimensional unidirectional flows, the number of independent vari-
ables is reduced to one. In these flows, the governing equation for the nonzero ve-
locity component is just a linear, second-order ordinary differential equation (ODE)
which can be solved easily using well-known formulas and techniques. Such flows are
studied in the first three sections of this chapter. In particular, in Sections 1 and 2,
we study flows in which the streamlines are straight lines, i.e., one-dimensional recti-
linear flows with u,=u.(y) and u,=u.=0 (Section 6.1), and azisymmetric rectilinear
flows with u,=u.(r) and u,=ug=0 (Section 6.2). In Section 6.3, we study azisym-
metric torsional (or swirling) flows, with ug=ug(r) and u.,=u,=0. In this case, the
streamlines are circles centered at the axis of symmetry.

In Sections 6.4 and 6.5, we discuss briefly steady radial flows, with azial and
spherical symmetry, respectively. An interesting feature of radial flows is that the
nonzero radial velocity component, w,=u,(r), is determined from the continuity
equation rather than from the radial component of the Navier-Stokes equation. In
Section 6.6, we study transient, one-dimensional unidirectional flows. Finally, in
Section 6.7, we consider examples of steady, two-dimensional unidirectional flows.

Unidirectional flows, although simple, are important in a diversity of fluid trans-
ferring and processing applications. As demonstrated in examples in the following
sections, once the velocity and the pressure are known, the nonzero components
of the stress tensor, such as the shear stress, as well as other useful macroscopic
quantities, such as the volumetric flow rate and the shear force (or drag) on solid
boundaries in contact with the fluid, can be easily determined.

Let us point out that analytical solutions can also be found for a limited class of
two-dimensional almost unidirectional or bidirectional flows by means of the potential
function and /or the stream function, as demonstrated in Chapters 8 to 10. Approx-
imate solutions for limiting values of the involved parameters can be constructed
by asymptotic and perturbation analyses, which are the topics of Chapters 7 and 9,
with the most profound examples being the lubrication, thin-film, and boundary-
layer approximations.

6.1 Steady, One-Dimensional Rectilinear
Flows

Rectilinear flows, i.e., flows in which the streamlines are straight lines, are usually
described in Cartesian coordinates, with one of the axes being parallel to the flow
direction. If the flow is axisymmetric, a cylindrical coordinate system with the z-axis
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coinciding with the axis of symmetry of the flow is usually used.

Let us assume that a Cartesian coordinate system is chosen to describe a rec-
tilinear flow, with the z-axis being parallel to the flow direction, as in Fig. 6.1,
where the geometry of the flow in a channel of rectangular cross section is shown.
Therefore, u, is the only nonzero velocity component and

Uy =uy, =0. (6.1)
From the continuity equation for incompressible flow,

Uy . % . u,
dx dy dz

=0,

we find that
du,

ox

which indicates that u, does not change in the flow direction, i.e., u, is independent

of z:
uy = ux(y, 2, 1) . (6.2)
Flows satisfying Eqs. (6.1) and (6.2) are called fully developed. Flows in tubes
of constant cross section, such as the one shown in Fig. 6.1, can be considered
fully developed if the tube is sufficiently long so that entry and exit effects can be
neglected.
Due to Eqs. (6.1) and (6.2), the x-momentum equation,

<8uw . Uy . Uy . 8%) _Op . 0%y . 0%, . 0%, .
P\ "% Ty T2 ) T Tar T\ aar T oy T a2 ) TP
is reduced to
Uy @ . 0%u, . 0%u, . (6.3)
P o1 ar T\ Tayr T2 ) T P9 ‘

If now the flow is steady, then the time derivative in the x-momentum equation is
zero, and Eq. (6.3) becomes

dp Pu,  0uy,
“ae Tl T +pge = 0. (6.4)

Oz 972

The last equation which describes any steady, two-dimensional rectilinear flow
in the z-direction is studied in Section 6.5. In many unidirectional flows, it can be
assumed that

9%u,, 9%u,,
0y? > 022 7
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Y

/z

Figure 6.1. Geometry of flow in a channel of rectangular cross section.

and u, can be treated as a function of y alone, i.e.,

Uy = uz(y) . (6.5)
With the latter assumption, the z-momentum equation is reduced to:

dp d?u,,

+ pg. = 0. (6.6)

The only nonzero component of the stress tensor is the shear stress 7,

duy,
T X = ) 6.7
y n dy (6.7)
in terms of which the z-momentum equation takes the form
ap dTys
it 4 . =0. 6.8
ot dy + pg (6.8)

Equation (6.6) is a linear second-order ordinary differential equation and can be
integrated directly if
Ip

3 = const . (6.9)
Its general solution is given by
L (9p 2
) = — (22~ pg, . 6.10
w(y) = 5 <3$ pg)y +oay + e (6.10)
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%
—_—
/ A
v Y
Up=7Y H
M

Figure 6.2. Plane Couette flow.

Therefore, the velocity profile is a parabola and involves two constants, ¢; and cs,
which are determined by applying appropriate boundary conditions for the partic-
ular flow. The shear stress, 7,,=Ty, is linear, i.e.,

B dux_<@
Tyx_ndy_ dx

- pgx) y + neyp . (6.11)

Note that the y- and z-momentum components do not involve the velocity u,; since
uy=1u.=0, they degenerate to the hydrostatic pressure expressions

dp

9p Ip
dy

—0. 6.12
5, TP (6.12)

+ pgy, = 0 and

Integrating Eqs. (6.9) and (6.12), we obtain the following expression for the pressure:

op
p = ot P9yt pgeztc, (6.13)
where ¢ is a constant of integration which may be evaluated in any particular flow
problem by specifying the value of the pressure at a point.
In Table 6.1, we tabulate the assumptions, the governing equations, and the ge-
neral solution for steady, one-dimensional rectilinear flows in Cartesian coordinates.
Important flows in this category are:

1. Plane Couette flow, i.e., fully-developed flow between parallel flat plates of
infinite dimensions, driven by the steady motion of one of the plates. (Such a
flow is called shear-driven flow.) The geometry of this flow is depicted in Fig.
6.2, where the upper wall is moving with constant speed V (so that it remains
in the same plane) while the lower one is fixed. The pressure gradient is zero
everywhere and the gravity term is neglected. This flow is studied in Example
1.6.1.
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Assumptions:

Continuity:

r-momentum:

dp d*u _
Tox T gt T P9 =0
y-momentums:
Ip
3y + pgy = 0
Z-momentum:
Ip _

General solution:

d
Uy = ﬁ(% - pgx) y: 4+ ay + e
o )
Tyac — Txy — <8$ - pgl’) Yy —I_ N

)
p = G a+pgy+pg.z+ec

Table 6.1. Governing equations and general solution for steady, one-dimensional
rectilinear flows in Cartesian coordinates.

2. Fully-developed plane Poiseuille flow, i.e., flow between parallel plates of infi-
nite width and length, driven by a constant pressure gradient, imposed by a
pushing or pulling device (a pump or vacuum, respectively), and/or gravity.
This flow is an idealization of the flow in a channel of rectangular cross section,
with the width W being much greater than the height H of the channel (see
Fig. 6.1). Obviously, this idealization does not hold near the two lateral walls,
where the flow is two-dimensional. The geometry of the plane Poiseuille flow
is depicted in Fig. 6.4. This flow is studied in Examples 6.1.2 to 6.1.5, for
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different boundary conditions.

3. Thin film flow down an inclined plane, driven by gravity (i.e., elevation differ-
ences), under the absence of surface tension. The pressure gradient is usually
assumed to be everywhere zero. Such a flow is illustrated in Fig. 6.8, and is
studied in Example 1.6.6.

All the above flows are rotational, with vorticity generation at the solid bound-

aries,
J k 5
_ _ d _ Uy
w=Vxul, =10 Dy 0 _—<8y)wk7ﬁ0_
u; 0 "

The vorticity diffuses away from the wall, and penetrates the main flow at a rate
v(d*u,/dy*). The extensional stretching or compression along streamlines is zero,
i.e.,

,_8%_0
€= or

Material lines connecting two moving fluid particles traveling along different stream-

lines both rotate and stretch, where stretching is induced by rotation. However, the
principal directions of strain rotate with respect to those of vorticity. Therefore,
strain is relaxed, and the flow is weak.

Example 6.1.1. Plane Couette flow
Plane Couette flow,! named after Couette who introduced it in 1890 to measure
viscosity, is fully-developed flow induced between two infinite parallel plates, placed

at a distance H apart, when one of them, say the upper one, is moving steadily with
speed V relative to the other (Fig. 6.2). Assuming that the pressure gradient and
the gravity in the z-direction are zero, the general solution for w, is:

Uy = 1Y + €2
For the geometry depicted in Fig. 6.2, the boundary conditions are:

uy =0 at y=0 (lower plate is stationary);
uy =V at y=H (upper plate is moving).

By means of the above two conditions, we find that ¢=0 and ¢;=V/H. Substituting
the two constants into the general solution, yields

Up = — Y. (6.14)

!Plane Couette flow is also known as simple shear flow.
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The velocity u, then varies linearly across the gap. The corresponding shear stress
is constant,

v
ﬁ .

A number of macroscopic quantities, such as the volumetric flow rate and the
shear stress at the wall, can be calculated. The volumetric flow rate per unit width
is calculated by integrating w, along the gap:

v = [ g
w =, Uy dy = : Hydy ==

Tye = 1] (6.15)

@ _1
=g AV (6.16)

The shear stress 7,, exerted by the fluid on the upper plate is

v

Tw = —Tyzly=H = — 5 - (6.17)
The minus sign accounts for the upper wall facing the negative y-direction of the
chosen system of coordinates. The shear force per unit width required to move the

upper plate is then

F L Vv
— = - wdr = n—1L,
W /0 Tt =y
where L is the length of the plate.
v
_—
4 A
4 Y
o U=V H
E Y
x
_—
%

Figure 6.3. Plug flow.

Finally, let us consider the case where both plates move with the same speed V,
as in Fig. 6.3. By invoking the boundary conditions
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we find that ¢;=0 and c3=V, and, therefore,
U, = V.
Thus, in this case, plane Couette flow degenerates into plug flow. O

Example 6.1.2. Fully-developed plane Poiseuille flow

Plane Poiseuille flow, named after the channel experiments by Poiseuille in 1840,
occurs when a liquid is forced between two stationary infinite flat plates, under
constant pressure gradient dp/dz and zero gravity. The general steady-state solution
is

1 adp ,
Jy) = — 22 6.18
u(y) o oz Yo+ ay + e (6.18)
and 5
Tye = £ Yy + ner. (6.19)
Y
Uy =1y (Y) 20

Figure 6.4. Plane Poiseuille flow.

By taking the origin of the Cartesian coordinates to be on the plane of symmetry
of the flow, as in Fig. 6.4, and by assuming that the distance between the two plates
is 2H, the boundary conditions are:

d
Tye = 1) diyl’ =0 at y=0 (symmetry);

uy =0 at y=H (stationary plate).

Note that the condition u,=0 at y=—H may be used instead of any of the above
conditions. By invoking the boundary conditions at y=0 and H, we find that ¢;=0
and

1 dp 2

Cy = —%%
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The two constants are substituted into the general solution to obtain the following
parabolic velocity profile,

1 6[) 2 2
r = —— H” — . 6.20

If the pressure gradient is negative, then the flow is in the positive direction, as in
Fig. 6.4. Obviously, the velocity u, attains its maximum value at the centerline

(y=0):
i @ H? .

2n dx

ux,max -

The volumetric flow rate per unit width is

H H 1 8
Q:/ uxdy:2/ ———p(Hz—yz)dy ==
w -H 0

Q = —— — HW. (6.21)

As expected, Eq. (6.21) indicates that the volumetric flow rate @ is proportional
to the pressure gradient, dp/dz, and inversely proportional to the viscosity 7. Note
also that, since dp/dz is negative, Q) is positive. The average velocity, 4,, in the

channel is: 5 8
WH 3n dx
The shear stress distribution is given by
op
s = Ly, 6.22
Ty oz Y ( )

i.e., Ty, varies linearly from y=0 to H, being zero at the centerline and attaining its
maximum absolute value at the wall. The shear stress exerted by the fluid on the
wall at y=H is

dp
Tw = —Tyaly=H = _%H

Example 6.1.3. Plane Poiseuille flow with slip

Consider again the fully-developed plane Poiseuille flow of the previous example,

and assume that slip occurs along the two plates according to the slip law

Tw:ﬁuw at y=H,
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where [ is a material slip parameter, 7, is the shear stress exerted by the fluid on
the plate,

Tw = _Tyx|y:H ’

and w,, is the slip velocity. Calculate the velocity distribution and the volume flow
rate per unit width.

Uny

Figure 6.5. Plane Poiseuille flow with slip.

Solution:
We first note that the flow is still symmetric with respect to the centerline. In this
case, the boundary conditions are:

duy,
dy
Tw = ﬁuw at y:H

Tye = 1) =0 at y=0,

The condition at y=0 yields ¢;=0. Consequently,

1L dp 4
Uy = % % + C2,
and 5 5
P P
Tyos — % Y = Tw = —5- H

Applying the condition at y=H, we obtain

1 1 dp 1 dp 5
w = STw acH = ———0>H —— — —H = ———H.
o = 5T 7 w() 3 oz mar T 3 oz
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Consequently,
1 ap 9 277H)
= g2y
o= g ()
and 19 ol
4 2 1 2
p= —— = (HEP 2 2 6.23
w= g (14T ) (6:23)

Note that this expression reduces to the standard Poiseuille flow profile when g—o0.
Since the slip velocity is inversely proportional to the slip coefficient 3, the standard
no-slip condition is recovered.

An alternative expression of the velocity distribution is

1 dp 2 2
Uy = uw_%% (H _y) 9

which indicates that u, is just the superposition of the slip velocity u,, to the velocity
distribution of the previous example.

For the volumetric flow rate per unit width, we obtain:

Q /H 2 0p 4
— =2 cdy = 2u,H — —— H
w 0 o @Y “ 3n oz
2 dp 3< 377)
= —-———0H 1+—) W. 6.24
@ 3n oz +ﬁH ( )

Example 6.1.4. Plane Couette-Poiseuille flow

Consider again fully-developed plane Poiseuille flow with the upper plate moving
with constant speed, V (Fig. 6.6). This flow is called plane Couette-Poiseuille flow
or general Couette flow. In contrast to the previous two examples, this flow is not

symmetric with respect to the centerline of the channel, and, therefore, having the
origin of the Cartesian coordinates on the centerline is not convenient. Therefore,
the origin is moved to the lower plate.

The boundary conditions for this flow are:

u, =0 at y=0,
u =V at y=ua,

where a is the distance between the two plates. Applying the two conditions, we
get ¢co=0 and
1 ap , |4 1 dp

= — —ua cia = ¢ = ————ua
2n Ox +a ! a 2ndz



6.1 Steady, One-Dimensional Rectilinear Flows 13

V
E—
V
o=, (y) y

Figure 6.6. Plane Poiseuille flow with the upper plate moving with constant speed.

respectively. Therefore,

Vv 1 ap 9
o, ). 6.25
te = oy = goa (e —y) (6.25)
The shear stress distribution is given by
|4 10p
= — =g —2y). 6.26
T = N = 55, (0= 2Y) (6.26)

It is a simple exercise to show that Eq. (6.25) reduces to the standard Poiseuille
velocity profile for stationary plates, given by Eq. (6.20). (Keep in mind that a=2H
and that the y-axis has been translated by a distance H.) If instead, the pressure
gradient is zero, the flow degenerates to the plane Couette flow studied in Example
1.6.1, and the velocity distribution is linear. Hence, the solution in Eq. (6.25) is the
sum of the solutions to the above two separate flow problems. This superposition
of solutions is a result of the linearity of the governing equation (6.6) and boundary
conditions. Note also that Eq. (6.25) is valid not only when both the pressure
gradient and the wall motion drive the fluid in the same direction, as in the present
example, but also when they oppose each other. In the latter case, some reverse
flow —in the negative x direction— can occur when dp/dz >0.

Finally, let us find the point y* where the velocity attains its maximum value.
This point is a zero of the shear stress (or, equivalently, of the velocity derivative,

du,/dy):

« (3)
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The flow is symmetric with respect to the centerline, if y*=a/2, i.e., when V=0.
The maximum velocity wy 4. is determined by substituting y* into Eq. (6.25).
O

Example 6.1.5. Poiseuille flow between inclined plates

Consider steady flow between two parallel inclined plates, driven by both constant
pressure gradient and gravity. The distance between the two plates is 2H and the
chosen system of coordinates is shown in Fig. 6.7. The angle formed by the two
plates and the horizontal direction is 4.

—gcosfj /0

Figure 6.7. Poiseuille flow between inclined plates.

The general solution for u, is given by Eq. (6.10):

1 0
uy(y) = (—p —pgx) Y+ ay + .

% dx
Since,
gr = g sinf,
we get
1 /0
uz(y) = o (£ —pgsin0) v+ ay + e
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Integration of this equation with respect to y and application of the boundary con-
ditions, du,/dy=0 at y=0 and u,=0 at y=H, give

1

uy(y) = o (—g—i + pg sin@) (H? —y%). (6.27)

The pressure is obtained from Eq. (6.13) as

—@x—l— + ¢ =
p—ax P9y Y

d

p = %x + pgcosby + c (6.28)

Example 6.1.6. Thin film flow
Consider a thin film of an incompressible Newtonian liquid flowing down an inclined
plane (Fig. 6.8). The ambient air is assumed to be stationary, and, therefore, the
flow is driven by gravity alone. Assuming that the surface tension of the liquid is
negligible, and that the film is of uniform thickness é, calculate the velocity and the
volumetric flow rate per unit width.

Solution:
The governing equation of the flow is

d*u d*u .
g TP =0 = o= —pgsind,

Ul

with general solution

sinf y?
%:_pg y—+61y+62-
7 2

As for the boundary conditions, we have no slip along the solid boundary,
u, =0 at y=0,
and no shearing at the free surface (the ambient air is stationary),

d
Tyx:ndiyl’:o at y=26.

Applying the above two conditions, we find that ¢3=0 and ¢;=pg sinf/(nd), and thus

. 0 2
Uy = pg:n (5y— %) . (6.29)
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Stationary air
(Ty»=0 at y=0)

Thin film

—gcosfj/0

Figure 6.8. Film flow down an inclined plane.

The velocity profile is semiparabolic, and attains its maximum value at the free
surface,

inf 62
Ugmaw = Up(8) = 2270
? 2/’7
The volume flow rate per unit width is
§ inf 63
% - /0 up dy = %, (6.30)

and the average velocity, 4,, over a cross section of the film is given by

o Q pgsind 62
W 3n ’

]

Note that if the film is horizontal, then sinf=0 and u, is zero, i.e., no flow occurs.
If the film is vertical, then sinf=1, and

2
Uy = % (5y— %) (6.31)
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and

W 3

Q _ ot (6.32)

By virtue of Eq. (6.13), the pressure is given by
P =p9yy t+c= —pgcosby + c.
At the free surface, the pressure must be equal to the atmospheric pressure, pg, so
py = —pgcoshd + ¢

and
p = po+ pg(6—y) cosh. (6.33)

Example 6.1.7. Two-layer plane Couette flow

Two immiscible incompressible liquids A and B of densities p4 and pp (pa > pB)
and viscosities 174 and np flow between two parallel plates. The flow is induced by
the motion of the upper plate which moves with speed V', while the lower plate is
stationary (Fig. 6.9).

HV
Y
Hy Fluid A ut=ul(y)
T

Figure 6.9. Two-layer plane Couette flow.

The velocity distributions in both layers obey Eq. (6.6) and are given by
Eq. (6.10). Since the pressure gradient and gravity are both zero,

wl =y +ef, 0<y<Hyu,
P = By + B, Hy<y<Hs+ Hp,
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where ¢, ¢!, ¢P and ¢ are integration constants determined by conditions at the

solid boundaries and the interface of the two layers. The no-slip boundary conditions
at the two plates are applied first. At y=0, u2=0; therefore,

0’24:0.

At y=H, + Hp, uB=V; therefore,
B =v_CB(Hy+Hp).
The two velocity distributions become

uﬁchyv OSySHAv
WP =V - B(Hy+Hp—y), Ha<y<Hs+Hp.

At the interface (y=H 4), we have two additional conditions:
(a) the velocity distribution is continuous, i.e.,
d=wl at y=Hy;

u x

(b) momentum transfer through the interface is continuous, i.e.,

A B

Tyr = Tye @b y=Hy —
du? du®

NAa—— = Np—— at y=Hy.
dy dy

From the interface conditions, we find that

A ngV B naV

C = and C = .
! nallp + npHa ! nallp + npHa

Hence, the velocity profiles in the two layers are

A ngV

= B 0<y<Ha, 6.34
W IET y < Hy (6.34)

B naV
=V - — — (H Hp — Hi<y< H Hg . 6.35
U 77AHB‘|‘77BHA( a+Hp—y), Ha<y<Hs+ Hp (6.35)

If the two liquids are of the same viscosity, ng=ng=n, then the two velocity
profiles are the same, and the results simplify to the linear velocity profile for one-
layer Couette flow,

e v il
Hy+ Hp
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6.2 Steady, Axisymmetric Rectilinear Flows

Azisymmetric flows are conveniently studied in a cylindrical coordinate system,
(7,8, z), with the z-axis coinciding with the axis of symmetry of the flow. Azisym-
metry means that there is no variation of the velocity with the angle 6,

ou_ (6.36)
a0 '

There are three important classes of axisymmetric unidirectional flows (i.e., flows
in which only one of the three velocity components, u,, ug and u., is nonzero):

1. Azisymmetric rectilinear flows, in which only the axial velocity component,
U, is nonzero. The streamlines are straight lines. Typical flows are fully-
developed pressure-driven flows in cylindrical tubes and annuli, and open film
flows down cylinders or conical pipes.

2. Azisymmetric torsional flows, in which only the azimuthal velocity component,
ug, is nonzero. The streamlines are circles centered on the axis of symmetry.
These flows, studied in Section 6.3, are good prototypes of rigid-body rotation,
flow in rotating mixing devices, and swirling flows, such as tornados.

3. Azisymmetric radial flows, in which only the radial velocity component, u,,
is nonzero. These flows, studied in Section 6.4, are typical models for radial
flows through porous media, migration of oil towards drilling wells, and suction
flows from porous pipes and annuli.

As already mentioned, in axisymmetric rectilinear flows,
u, =ug = 0. (6.37)

The continuity equation for incompressible flow,

12( )+l%+8u2—0
rors r 08 oz 7
becomes

du,

Jz

From the above equation and the axisymmetry condition (6.36), we deduce that

uy = u(r,t). (6.38)
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Due to Eqs. (6.36)-(6.38), the z-momentum equation,

<8uz Ou, uy Ou, 8u2) Op [1 0 ( 8u2) 1 0%u, 0O%u,
P =—53_T7 .

at T T ee T )T e T rer "ar ) T2 eez a2 | P9

is simplified to

u, dp 18<3u2
= —— —|r

Par T Ta: T ey 87‘) +Pge - (6.39)

For steady flow, u,=u,(r) and Eq. (6.39) becomes an ordinary differential equation,

o 1i<du2) +opg. = 0 (6.40)
0z rdr \ dr pg= = T~ '

The only nonzero components of the stress tensor are the shear stresses 7., and

Tzry
du,
rz — Tzr = ) 6.41
- (6.41)
for which we have 5 p
p 1 .
— 5, t -7 (rme) + pge = 0. (6.42)

When the pressure gradient dp/dz is constant, the general solution of Eq. (6.39)
is

1 /0
u, = E (8_12) —pgz) o+ oelnr 4+ ey (6.43)
For 7,., we get
1 /0p 1
S e o 6.44
T 2<82 pg)r+nr (6.44)

The constants ¢; and ¢y are determined from the boundary conditions of the flow.
The assumptions, the governing equations and the general solution for steady, ax-
isymmetric rectilinear flows are summarized in Table 6.2.

Example 6.2.1. Hagen-Poiseuille flow

Fully-developed azisymmetric Poiseuille flow, or Hagen-Poiseuille flow, studied ex-

perimentally by Hagen in 1839 and Poiseuille in 1840, is the pressure-driven flow in

infinitely long cylindrical tubes. The geometry of the flow is shown in Fig. 6.10.
Assuming that gravity is zero, the general solution for u, is

10
Uy = Ea—irz + cglnr + ¢o.
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Assumptions:

U, = ug = 0, 90 =0, %:const.

Continuity:

z-momentum:

r-momentum:

#-momentum:

9s = — Uy = u(T)
ap 1d/( du, _
—gf + i e (VdE) + pos = 0
3]
~gr + pgr =0
7]
—%—g + pgg = 0

General solution:

us = L(% - pgz) el 4 oo
- pgz) T+ G

d
p = a_é)Z—I_C(TvO)

[ ¢(r,0)=const. when g,=gy=0 |

Table 6.2. Governing equations and general solution for steady, azxisymmetric

rectilinear flows.

The constants ¢; and ¢9 are determined by the boundary conditions of the flow.
Along the axis of symmetry, the velocity w. must be finite,

u, finite  at

r=0.

Since the wall of the tube is stationary,

u, =0 at

r=~R.
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Figure 6.10. Azisymmetric Poiseuille flow.

By applying the two conditions, we get ¢;=0 and

and, therefore,

w= - (B2 -+?) (6.45)

which represents a parabolic velocity profile (Fig. 6.10). The shear stress varies
linearly with r,

1dp

——=r

20z

and the shear stress exerted by the fluid on the wall is

Trz =

1dp

—Trzlp=R = —= 5 R.
7’Z|7’—R 292

(Note that the contact area faces the negative r-direction.)

The maximum velocity occurs at r=0,

Tw =

Uz mar =

_i@ R? .
4n dz

For the volume flow rate, we get:

R R
Q = /0 uy 277 dr = _%%‘/0 (RZ—Tz)TdT =
Q = —1@R4

. 6.46
8n Jz ( )
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Note that, since the pressure gradient dp/dz is negative, @ is positive. Equation
(6.46) is the famous experimental result of Hagen and Poiseuille, also known as
the fourth-power law. This basic equation is used to determine the viscosity from
capillary viscometer data after taking into account the so-called Bagley correction
for the inlet and exit pressure losses.

The average velocity, ., in the tube is

9 13PR2‘

YT TR T 81 0z

Example 6.2.2. Fully-developed flow in an annulus

Consider fully-developed pressure-driven flow of a Newtonian liquid in a sufficiently
long annulus of radii R and xR, where k <1 (Fig. 6.11). For zero gravity, the
general solution for the axial velocity u, is

10
Uy = EG_§T2+611HT+CQ'

Figure 6.11. Fully-developed flow in an annulus.

Applying the boundary conditions,

we find that

T 4ndz T In(1/k)
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and 18
oy = __ 9 R’—cilnR.
4n 0z
Substituting ¢; and ¢y into the general solution we obtain:
1 0p r\%? 11— k? r
L= —— L R21— (= — In—| . 6.47
B andz [ (R) —I—ln(l//@) "R (6:47)

The shear stress is given by

e =120 2(3) -t (2] (6.45)

The maximum velocity occurs at the point where 7,.,=0 (which is equivalent to

du,/dr=0), i.e., at
) L2 Y2
= R |——— .
2In(1/k)

Substituting into Eq. (6.47), we get

2 2
R S/ 'S IR Sl ui PR S St O
’ andz 2In(1/k) 2In(1/k)
For the volume flow rate, we have

R T dp R r\? 1-k? r
= L 2nrd :———Rz/ 1—(—) — " In—|rd
Q /0 Uy 2w dr o0 92 : [ 7 —I_ln(l/m) n| rdr =
T Op 4 4 (1- “2)2
= ——R 1- - . 6.49
@ 8n dz [( " ) In(1/k) (6:49)
The average velocity, @, in the annulus is

I Q _ 1 dp, 2 (1-r?)
e = TR? — n(kR)? _87782R l(l—l—/@)— | ] ’

Example 6.2.3. Film flow down a vertical cylinder
A Newtonian liquid is falling vertically on the outside surface of an infinitely long
cylinder of radius R, in the form of a thin uniform axisymmetric film, in contact
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L9

T~ T
D

|| Stationary
u.(r) air

Figure 6.12. Thin film flow down a vertical cylinder.

with stationary air (Fig. 6.12). If the volumetric flow rate of the film is @, calculate
its thickness 6. Assume that the flow is steady, and that surface tension is zero.

Solution:
Equation (6.43) applies with g—lz):O:

1 2
Uy = ——pg. " +ecrlnr+ ¢
4n

Since the air is stationary, the shear stress on the free surface of the film is zero,

du. R+ 6)?
Tmznu:0 at r=R+6 — clngﬁ.
dr 27
At r=R, u,=0; consequently,
1 2
cg = —pgR* —ciInR.
4n
Substituting into the general solution, we get
1
u, = —pg |R* —r* +2(R+6)* In - (6.50)

4n R
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For the volume flow rate, ¢, we have:
R+¢6 T R+§ r
QI/ uz%rdr:—pg/ [RQ—TQ-I-Q(R—I—(S)QIH—]rdr.
R 2n " JR R

After integration and some algebraic manipulations, we find that

T \* 6 6 6 6\ 2
= —pgR* {41+~ ) In{1+—-)—-=(2+=)|3(1+=5) —1];. (6.51
95 {(*3) n<+R) R(+R)[(+R) H (6.51)
When the annular film is very thin, it can be approximated as a thin planar film.
We will show that this is indeed the case, by proving that for

6<<1
R ?

Eq. (6.51) reduces to the expression found in Example 6.1.6 for a thin vertical
planar film. Letting

6
€= —
R
leads to the following expression for @,

Q = Ezr—n,ogR4 {4(1—|—€)4 In(14¢€) — €e(2+4¢) [3(1+€)2—1]} .

Expanding In(1 + €) into Taylor series, we get
2 3 4

— e, & 5
In(1+¢€) = ¢ 5 + 3 4—|—O(€).

Thus

2 3 4
(1—|—€)4ln(1—|—€) = (1—|—4€—|—6€2—|—4€3—|—€4) [€—€—+€——€——|—O(€5)]
2 3 4

133 25

= e+ —€ 4+ — 4 126 —|—O(€5)

Consequently,
7T 4 13 5 4 2 3 4
Q:%pgR €—|——€ —|——€ —|——€ + O(e ) —(de+ 14€e” + 127 +3€%) ¢,
o 16 11
T
_ R4 -3 _ -4 9] 5 :|
Q el [ TS (€7)
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Keeping only the third-order term, we get

16 /6\° 63
3n 3

R

2rR 3p

By setting 27 R equal to W, the last equation becomes identical to Eq. (6.32). O

Example 6.2.4. Annular flow with the outer cylinder moving
Consider fully-developed flow of a Newtonian liquid between two coaxial cylinders
of infinite length and radii R and xR, where x <1. The outer cylinder is steadily

translated parallel to its axis with speed V', whereas the inner cylinder is fixed
(Fig. 6.13). For this problem, the pressure gradient and gravity are assumed to be
negligible.

Figure 6.13. Flow in an annulus driven by the motion of the outer cylinder.

The general solution for the axial velocity u, takes the form
U, = ¢ilnr+eq.

For r=rkR, u.=0, and for r=R, u,=V. Consequently,

v
g = —— and ¢y = —VM.
In(1/k)

n(1/k)

Therefore, the velocity distribution is given by

_ (5
u, = VW. (6.52)
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Let us now examine two limiting cases of this flow.
(a) For k—0, the annular flow degenerates to flow in a tube. From Eq. (6.52), we
In (L) In 5
.= lim V —£BEL = Vi [1 R]:v
v = Y k) S LR YY)

In other words, we have plug flow (solid-body translation) in a tube.

(b) For k—1, the annular flow is approximately a plane Couette flow. To demon-
strate this, let

have

1—&k

1
€= ——1 =
K K
and AR
AR =R—-—kR = (1-K) R = KR = —.
€

Introducing Cartesian coordinates, (y, z), with the origin on the surface of the inner
cylinder, we have

r y
— r— kR = =14+
y=r=F W R TAR

Substituting into Eq. (6.52), we get

v
w, =V M (6.53)
In(1 + ¢)

Using L’Hopital’s rule, we find that

In (14 e) y 14 ¢ y
limV ———A&& = limV - ——— = V-,
20" T In(L + e) 0 AR 1+ el AR

Therefore, for small values of ¢, that is for k—1, we obtain a linear velocity dis-
tribution which corresponds to plane Couette flow between plates separated by a
distance AR. |

6.3 Steady, Axisymmetric Torsional Flows

In axisymmetric torsional flows, also referred to as swirling flows,
u =u, =0, (6.54)

and the streamlines are circles centered at the axis of symmetry. Such flows usually
occur when rigid cylindrical boundaries (concentric to the symmetry axis of the
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flow) are rotating about their axis. Due to the axisymmetry condition, dug/86=0,
the continuity equation for incompressible flow,

1 8( )+ 1 duyg u,
rars " r 00 0z
is automatically satisfied.

Assuming that the gravitational acceleration is parallel to the symmetry axis of
the flow,

=0,

g = —ge,, (6.55)
the r- and z-momentum equations are simplified as follows,

ui _ Op

= 6.56
r or’ ( )
Ip
Jz

Equation (6.56) suggests that the centrifugal force on an element of fluid balances

+ pg = 0. (6.57)

the force produced by the radial pressure gradient. Equation (6.57) represents the
standard hydrostatic expression. Note also that Eq. (6.56) provides an example
in which the nonlinear convective terms are not vanishing. In the present case,
however, this nonlinearity poses no difficulties in obtaining the analytical solution
for ug. As explained below, ug is determined from the #-momentum equation which
is decoupled from Eq. (6.56).
By assuming that
ap
5 =
and by integrating Eq. (6.57), we get

0

p = —pgz+e(rit);
consequently, dp/dr is not a function of z. Then, from Eq. (6.56) we deduce that
ug = ug(r,t). (6.58)
Due to the above assumptions, the #-momentum equation reduces to

Jug g (10

For steady flow, we obtain the linear ordinary differential equation

dilr (li(m&)) ~ 0, (6.60)
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the general solution of which is

C

ug = ar + 72 (6.61)

The constants ¢y and ¢y are determined from the boundary conditions of the flow.

Assumptions:
d d

Uy = Uz = 07 % 07 8_]0):07 g=—-ge;
Continuity: Satisfied identically
#-momentum:

d(1d _

dr (7‘ dr(rue)) =0
z-momentum:

d

95 + pg=0
r-momentum:

uz _ dp

p =g, = ug=ug(r)
General solution:

Ug = 1 r + CTQ

Tre = Tor = _277%

2,2 2
p = p(% + 2cicplnr — %) —pgz + c

Table 6.3.
torsional flows.

Governing equations and general solution for steady, axisymmetric

The pressure distribution is determined by integrating Eqs. (6.56) and (6.57):

2
pz/%dr—pgz

=
.
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2.2 2
e s
p=p (—2 + 2¢cico Inr — _2r2) - pgz + c, (6.62)

where ¢ is a constant of integration, evaluated in any particular problem by speci-
fying the value of the pressure at a reference point.

Note that, under the above assumptions, the only nonzero components of the
stress tensor are the shear stresses,

T = Tor = nri (ﬁ) , (6.63)

dr \r

in terms of which the #-momentum equation takes the form

d
%(rzw) =0. (6.64)
The general solution for 7,4 is
C2
T = —271 2 (6.65)

The assumptions, the governing equations and the general solution for steady,
axisymmetric torsional flows are summarized in Table 6.3.

Example 6.3.1. Steady flow between rotating cylinders

The flow between rotating coaxial cylinders is known as the circular Couette flow,
and is the basis for Couette rotational-type viscometers. Consider the steady flow
of an incompressible Newtonian liquid between two vertical coaxial cylinders of
infinite length and radii By and Rs, respectively, occurring when the two cylinders
are rotating about their common axis with angular velocities €7 and 5, in the
absence of gravity (Fig. 6.14).2

The general form of the angular velocity wug is given by Eq. (6.61),

C2
ug = c1r + —.
r

The boundary conditions,

Ug = QlRl at T = R1 )
Ug = QQRQ at T = R2 5

2The time-dependent flow between rotating cylinders is much more interesting, especially the
manner in which it destabilizes for large values of €21, leading to the generation of axisymmetric
Taylor vortices [4].
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G

Figure 6.14. Geometry of circular Couette flow.

result in
R2Q, — R2Q R2R2
0= T ol o= e (-,
2 — 1Y 2 — 14
Therefore,
1 2 2 2 12 1
g — 117 r

Note that the viscosity does not appear in Eq. (6.66), because shearing between
adjacent cylindrical shells of fluid is zero. This observation is analogous to that
made for the plane Couette flow [Eq. (6.14)]. Also, from Eqs. (6.62) and (6.65), we
get

p= pm %(R%Qz — R3O r? 4 2RIRZ(RAQ, — REQ)(Qy — Q) In
1 4 p4 2 1
— S RIR (D2 = )" 5| + ¢, (6.67)
and P2 p2 .
Trg = 27 W (Qy — ) = (6.68)

Let us now examine the four special cases of flow between rotating cylinders,
illustrated in Fig. 6.15.
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(a) The inner cylinder is fixed (£2;=0)

__R39 ( R_%)
ug_R%—R% 7 7

Q

®)

For p, see Eq. (6.70)

(b) ©1=0,=0
ug=Qr

p:%pﬁz r? +ec

&)

(Rigid-body rotation)

(¢) No inner cylinder

Q u@IQQ T

p=1p3 1 ¢

(Rigid-body rotation)

d

(d) No outer cylinder

ug=R3Q, +

\\53
= @

p=—gp R0t 5+

Figure 6.15. Different cases of flow between rotating vertical coaxial cylinders of
infinite height.
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(a) The inner cylinder is fixed, i.e., ,=0. In this case,

R3Q, R?
g = R2 R2 (T — 7) (669)
and
R3OS 2 Ry
= p—"= 2R{Inr — — 6.70
P p(R%_R%)Q + nr—og)te. (6.70)
The constant ¢ can be determined by setting p=pg at r=Ry; accordingly,
R3102 r? — R? 9, T R /1 1
= 2R1———1<———) : 6.71
PEPRE R | T2 TR T2 \m TRt (6.71)

For the shear stress, 7.4, we get

R2RZ 1
Trog = 277 R2 R2 QQ 7‘_2 . (672)

The shear stress exerted by the liquid to the outer cylinder is

R

o (6.73)

Tw = _TT€|T:R2 = _277

In viscosity measurements, one measures the torque T' per unit height L, at the
outer cylinder,

T
L= R(-n) =

L
T RIR:
7= AT ——= - Q. (6.74)

The unknown viscosity of a liquid can be determined using the above relation.
When the gap between the two cylinders is very small, circular Couette flow can
be approximated as a plane Couette flow. Indeed, letting r=R;+Ar, we get from
Eq. (6.69)
R2Q, 243
R} — R} 14+ 4-

g =

When Ry — Ry, Ar/Ry <1 and, therefore,

Ry, Ry,
Uy = —————2Ar = ——— Ar,
T 2ARy— Ry) Ry— Ry
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which is a linear velocity distribution corresponding to plane Couette flow between
plates separated by a distance Ry-Ry, with the upper plate moving with velocity
Ro0s.

(b) The two cylinders rotate with the same angular velocity, i.e.,
2 =0Q,=0.
In thic case, ¢1= and ¢3=0. Consequently,
ug = Qr, (6.75)

which corresponds to rigid-body rotation. This is also indicated by the zero tangen-
tial stress,

C2
Trg = —277T—2 = 0.

For the pressure, we get

1
p = 5,0(22 P+ oc. (6.76)

(c¢) The inner cylinder is removed. In thic case, c;=83 and ¢3=0, since ug (and 7,4)
are finite at r=0. This flow is the limiting case of the previous one for By—0,

1
ug = Q9r, 74 =0 and p:ip(lgrz—l—c.
(d) The outer cylinder is removed, i.e., the inner cylinder is rotating in an infinite

pool of liquid. In this case, ug—0 as r—o0, and, therefore, ¢;=0. At r=Rq, ug=21 Ry
which gives

Cy = R%Ql .
Consequently,
1
ug = RIQ —, (6.77)
r
2 1
Trg = =20 RiQy — (6.78)
r
and
Lorio2 L4 (6.79)
= —= — + c. .
p 20 1 17‘2

The shear stress exerted by the liquid to the cylinder is

Tw = TT€|T:R1 = -2 Q. (680)
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The torque per unit height required to rotate the cylinder is

T
T = 2 RY (—1,) = 47y RIQ, . (6.81)
O

In the previous example, we studied flows between vertical coaxial cylinders of
infinite height ignoring the gravitational acceleration. As indicated by Eq. (6.62),
gravity has no influence on the velocity and affects only the pressure. In case of
rotating liquids with a free surface, the gravity term should be included if the top
part of the flow and the shape of the free surface were of interest. If surface tension
effects are neglected, the pressure on the free surface is constant. Therefore, the
locus of the free surface can be determined using Eq. (6.62).

Example 6.3.2. Shape of free surface in torsional flows
In this example, we study two different torsional flows with a free surface. First,
we consider steady flow of a liquid contained in a large cylindrical container and
agitated by a vertical rod of radius R that is coaxial to the container and rotates at
angular velocity . If the radius of the container is much larger than R, one may
assume that the rod rotates in an infinite pool of liquid (Fig. 6.16).

z
R

\\/Q

/ P=Dpo

e

Figure 6.16. Rotating rod in a pool of liquid.

From the results of Example 6.3.1, we have ¢;=0 and ¢;=QR. Therefore,

1
ug = R*Q =
.
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and
1

2

With the surface tension effects neglected, the pressure on the free surface is equal

1
p = pR4QQT—2—ng—|—c.

to the atmospheric pressure, pg. To determine the constant ¢, we assume that the
free surface contacts the rod at z=zy. Thus, we obtain

151
czpo+§pRQ 72 T Pg 20

and ) )
pRQ? (— — 7‘_2) — pg(z—2) + po. (6.82)

Since the pressure is constant along the free surface, the equation of the latter is

1 .. (1 1
0=p—po = §PRQ (E—T—Q) - pg(z—2) =
R2Q? R?

The elevation of the free surface increases with the radial distance r and approaches
asymptotically the value

R%Q?
Zoo = 2o + .
29

This flow behavior, known as rod dipping, is a characteristic of generalized-Newtonian
liquids, whereas viscoelastic liquids exhibit rod climbing (i.e., they climb the rotating
rod) [5].

Consider now steady flow of a liquid contained in a cylindrical container of radius
R rotating at angular velocity € (Fig. 6.17). From Example 6.3.1, we know that
this flow corresponds to rigid-body rotation, i.e.,

ug = Qr.

The pressure is given by

1
p = 5,0(227‘2 —pgz + c.

Letting zp be the elevation of the free surface at r=0, and py be the atmospheric
pressure, we get

¢ = po + pg 2,
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Z

Figure 6.17. Free surface of liquid in a rotating cylindrical container.

and thus )
p = 5,0(22 r? — pg(z—2) + po- (6.84)

The equation of the free surface is
1
0=p=—po = 51" = pg(z=2) =

02 9
= — 6.85
z zo + 2 e, ( )

i.e., the free surface is a parabola. O

Example 6.3.3. Superposition of Poiseuille and Couette flows
Consider steady flow of a liquid in a cylindrical tube occurring when a constant
pressure gradient dp/dz is applied, while the tube is rotating about its axis with
constant angular velocity € (Fig. 6.18). This is obviously a bidirectional flow, since
the axial and azimuthal velocity components, u, and wug, are nonzero.

The flow can be considered as a superposition of axisymmetric Poiseuille and
circular Couette flows, for which we have:

L 9p 2
Uy = U (T)= —— — (R*—r and  ug =ug(r)= Qr.
=)= g SRR =) s = uo(r)
This superposition is dynamically admissible, since it does not violate the continuity
equation, which is automatically satisfied.
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-

Figure 6.18. Flow in a rotating tube under constant pressure gradient.

Moreover, the governing equations of the flow, i.e., the z- and #-momentum
equations,

@_|_ 12<8u2)_0 d 2(12( ))_0
0z ror \"or ) T an or \ror" V) =

are linear and uncoupled. Hence, the velocity for this flow is given by

1 0
u:uZeZ+U9e9:—Ea—i(RQ—ﬁ)eZ—l—Qreg, (6.86)

which describes a helical flow.
The pressure is obtained by integrating the r-momentum equation,

uj _ Op

r or’

taking into account that dp/dz is constant. It turns out that

dp 1
= = —pQ* r? 6.87
R B AU (6.87)
which is simply the sum of the pressure distributions of the two superposed flows. It
should be noted, however, that this might not be the case in superposition of other
unidirectional flows. |
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6.4 Steady, Axisymmetric Radial Flows

In axisymmetric radial flows,
uy, =ug=0. (6.88)

Evidently, the streamlines are straight lines perpendicular to the axis of symmetry
(Fig. 6.19).

x
Figure 6.19. Streamlines in axisymmetric radial flow.

For the sake of simplicity, we will assume that u,, in addition to being axisym-
metric, does not depend on z. In other words, we assume that, in steady-state, .
is only a function of r:

= up(r) . (6.89)

A characteristic of radial flows is that the non-vanishing radial velocity compo-
nent is determined by the conservation of mass rather than by the r-component of
the conservation of momentum equation. This implies that u, is independent of
the viscosity of the liquid. (More precisely, u, is independent of the constitutive
equation of the fluid.) Due to Eq. (6.88), the continuity equation is simplified to

0

E(ruT) =0, (6.90)

which gives
‘1
w = (6.91)
where ¢y is a constant. The velocity u, can also be obtained from a macroscopic

mass balance. If @) is the volumetric flow rate per unit height, L, then

Q = u 27rlL) =
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Up =

Q
orLr’

which is identical to Eq. (6.91) for c4=Q/(27L).

Assumptions:

uy=ug =0, w, =ur), g=-ge,
Continuity:

%(TUT) =0 = u = %1
r-momentum:

du, _ 0Op

PUTT T Ty
z-momentum:

d

5+ pg=0
#-momentum:

p _, _

W_o =  p=pr>)
General solution:

w = &

T = —27 %7 Too = 277%

cf
P= P53 T PIF + c

Table 6.4.
radial flows.

—ge:,

Letting
g =
the r-component of the Navier-Stokes equation is simplified to
du,
P Uy

—

(6.92)

Governing equations and general solution for steady, axisymmetric

(6.93)

(6.94)
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Note that the above equation contains a non-vanishing nonlinear convective term.
The z- and #-components of the Navier-Stokes equation are reduced to the standard
hydrostatic expression,

— =0 6.95
5.+ ry : (6.95)
and to
dp
— =0 6.96
80 b ( )

respectively. The latter equation dictates that p=p(r, z). Integration of Eqs. (6.94)
and (6.95) gives

du,
p(r,z) = —p/urd—idr—pngrc

1
:pc%/r—Sdr—pgz—l—c =

C2

p(r.z) = =pz = pgz +c, (6.97)

where the integration constant ¢ is determined by specifying the value of the pressure
at a point.
In axisymmetric radial flows, there are two non-vanishing stress components:

du, cl
Trr n dr n r2 3 ( )
Uy (4]
T = 2n— = 2n—. 6.99
00 Ui U (6.99)

The assumptions, the governing equations and the general solution for steady,
axisymmetric radial flows are summarized in Table 6.4.

6.5 Steady, Spherically Symmetric Radial
Flows

In spherically symmetric radial flows, the fluid particles move towards or away from
the center of solid, liquid or gas spheres. Examples of such flows are flow around a
gas bubble which grows or collapses in a liquid bath, flow towards a spherical sink,
and flow away from a point source.

The analysis of spherically symmetric radial flows is similar to that of the axisym-
metric ones. The assumptions and the results are tabulated in Table 6.5. Obviously,
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Assumptions:

wg = ug =0, u, =u(r), g=0
Continuity:

%(7‘2%) =0 = U, = %
r-momentums:

pqud?? = —%
f-momentum:

o
¢-momentum:

g8 =0
General solution:

=9

Tor = =4Sk, e = Thy = 277%

Table 6.5. Governing equations and general solution for steady, spherically sym-
metric radial flows.

spherical coordinates are the natural choice for the analysis. In steady-state, the
radial velocity component is a function of the radial distance,

w, = up(r), (6.100)
while the other two velocity components are zero:
ug = up = 0. (6.101)

As in axisymmetric radial flows, u, is determined from the continuity equation



44 Chapter 6. Unidirectional Flows

as

€1
w = (6.102)
or 0
o= s, (6.103)
where () is the volumetric flow rate.
The pressure is given by
2
pr) = —p i+ ¢ (6.104)
5 . .

(Note that, in spherically symmetric flows, gravity is neglected.) Finally, there are
now three non-vanishing stress components:

Tor =~ 35 (6.105)

Example 6.5.1. Bubble growth in a Newtonian liquid

Boiling of a liquid often originates from small air bubbles which grow radially in the
liquid. Consider a spherical bubble of radius R(¢) in a pool of liquid, growing at a
rate

dR
dt
The velocity, wu,, and the pressure, p, can be calculated using Eqs. (6.102)

and (6.104), respectively. At first, we calculate the constant ¢1. At r=R, u,=dR/dt=Fk
or

= k.

¢
=k = = kR
Substituting ¢; into Eqs. (6.102) and (6.104), we get
R2
r = k—
u =

and
R4

= — k‘2 e C .
p=-pk"5 g+
Note that the pressure near the surface of the bubble may attain small or even

negative values, which favor evaporation of the liquid and expansion of the bubble.
O
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6.6 Transient One-Dimensional Unidirectional
Flows

In Sections 6.1 to 6.3, we studied three classes of steady-state unidirectional flows,
where the dependent variable, i.e., the nonzero velocity component, was assumed
to be a function of a single spatial independent variable. The governing equation
for such a flow is a linear second-order ordinary differential equation which is inte-
grated to arrive at a general solution. The general solution contains two integration
constants which are determined by the boundary conditions at the endpoints of the
one-dimensional domain over which the analytical solution is sought.

In the present section, we consider one-dimensional, transient unidirectional
flows. Hence, the dependent variable is now a function of two independent vari-
ables, one of which is time, . The governing equations for these flows are partial
differential equations. In fact, we have already encountered some of these PDEs
in Sections 6.1-6.3, while simplifying the corresponding components of the Navier-
Stokes equation. For the sake of convenience, these are listed below.

(a) For transient one-dimensional rectilinear flow in Cartesian coordinates with
wy=u,=0 and uy=u,(y,1),

du, @ . 0%,
Por = "oz T a2

+ pge - (6.107)

(b) For transient axisymmetric rectilinear flow with u,=us=0 and uw,=u,(r,1),

Ju, _@ 12 (Tauz) .
P ot 9z nr ar ar Pgz
or
Qu: _ _9p | 0, L 1ou) (6.108)
Por T "oz T\ o r Or Pgz - '

(c) For transient axisymmetric torsional flow with w,=u,=0 and uwg=ug(r,?),

Por T Tor\Gar )

) 9? 10 1
U _ ( Yo 2010 —ue) . (6.109)

or

pﬁ ar? r or r2
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The above equations are all parabolic PDEs. For any particular flow, they are
supplemented by appropriate boundary conditions at the two endpoints of the one-
dimensional flow domain, and by an initial condition for the entire flow domain. Note
that the pressure gradients in Eqs. (6.107) and (6.108) may be functions of time.
These two equations are inhomogeneous due to the presence of the pressure gradient
and gravity terms. The inhomogeneous terms can be eliminated by decomposing the
dependent variable into a properly chosen steady-state component (satisfying the
corresponding steady-state problem and the boundary conditions) and a transient
one which satisfies the homogeneous problem. A similar decomposition is often
used for transforming inhomogeneous boundary conditions into homogeneous ones.
Separation of variables [2] and the similarity solution method [3,6] are the standard
methods for solving Eq. (6.109) and the homogeneous counterparts of Eqs. (6.107)
and (6.108).

In homogeneous problems admitting separable solutions, the dependent variable
u(z;,t) is expressed in the form

w(wit) = X(2)T(1). (6.110)

Substitution of the above expression into the governing equation leads to the equiv-
alent problem of solving two ordinary differential equations with X and T as the
dependent variables.

In similarity methods, the two independent variables, x; and ¢, are combined
into the similarity variable

£ = L(aist). (6.111)

If a similarity solution does exist, then the original partial differential equation for
u(z;,t) is reduced to an ordinary differential equation for u(¢).

Similarity solutions exist for problems involving parabolic PDEs in two indepen-
dent variables where external length and time scales are absent. A typical problem
is flow of a semi-infinite fluid above a plate suddenly set in motion with a constant
velocity (Example 6.6.1). Length and time scales do exist in transient plane Couette
flow, and in flow of a semi-infinite fluid above a plate oscillating along its own plane.
In the former flow, the length scale is the distance between the two plates, whereas
in the latter case, the length scale is the period of oscillations. These two flows are
governed by Eq. (6.107), with the pressure-gradient and gravity terms neglected;
they are solved in Examples 6.6.2 and 6.6.3, using separation of variables. In Exam-
ple 6.6.4, we solve the problem of transient plane Poiseuille flow, due to the sudden
application of a constant pressure gradient.

Finally, in the last two examples, we solve transient axisymmetric rectilinear
and torsional flow problems, governed, respectively, by Eqs. (6.108) and (6.109). In
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Example 6.6.5, we consider transient axisymmetric Poiseuille flow, and in Exam-
ple 6.6.6, we consider flow inside an infinite long cylinder which is suddenly rotated.

Example 6.6.1. Flow near a plate suddenly set in motion

Consider a semi-infinite incompressible Newtonian liquid of viscosity 7 and density
p, bounded below by a plate at y=0 (Fig. 6.20). Initially, both the plate and the
liquid are at rest. At time =07, the plate starts moving in the z direction (i.e., along
its plane) with constant speed V. Pressure gradient and gravity in the direction of
the flow are zero. This flow problem was studied by Stokes in 1851, and is called
Rayleigh’s problem or Stokes’ first problem.

t <0 =07t t=11>0
Fluid and plate
Y at rest =
T us(y,t)
T
 —— S ———
Vv Vv

Figure 6.20. Flow near a plate suddenly set in motion.

The governing equation for u,(y,t) is homogeneous:

Uy 9%u,,
TR T (6.112)

where v = n/p is the kinematic viscosity. Mathematically, Eq. (6.112) is called the
heat or diffusion equation. The boundary and initial conditions are:

u, =V at y=0,t>0
u =0 at y—o00,t>0 . (6.113)
u, =0 at 1=0,0<y< >

The problem described by Eqgs. (6.112) and (6.113) can be solved by Laplace trans-
forms and by the similarity method. Here, we employ the latter which is useful in
solving some nonlinear problems arising in boundary layer theory (see Chapter 8).
A solution with Laplace transforms can be found in Ref. [7].

Examining Eq. (6.112), we observe that if y and ¢ are magnified k£ and k% times,
respectively, Eq. (6.112) along with the boundary and initial conditions (6.113) will
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still be satisfied. This clearly suggests that u, depends on a combination of y and ¢
of the form y/v/t. The same conclusion is reached by noting that the dimensionless
velocity u,/V must be a function of the remaining kinematic quantities of this flow
problem: v, t and y. From these three quantities, only one dimensionless group can
be formed, é=y//vt.

Let us, however, assume that the existence of a similarity solution and the proper
combination of y and ¢ are not known a priori, and assume that the solution is of
the form

us(y,t) = V f(£), (6.114)

where
Y .
E=a prlt with n>0. (6.115)

Here £(y,t) is the similarity variable, a is a constant to be determined later so that
£ is dimensionless, and n is a positive number to be chosen so that the original
partial differential equation (6.112) can be transformed into an ordinary differential
equation with f as the dependent variable and £ as the independent one. Note that
a precondition for the existence of a similarity solution is that £ is of such a form
that the original boundary and initial conditions are combined into two boundary
conditions for the new dependent variable f. This is easily verified in the present
flow. The boundary condition at y=0 is equivalent to

f=1at £=0, (6.116)

whereas the boundary condition at y—oo and the initial condition collapse to a
single boundary condition for f,

=0 at { — 0. (6.117)

Differentiation of Eq. (6.114) using the chain rule gives

duy ay £

_ ' S g
o = Vg = Ve S
ou a d%u a?
4 -V = ! d T -V — 7"
ay i f an 8@/2 12n f ’

where primes denote differentiation with respect to £. Substitution of the above
derivatives into Eq. (6.112) gives the following equation:

f// + n_ith—l f/ - 0.

rva
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By setting n=1/2, time is eliminated and the above expression becomes a second-
order ordinary differential equation,

§

2ua?

=0 with &=a-L.

Vi

Taking a equal to 1/,/v makes the similarity variable dimensionless. For convenience
in the solution of the differential equation, we set a=1/(2,/r). Hence,

e Y
N

whereas the resulting ordinary differential equation is
2 =0. (6.119)

This equation is subject to the boundary conditions (6.116) and (6.117). By straight-
forward integration, we obtain

f// _I_

(6.118)

&€,
(&) = 01/0 e dz + e,

where z is a dummy variable of integration. At £=0, f=1; consequently, co=1. At
£—o00, f=0; therefore,

/ Z2d 1 =20 = ——F
c € zZ + = or ] =

1 1 \/—7
and

f6 =1 - % /0g e dz = 1 — erf(€), (6.120)

where erf is the error function, defined as

erf(§) = % /05 e dz (6.121)

Values of the error function are tabulated in several math textbooks. It is a mono-
tone increasing function with

erf(0)=0 and lim erf(§) = 1.

E—00

Note that the second expression was used when calculating the constant ¢;. Substi-
tuting into Eq. (6.114), we obtain the solution

up(y,t) = V [1 ~ erf (2%)] . (6.122)
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y/l

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
u,/V

Figure 6.21. Transient flow due to the sudden motion of a plate. Velocity profiles
at vt/(?=0.0001, 0.001, 0.01, 0.1 and 1, where { is an arbitrary length scale.

The evolution of u,(y,t) is illustrated in Fig. 6.21, where the velocity profiles are
plotted at different values of vt/(2, { being an arbitrary length scale.

From Eq. (6.122), we observe that, for a fixed value of u,/V, y varies as 2y/vt.
A boundary-layer thickness, 6(t), can be defined as the distance from the moving
plate at which w,/V'=0.01. This happens when ¢ is about 1.8, and thus

6(t) = 3.6Vt .

The sudden motion of the plate generates vorticity, since the velocity profile is
discontinuous at the initial distance. The thickness §(%) is the penetration of vorticity
distance into regions of uniform velocity after a time ¢. Note that Eq. (6.112) can
also be viewed as a vorticity diffusion equation. Indeed, since u=u,(y, )i,

Uy

wlyt) = le] = [Vxul = G

and Eq. (6.112) can be cast in the form

J /y d Jw
— w = v—,
0 Y oy
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or, equivalently,
Jw *w

o~ Vot

The above expression is a vorticity conservation equation and highlights the role

(6.123)

of kinematic viscosity, which acts as a vorticity diffusion coefficient, in a manner
analogous to that of thermal diffusivity in heat diffusion.
The shear stress on the plate is given by

du, derf(£) ‘ o¢ nVv
= Tuwlueo = - gV == S . (6.124
e e s F e A v N v By~ A

which suggests that the stress is singular at the instant the plate starts moving, and
decreases as 1/+v/1.

The physics of this example are similar to those of boundary layer flow, which is
examined in detail in Chapter 8. In fact, the same similarity variable was invoked
by Rayleigh to calculate skin-friction over a plate moving with velocity V' through
a stationary liquid which leads to [8]

nVv 14
Tw = —
N/ TV z

by simply replacing ¢ by «/V in Eq. (6.124). This situation arises in free stream

flows overtaking submerged bodies, giving rise to boundary layers [9].
O

In the following example, we demonstrate the use of separation of variables by
solving a transient plane Couette flow problem.

Example 6.6.2. Transient plane Couette flow

Consider a Newtonian liquid of density p and viscosity 7 bounded by two infinite
parallel plates separated by a distance H, as shown in Fig. 6.22. The liquid and the
two plates are initially at rest. At time t=07, the lower plate is suddenly brought

to a steady velocity V in its own plane, while the upper plate is held stationary.
The governing equation is the same as in the previous example,

Uy 0%,
=v

ot oy? 7

with the following boundary and initial conditions:

(6.125)

u, =V at y=0,t1>0
u=0 at y=H, t>0 (6.126)
u =0 at t=0,0<y<H
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v

Figure 6.22. Schematic of the evolution of the velocity in start-up plane Couette
flow.

Note that, while the governing equation is homogeneous, the boundary con-
ditions are inhomogeneous. Therefore, separation of variables cannot be applied
directly. We first have to transform the problem so that the governing equation and
the two boundary conditions are homogeneous. This can be achieved by decom-
posing u;(y,t) into the steady plane Couette velocity profile, which is expected to
prevail at large times, and a transient component:

wa(y,t) = v<1— %) (gt (6.127)

Substituting into Eqs. (6.125) and (6.126), we obtain the following problem

oul, %!,
= 6.128
ot~ oy (6.128)
with
u, =0 at y=0,t>0
uy = at y=H,1>0 (6.129)
u;:V(—%) at t=0,0<y<H

Note that the new boundary conditions are homogeneous, while the governing equa-
tion remains unchanged. Therefore, separation of variables can now be used. The
first step is to express u/(y,t) in the form

ul(y,t) = Y(y)T(1). (6.130)
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Substituting into Eq. (6.128) and separating the functions Y and 7', we get
1 dI 1 d*%Y

vT dt — Y dY?'
The only way a function of ¢t can be equal to a function of y is for both functions
to be equal to the same constant. For convenience, we choose this constant to be
—a?/H?. (One advantage of this choice is that « is dimensionless.) We thus obtain

two ordinary differential equations:

dT va?

— — T =0 6.131
d*Y a?
—— — Y =0. 6.132
dy? + H? ( )
The solution to Eq. (6.131) is
_va?
T =¢e H> | (6.133)

where ¢g is an integration constant to be determined.
Equation (6.132) is a homogeneous second-order ODE with constant coefficients,
and its general solution is

Y(y) = sin(%) + ¢ cos(a (6.134)

Y
The form of the general solution justifies the choice we made earlier for the constant

—a?/H?. The constants ¢; and ¢y are determined by the boundary conditions.
Applying Eq. (6.130) to the boundary conditions at y=0 and H, we obtain

Y(0)T(t) = 0 and Y(H)T(t) = 0.

The case of T'(t)=0 is excluded, since this corresponds to the steady-state problem.
Hence, we get the following boundary conditions for Y:

Y(0)=0 and Y(H)=0. (6.135)

Note that in order to get the boundary conditions on Y, it is essential that the
boundary conditions are homogeneous.
Applying the boundary condition at y=0, we get c3=0. Thus,

Y(y) = ¢ sin(%). (6.136)
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Applying now the boundary condition at y=H, we get
sin(a) = 0, (6.137)
which has infinitely many roots,
ap=kr, k=1,2,- (6.138)

To each of these roots correspond solutions Y3 and Tj. These infinitely many solu-
tions are superimposed by defining

Z/Oék k27r2
t v
H? ", (6.139)

) = ,; By, sin(%)e

where the constants Br=cgrcq; are determined from the initial condition. For ¢=0,
we get

= k
S Bysin(—=2) = v (1 - ﬁ) . (6.140)
H H
k=1
To isolate By, we will take advantage of the orthogonality property
1 1. k=n
/ sin(kra) sin(nre) de = (6.141)
0 0, k#n

BY multiplying both sides of Eq. (6.140) by sin(n7y/H )dy, and by integrating from
0 to H, we have:

kﬂy . nTyY _ H y) . NTY
ZBk/ sin T) sm(T)dy_V/o (1_ﬁ 5111(7)(13/.

0

Setting £=y/H, we get

> mi [ sin

0

sin(kw) sin(nné) d¢ = V/ 1—=¢) sin(nné)dE.

Due to the orthogonality property (6.141), the only nonzero term on the left hand
side is that for k=n; hence,

Bk% =V /01(1—5) sin(kw&) d¢ = VL =



6.6 Transient One-Dimensional Unidirectional Flows 55

oV
B, = = 6.142
- ( )

Substituting into Eq. (6.139) gives

k
k A
d(y, 1) = Z w ye HT. (6.143)
=1

y/H

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
u,/V

Figure 6.23. Transient plane Couetle flow. Velocity profiles at vt/ H?*=0.0001,
0.001, 0.01, 0.1 and 1.

Finally, for the original dependent variable u,(y,t) we get

2
T
5Vt

“x(@/at)z‘/(l__)__z . kﬂy _kH_

The evolution of the solution is illustrated in Fig. 6.23. Initially, the presence of the
stationary plate does not affect the development of the flow, and thus the solution
is similar to the one of the previous example. This is evident when comparing
Figs. 6.21 and 6.23. |

(6.144)

Example 6.6.3. Flow due to an oscillating plate

Consider flow of a semi-infinite Newtonian liquid, set in motion by an oscillating
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plate of velocity
V = Vycoswt, ¢>0. (6.145)

The governing equation, the initial condition and the boundary condition at y—oo
are the same as those of Example 6.6.1. At y=0, u, is now equal to Vy coswt. Hence,
we have the following problem:

Uy 0%,
=V — 6.146
ot~ Va2 (6.146)
with
U = Vg coswt at y=0,1>0
Uy — 0 at y—o00,t2>0 . (6.147)

U, =0 at t=0,0<y< 0

This is known as Stokes problem or Stokes’ second problem, first studied by Stokes
in 1845,

Since the period of the oscillations of the plate introduces a time scale, no simi-
larity solution exists to this problem. By virtue of Eq. (6.145), it may be expected
that u, will also oscillate in time with the same frequency, but possibly with a phase
shift relative to the oscillations of the plate. Thus, we separate the two independent
variables by representing the velocity as

up(y,1) = Re [Y(y)e] (6.148)

where Re denotes the real part of the expression within the brackets, 7 is the imagi-
nary unit, and Y (y) is a complex function. Substituting into the governing equation,

we have )
d?Y w
— — —Y =0. 6.149
0 ” ( )

The general solution of the above equation is

Y(y) = exp{—g(l—l—i) y} + ¢ exp{g(l—l—i)y} .

The fact that u,=0 at y—oc0, dictates that ¢ be zero. Then, the boundary condition
at y=0 requires that ¢;=Vy. Thus,

ug(y,t) = Vo Re [exp {—g(l + 1) y} em] ) (6.150)

The resulting solution,

us(y,t) = Vp exp (—gy) cos (wt - gy) , (6.151)
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describes a damped transverse wave of wavelength 27/2rv/w, propagating in the
y-direction with phase velocity v/2vw. The amplitude of the oscillations decays
exponentially with y. The depth of penetration of vorticity is 6 ~ \/2v/w, suggesting
that the distance over which the fluid feels the motion of the plate gets smaller as
the frequency of the oscillations increases. |

Example 6.6.4. Transient plane Poiseuille flow

Let us now consider a transient flow which is induced by a suddenly applied constant
pressure gradient. A Newtonian liquid of density p and viscosity 7, is contained
between two horizontal plates separated by a distance 2H (Fig. 6.24). The liquid
is initially at rest; at time ¢=07, a constant pressure gradient, dp/dz, is applied,

setting the liquid into motion.

Figure 6.24. Schematic of the evolution of the velocity in transient plane Poiseuille

flow.

The governing equation for this flow is

du, @ . 0%u,
Por = “ax T Moy

(6.152)

Positioning the z-axis on the symmetry plane of the flow (Fig. 6.24), the boundary
and initial conditions become:

u, =0 at y=H,t>0

el

T =0 at y=0,t>0 (6.153)
Uy, =0 at t=0,0<y< H
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y/H

-0.5 0 0.5 1 1.5 2
uw/ﬂx,oo
Figure 6.25. Transient plane Poiseuille flow. Velocity profiles at vt/ H?=0.2, 0./,
0.6, 0.8, 1 and .

The problem of Eqs. (6.152) and (6.153) is solved using separation of variables.
Since the procedure is similar to that used in Example 6.6.2, it is left as an exercise
for the reader (Problem 6.8) to show that

1d 2
uw(yvt) = _%éﬂz{l_ (%)

32 & (—1)k! 2k —)m y (2k — 1)?x?
- — - -t . 6.154
0 kZ::l (2k— 1) COS[ 2 H] xp a2V (6.154)
The evolution of the velocity towards the parabolic steady-state profile is shown in
Fig. 6.25. O

Example 6.6.5. Transient axisymmetric Poiseuille flow
Consider a Newtonian liquid of density p and viscosity 75, initially at rest in an

infinitely long horizontal cylindrical tube of radius R. At time ¢t=0%, a constant
pressure gradient, dp/dz, is applied, setting the liquid into motion.
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This is obviously a transient axisymmetric rectilinear flow. Since gravity is zero,
the governing equation is

du,  OJp (32u2 1 3u2)

ot~ "o "\ Y

p (6.155)

subject to the following boundary conditions:

u, =0 at r=R,t2>0
u, finite at r=0,t>0 (6.156)
U, =0 at t=0,0<r<R

By decomposing u.(r,t) into the steady-state Poiseuille flow component (ex-
pected to prevail at large times) and a new dependent variable,
1 dp
uZ(T,t) = _Ea (R2 - Tz) - U/Z(T,t), (6'157)
the inhomogeneous pressure-gradient term in Eq. (6.155) is eliminated, and the
following homogeneous problem is obtained:

ou, %! 10
= - 6.158
at v (87‘2 + r or ( )
with
ul, =0 at r=R,t>0
u!, finite at r=0,1>0 (6.159)
19
P P

Using separation of variables, we express u/,(7,¢) in the form
ul(r,t) = X(r)T(1). (6.160)

Substituting into Eq. (6.158) and separating the functions X and 7', we get

vT dt X

1 dr 1 d2X+1dX
dr?2 7 dr )’

Equating both sides of the above expression to —a?/R?, where a is a dimensionless
constant, we obtain two ordinary differential equations:

dT va?
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d*X 1dX a?

—— — X =0. 6.162
dr? r dr + R? ( )
The solution to Eq. (6.161) is
—Mt
T =¢pe R*, (6.163)

where ¢q is an integration constant.
Equation (6.162) is a Bessel’s differential equation, whose general solution is

given by
ar ar
X(r) =« Jo(f) + 2 YO(f)v

where Jy and Yy are the zeroth-order Bessel functions of the first and second kind,
respectively. From the theory of Bessel functions, we know that Yp(2) and its first
derivative are unbounded at =0. Since ) and thus X must be finite at r=0, we
get cy=0.

Differentiating Eq. (6.164) and noting that

(6.164)

dJO
D) = (o).

where Jq is the first-order Bessel function of the first kind, we obtain:

dX « ar a dYy ar
= g MR ey g (R

Given that J1(0)=0, we find again that c¢; must be zero so that d.X/dr=0 at r=0.

Thus,
X(r) = CIJO(%). (6.165)

Applying the boundary condition at r=R, we get
Jo(a) = 0. (6.166)
Note that Jo() is an oscillating function with infinitely many roots,
ap, k=1,2,---

Therefore, u/,(r,t) is expressed as an infinite sum of the form

2

> agr —%t
"(r,t) = § By, Jo(— 6.167
UZ(T, ) — k 0( R )6 ’ ( )
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-0.5 0 0.5 1 1.5 2 2.5

uz/ﬂz,oo

Figure 6.26. Transient avisymmetric Poiseuille flow.  Velocity profiles at
vt/ R*=0.02, 0.05, 0.1, 0.2, 0.5 and oc.

where the constants By are to be determined from the initial condition. For ¢=0,

we have ,
> agr 1dp ., ( T )
BrJo(——) = —— R |1—-| = . 6.168
kZ::l kol R ) An 0z R ( )
In order to take advantage of the orthogonality property of Bessel functions,
1 %le(ak) s k=mn
/ Jo(agr) Jo(a,r) rdr = (6.169)
0 0, k#mn

where both aj and «,, are roots of Jy, we multiply both sides of Eq. (6.168) by
Jo(a,r/R)rdr, and then integrate from 0 to R, to get

R 2
agr anT 9 T anT
g B Jo( Jo(——)rdr = ———R 1-1{= Jo(—5-) rd
k/o OR)O(R)TT 4n 0z /0[ (R)]O(R)TT’

o 1
SR [ (1€ dofang) e
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where £=r/R. The only nonzero term on the left hand side corresponds to k=n.
Hence,

1
B %le(ak) = L0 g /0 (1= &) Jo(apt) £dE | (6.170)

Using standard relations for Bessel functions, we find that

1 4J1(ay
[ 1= ey g = .
0 ay
Therefore,
1 dp 8
By = ——— ——7—,
b 4n 9z o Ji(ay)
and
agr vas
10 = Jo\ ) —SEt
o, = —— 2P (3p?) ZM@ R (6.171)
andz = o Jilag)
Substituting into Eq. (6.167) gives
ET va
1ap AN = Jo () Tk
u(r,t) = ——== R? |1— (—) —sS LR (6.172)
4n 0z R kZ::l o Ji(ag)
The evolution of the velocity is shown in Fig. 6.26. O

Example 6.6.6. Flow inside a cylinder that is suddenly rotated
A Newtonian liquid of density p and viscosity 7 is initially at rest in a vertical,
infinitely long cylinder of radius R. At time ¢=0%, the cylinder starts rotating

about its axis with constant angular velocity €, setting the liquid into motion.
This is a transient axisymmetric torsional flow, governed by

Jduyg 9%ug 1 duyg 1
il 6.173
ot . ( Ir? r or 2] ( )

subject to the following conditions:

ug =R at r=R,1>0
ug finite at r=0,¢>0 (6.174)
g =0 at t=0,0<r<R
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r/R

0 1 1 1 1
-0.2 0 0.2 0.4 0.6 0.8 1

Figure 6.27. Flow inside a cylinder that is suddenly rotated. Velocity profiles at
vt/ R*=0.005, 0.01, 0.02, 0.05, 0.1 and oo.

The solution procedure for the problem described by Eqs. (6.173) and (6.174) is
the same as in the previous example. The steady-state solution has been obtained
in Example 6.3.1. Setting

ug(r,t) = Qr — uy(r,t), (6.175)

we obtain the following homogeneous problem

duy O, 1 duy, 1,
= - - — 6.176
ot (87‘2 + r Or 20 ( )

up=0 at r=R, t>0
uy finite at r=0,t>0 (6.177)
up=Qr at t=0,0<r<R

The independent variables are separated by setting

wh(rt) = X(r)T(1), (6.178)
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which leads to two ordinary differential equations:

dT va?
and , ,
d° X 1dX «a 1
- — — =] X =0. 6.180
dr? + r dr + (R2 7‘2) ( )

Equation (6.179) is identical to Eq. (6.161) of the previous example, whose general

solution is )

_ray
T =coe R* . (6.181)
The general solution of Eq. (6.180) is

ar ar

X(T) = Jl(f) + C9 Yl( R), (6182)

where J; and Y; are the first-order Bessel functions of the first and second kind,
respectively. Since Yi(2) is unbounded at =0, ¢; must be zero. Therefore,

ar

X(r) = C1J1(§)- (6.183)
The boundary condition at r=R requires that
Ji(a) = 0, (6.184)

which has infinitely many roots. Therefore, uj(r,1) is expressed as an infinite sum
of the form
= agr Vazt
Y ———
up(rit) = 3 Behi(—)e R

k=1

: (6.185)

where the constants By are to be determined from the initial condition. For ¢=0,
we have
S B (D) = ar. (6.186)
R
k=1
The constants By are determined by using the orthogonality property of Bessel
functions,
1 %Jg(ak) s k=mn
/ Ji(agr) Ji(a,r) rdr = (6.187)
0 0, k#mn
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where both aj and «,, are roots of J;. Multiplying both sides of Eq. (6.186) by
Ji(a,r/R)rdr, and integrating from 0 to R, we get

apr an
ZBk/OJlj’jz)Jl(R)rdr:Q/Jl Sy v dr,
or

Z By /0 Ji(ax€) Ji(an€) €dE = QR / Ii(an€) €2 de,

where f:r/R. Invokmg Eq. (6.187), we get

1 1 J,
By, §J§(ak) = QR/ Ji(ag€) £2d¢ = _q g Jolon) —
0 Qg
2QR
By = ——.
* ag Jo( o)
Therefore,
2
oo J, (J) _veg,
Wy = —20R S — R TR? 6.188
[ kz:l ag JO(ak) ( )
and )
0o J; (%) _vag,
R 2
U Qr + 2QR —~ /7 . R, 6.189
() = S e (6.159)
The evolution of the wug is shown in Fig. 6.27. O

6.7 Steady Two-Dimensional Rectilinear
Flows

As explained in Section 6.1, in steady, rectilinear flows in the z direction, uy=u.(y, 2)
and the z-momentum equation is reduced to a Poisson equation,
0*u 0*u 10 1
- o 292 . (6.190)
oy? 072 7 Ox v
Equation (6.190) is an elliptic PDE. Since dp/dx is a function of z alone and u,
is a function of y and z, Eq. (6.190) can be satisfied only when dp/dx is constant.
Therefore, the right hand side term of Eq. (6.190) is a constant. This inhomogeneous
term can be eliminated by introducing a new dependent variable which satisfies the

Laplace equation.
Two classes of flows governed by Eq. (6.190) are:
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(a) Poiseuille flows in tubes of arbitrary but constant cross section; and
(b) gravity-driven rectilinear film flows.

One-dimensional Poiseuille flows have been encountered in Sections 6.1 and 6.2.
The most important of them, i.e., plane, round and annular Poiseuille flows, are
summarized in Fig. 6.28. In the following, we will discuss two-dimensional Poiseuille
flows in tubes of elliptical, rectangular and triangular cross sections, illustrated in
Fig. 6.29. In these rather simple geometries, Eq. (6.190) can be solved analytically.
Analytical solutions for other cross sectional shapes are given in Refs. [10] and [11].

Example 6.7.1. Poiseuille flow in a tube of elliptical cross section
Consider fully-developed flow of an incompressible Newtonian liquid in an infinitely
long tube of elliptical cross section, under constant pressure gradient dp/dx. Gravity
is neglected, and thus Eq. (6.190) becomes

Dy Dy 10p . y? . 2? <1 (6.191)
—_— = —-— in =S4 —= .
0y? 022 n Ox a? b2 — 7

where a and b are the semi-axes of the elliptical cross section, as shown in Fig. 6.29a.
The velocity is zero at the wall, and thus the boundary condition is:

2 2
Y z

Let us now introduce a new dependent variable u/,, such that
ue(y,2) = up(y.2) + ey’ + e22?, (6.193)

where ¢1 and ¢y are non zero constants to be determined so that (a) u/, satisfies the
Laplace equation, and (b) u!, is constant on the wall. Substituting Eq. (6.193) into
Eq. (6.191), we get

32ugg n 32ugg 49 42 _ l 3_]) (6 194)
0y? 022 “ 2= n dx '

/

.. satisfies the Laplace equation,

Evidently, u

o’ o’
oy? + 072

=0, (6.195)

if
1
2¢; + 25 = = . (6.196)
n
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2H

Plane Poiseuille flow

1 9

Uy = 2n apl,(I{2 - y2)
2 0 3

Q _5 op H M/

_ 190 2 2
uz_—ﬁﬁ(}{ —7?)
_ 7 Op p4
Q__SUQZR

Annular Poiseuille flow
19 r\2 1-x2 r
u. = -5 B2 [1 — (%)t g 0

Q = —grt [1-m - )]

|

Figure 6.28. One-dimensional Poiseuille flows.
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z
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a Y
x
(a) Elliptical cross section
z
¢
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(b) Rectangular cross section
z
a a
Y
a
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Figure 6.29. Two-dimensional Poiseuille flow in tubes of various cross sections.
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From boundary condition (6.192), we have

/ _ 2 2 _ 2 C2 9 y? o2
ux(y72) = —C1Yy — C2 = —C1 Y —I—az on ﬁ_l_b_z = 1.
Setting
2
C9 a
PEET) 6.197
(4] b2 ’ ( )
u!, becomes constant on the boundary,
2 2
Y z
u(y,z) = —erd® on oo =1 (6.198)

The mazimum principle for the Laplace equation states that u/ has both its
minimum and maximum values on the boundary of the domain [12]. Therefore, u,
is constant over the whole domain,

ul(y,2) = —cra’. (6.199)

Substituting into Eq. (6.193) and using Eq. (6.197), we get

2 2 2 2 3/2 (&) #?
ul’(y72) = —CGa + a1y + CZ = —C1a 1 — ﬁ — aﬁ —
2 2
_ 2 Y z
uy(y,2) = —c1a [1 -3 b—Q] . (6.200)

The constant ¢; is determined from Eqs. (6.196) and (6.197),

1 9p b
= —— 6.201
“ 2n 0z a® + b2’ ( )
consequently,
1 9p a’b? y? 22
g (y,z) = _%%T—I—b? [ -2, (6.202)

Obviously, the maximum velocity occurs at the origin. Integration of the velocity
profile (6.202) over the elliptical cross section yields the volumetric flow rate

7 op @b
4n dz a® + b2

Q = (6.203)
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Equation (6.202) degenerates to the circular Poiseuille flow velocity profile when
a=b=R,

1 dp y? + 22
= —— 2 R*|1 - .
ta(y,2) 4n Ox [ R2

Setting r?=y?+22, and switching to cylindrical coordinates, we get

1 dp
u.(r) = ~ 19 (R* — r?). (6.204)

If now a=H and b > H, Eq. (6.202) yields the plane Poiseuille flow velocity profile,

wly) = =22 (= ). (6.205)

2n dx
Note that, due to symmetry, the shear stress is zero along symmetry planes. The
zero shear stress condition along such a plane applies also in gravity-driven flow of a
film of semielliptical cross section. Therefore, the velocity profile for the latter flow
can be obtained by replacing —dp/dx by pg,. Similarly, Eqs. (6.204) and (6.205)
can be modified to describe the gravity-driven flow of semicircular and planar films,
respectively. O

Example 6.7.2. Poiseuille flow in a tube of rectangular cross section
Consider steady pressure-driven flow of an incompressible Newtonian liquid in an

infinitely long tube of rectangular cross section of width 2b and height 2¢, as shown
in Fig. 6.29b. The flow is governed by the Poisson equation

0%, 0%, 1 ap
0y? 922 p oz’

(6.206)

Taking into account the symmetry with respect to the planes y=0 and z=0, the flow
can be studied only in the first quadrant (Fig. 6.30). The boundary conditions can
then be written as follows:

8—3/:0 on y=20

(6.207)

U, =0 on z=c¢
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z
u,;=0
(b, c)
Uy
Jy =0 U,=0
Ouy, Y
9z Y

Figure 6.30. Boundary conditions for the flow in a tube of rectangular cross section.

Equation (6.206) can be transformed into the Laplace equation by setting
un(y,z) = —o— 5 (= 2%) + uyly. ). (6.208)

Note that the first term in the right hand side of Eq. (6.208) is just the Poiseuille
flow profile between two infinite plates placed at z=4c. Substituting Eq. (6.208)
into Eqgs. (6.206) and (6.207), we get

2,/ 2,1
88;;’ 88:;’ -0, (6.209)
subject to
85;}’ =0 on y=20
ug:ﬁg—g(@—z?) on y==b
. (6.210)
%UZQL’ =0 on z2=0

w. =0 on z==«c¢
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()

Figure 6.31. Velocity contours for steady unidirectional flow in tubes of rectangular
cross section with width-to-height ratio equal to 1, 2 and 4.

The above problem can be solved using separation of variables (see Problem 6.13).
The solution is

us(y,2) = i@02 [1— (i)2 n 4§: (—13)]“ COSh(ZEy) cos <%)] (6.211)

2n dx c i1 % cosh (Tb) c
where .
ap = (2k=1)5., k=12 (6.212)

In Fig. 6.31, we show the velocity contours predicted by Eq. (6.211) for different
values of the width-to-height ratio. It is observed that, as this ratio increases,
the velocity contours become horizontal away from the two vertical walls. This
indicates that the flow away from the two walls is approximately one-dimensional
(the dependence of u, on y is weak).

The volumetric flow rate is given by

4 9p 4 6e o tanh (%)
= —— —b 1—-— —_— . 6.213
@ 3n Oz ¢ b kZ::l o} ( )
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Example 6.7.3. Poiseuille flow in a tube of triangular cross section
Consider steady pressure-driven flow of a Newtonian liquid in an infinitely long tube

whose cross section is an equilateral triangle of side a, as shown in Fig. 6.29¢c. Once

again, the flow is governed by the Poisson equation
0%, 0%, 1 ap
0y? 922 p oz’

(6.214)

If the origin is set at the centroid of the cross section, as in Fig. 6.32, the three sides
of the triangle lie on the lines

2V3z4+a=0, V32+43y—a=0 and V32-3y—a=0.

\/52—33/—(1:0 \/§z—|—3y—a:0

2\/52 + a=0

Figure 6.32. Fquations of the sides of an equilateral triangle of side a when the
origin is set at the centroid.

Since the velocity u,(y,z) is zero on the wall, the following solution form is
prompted

ug(y.2) = A(2V3z+a) (V32 + 3y —a) (V32— 3y —a), (6.215)

where A is a constant to be determined so that the governing Eq. (6.214) is satisfied.
Differentiation of Eq. (6.215) gives

0%u,
oy?

9%u,,
972

= —184(2V32z+a) and = 184 (2V/3z—a).
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It turns out that Eq. (6.214) is satisfied provided that

1 op1
A= -—— L (6.216)
61 dz «a
Thus, the velocity profile is given by
() = ——— P L A (VB 3y — ) (VB —3y—a).  (6.217)
=\ 361 9z a 4 4 ' '

The volumetric flow rate is

V3 op

a

The unidirectional flows examined in this chapter are good approximations to
many important industrial and processing flows. Channel, pipe and annulus flows
are good prototypes of liquid transferring systems. The solutions to these flows
provide the means to estimate the power required to overcome friction and force
the liquid through, and the residence or traveling time. Analytical solutions are
extremely important to the design and operation of viscometers [13]. In fact, the
most known viscometers were named after the utilized flow: Couette viscometer,
capillary or pressure viscometer and parallel plate viscometer [14].

The majority of the flows studied in this chapter are easily extended to nearly
unidirectional flows in non-parallel channels or pipes and annuli, and to non-uniform
films under the action of surface tension, by means of the lubrication approximation
[15], examined in detail in Chapter 9. Transient flows that involve vorticity gener-
ation and diffusion are dynamically similar to steady flows overtaking submerged
bodies giving rise to boundary layers [9], which are studied in Chapter 8.

6.8 Problems

6.1. Consider flow of a thin, uniform film of an incompressible Newtonian liquid
on an infinite, inclined plate that moves upwards with constant speed V', as shown
in Fig. 6.33. The ambient air is assumed to be stationary, and the surface tension
is negligible.

(a) Calculate the velocity u,(y) of the film in terms of V', ¢, p, n, g and 6.

(b) Calculate the speed V' of the plate at which the net volumetric flow rate is zero.
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Stationary air
(Ty»=0 at y=0)

Figure 6.33. Film flow down a moving inclined plate.

6.2. A thin Newtonian film of uniform thickness ¢ is formed on the external surface
of a vertical, infinitely long cylinder, which rotates at angular speed €2, as illustrated
in Fig. 6.34. Assume that the flow is steady, the surface tension is zero and the
ambient air is stationary.

Stationary
air

Figure 6.34. Thin film flow down a vertical rotating cylinder.

(a) Calculate the two nonzero velocity components.
(b) Sketch the streamlines of the flow.
(c¢) Calculate the volumetric flow rate Q).
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at must be the external pressure distribution, p(z), so that uniform thickness
d) What t be the ext 1 distributi that unif thick
is preserved?

6.3. A spherical bubble of radius R4 and of constant mass mg grows radially at a
rate

dR 4

dt
within a spherical incompressible liquid droplet of density pq, viscosity n; and volume
Vi. The droplet itself is contained in a bath of another Newtonian liquid of density
p2 and viscosity 7,2, as shown in Fig. 6.35. The surface tension of the inner liquid is
o1, and its interfacial tension with the surrounding liquid is o5.

=k,

Liquid 2
P2, 12

Liquid 1
£1, ",

Vi

Figure 6.35. Liquid film growing around a gas bubble.

(a) What is the growth rate of the droplet?

(b) Calculate the velocity distribution in the two liquids.

(c) What is the pressure distribution within the bubble and the two liquids?

(d) When does the continuity of the thin film of liquid around the bubble break
down?

6.4. The equations

Ouy  Ouy 0
dx dy
and
( dug | %) _ Pt
PAM dy o ) T dy?

govern the (bidirectional) boundary layer flow near a horizontal plate of infinite
dimensions coinciding with the zz-plane. The boundary conditions for u,(z,y) and

uy (i, y) are
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Uy = Uy = 0 at  y=0
uy=V, uy,=0 at y=o0

Does this problem admit a similarity solution? What is the similarity variable?

6.5. Consider a semi-infinite incompressible Newtonian liquid of viscosity n and
density p, bounded below by a plate at y=0, as illustrated in Fig. 6.36. Both the
plate and liquid are initially at rest. Suddenly, at time ¢=07, a constant shear stress
7 is applied along the plate.

t<0 =0T t=1t1>0
Fluid and plate
yT at rest =
uy(y,t)
z

D D

__Ou __Ou

T=7 ayac T=7 ayac

Figure 6.36. Flow near a plate along which a constant shear stress is suddenly
applied.

(a) Specify the governing equation, the boundary and the initial conditions for this
flow problem.
(b) Assuming that the velocity u, is of the form

Uy = %Mf(f), (6.219)
where y
show that
f&) = €56 = 21¢). (6.221)

(The primes denote differentiation with respect to £.)
(c) What are the boundary conditions for f(£)?
(d) Show that

up = Vit {% 4 5[1—erf (g)]} . (6.222)

n T
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6.6. A Newtonian liquid is contained between two horizontal, infinitely long and
wide plates, separated by a distance 2H, as illustrated in Fig. 6.37. The liquid is
initially at rest; at time =0T, both plates start moving with constant speed V.

i YA i YA
of Fluid Transient
at rest flow

t<0 >0

Figure 6.37. Transient Couette flow (Problem 6.6).

(a) Identify the governing equation, the boundary and the initial conditions for this
transient flow.

(b) What is the solution for ¢ < 07

(c) What is the solution for ¢ — oo?

(d) Find the time-dependent solution wu,(y,t) using separation of variables.

(e) Sketch the velocity profiles at t=0, 07, ¢; >0 and oc.

6.7. A Newtonian liquid is contained between two horizontal, infinitely long and
wide plates, separated by a distance H, as illustrated in Fig. 6.38. Initially, the
liquid flows steadily, driven by the motion of the upper plate which moves with
constant speed V', while the lower plate is held stationary. Suddenly, at time t=07,
the speed of the upper plate changes to 2V, resulting in transient flow.

(a) Identify the governing equation, the boundary and the initial conditions for this
transient flow.

(b) What is the solution for ¢ < 07

(c) What is the solution for ¢ — oo?

(d) Find the time-dependent solution wu,(y,1).

(e) Sketch the velocity profiles at t=0, 0T, #; >0 and oo.

6.8. Using separation of variables, show that Eq. (6.154) is indeed the solution of
the transient plane Poiseuille flow, described in Example 6.6.4.

6.9. A Newtonian liquid, contained between two concentric, infinitely long, vertical
cylinders of radii Ry and Ry, where Ry > Ry, is initially at rest. At time =07, the
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V. 2V
| Ve 2V,
Steady Transient
H flow flow
Y Y
\ x x
t <0 t>0

Figure 6.38. Transient Couette flow (Problem 6.7).

inner cylinder starts rotating about its axis with constant angular velocity ;.
(a) Specify the governing equation for this transient flow.

(b) Specify the boundary and the initial conditions.

(c) Calculate the velocity wug(r,t).

6.10. An infinitely long, vertical rod of radius R is initially held fixed in an infinite
pool of Newtonian liquid. At time t=07, the rod starts rotating about its axis with
constant angular velocity 2.

(a) Specify the governing equation for this transient flow.

(b) Specify the boundary and the initial conditions.

(c) Calculate the velocity wug(r,t).

6.11. Consider a Newtonian liquid contained between two concentric, infinitely
long, horizontal cylinders of radii kR and R, where x < 1. Assume that the liquid
is initially at rest. At time t=0%, the outer cylinder starts translating parallel to its
axis with constant speed V. The geometry of the flow is shown in Fig. 6.13.

(a) Specify the governing equation for this transient flow.

(b) Specify the boundary and the initial conditions.

(c) Calculate the velocity u,(r,t).

6.12. A Newtonian liquid is initially at rest in a vertical, infinitely long cylinder of
radius R. At time t=07, the cylinder starts both translating parallel to itself with
constant speed V and rotating about its axis with constant angular velocity (2.

(a) Calculate the corresponding steady-state solution.

(b) Specify the governing equation for the transient flow.

(c) Specify the boundary and the initial conditions.

(d) Examine whether the superposition principle holds for this transient bidirectional
flow.

(e) Show that the time-dependent velocity and pressure profiles evolve to the steady-
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state solution as t — oo.

6.13. Using separation of variables, show that Eq. (6.211) is the solution of steady
Newtonian Poiseuille flow in a tube of rectangular cross section, described in Exam-
ple 6.7.2.

6.14. Consider steady Newtonian Poiseuille flow in a horizontal tube of square
cross section of side 2b. Find the velocity distribution in the following cases:

(a) The liquid does not slip on any wall.

(b) The liquid slips on only two opposing walls with constant slip velocity .

(c¢) The liquid slips on all walls with constant slip velocity u,,.

(d) The liquid slips on only two opposing walls according to the slip law

Tw = 5 Uy, (6.223)
where 7, is the shear stress, and 3 is a material slip parameter. (Note that, in this

case, the slip velocity u,, is not constant.)

6.15. Integrate u,(y, z) over the corresponding cross sections, to calculate the volu-
metric flow rates of the Poiseuille flows discussed in the three examples of Section 6.7.

6.16. Consider steady, unidirectional, gravity-driven flow of a Newtonian liquid in
an inclined, infinitely long tube of rectangular cross section of width 2b and height
2¢, illustrated in Fig. 6.39.

X

Figure 6.39. Gravity-driven flow in an inclined tube of rectangular cross section.

(a) Simplify the three components of the Navier-Stokes equation for this two-dimensional
unidirectional flow.

(b) Calculate the pressure distribution p(z).

(c) Specify the boundary conditions on the first quadrant.

(d) Calculate the velocity u,(y, z). How is this related to Eq. (6.211)?
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6.17. Consider steady, gravity-driven flow of a Newtonian rectangular film in an
inclined infinitely long channel of width 2b, illustrated in Fig. 6.40. The film is
assumed to be of uniform thickness H, the surface tension is negligible, and the air
above the free surface is considered stationary.

Free

surface Stationary

alr

I

X

Figure 6.40. Gravity-driven film flow in an inclined channel.

(a) Taking into account possible symmetries, specify the governing equation and the
boundary conditions for this two-dimensional unidirectional flow.

(b) Is the present flow related to that of the previous problem?

(c) Calculate the velocity u,(y, 2).
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