
Kef�laio �

GRAMMIKES APEIKONISEIS

��� Genik� per� apeikon�sewn

Orism�c �����

�Estw d�o mh ken� s�nola A kai B kai �nac n�moc F pou antistoiq�zei k�je
stoiqe�o x � A se akrib�c �na stoiqe�o y � B� L�me t�te �ti o F e�nai mia
apeik�nish �mapping 	 map
 	 sun�rthsh �function
 ap� to A sto B kai
gr�foume

F � A� B

gia ta s�nola 	

x
F��� y

gia ta susqetiz�mena stoiqe�a�
To A kale�tai s�nolo afethr	ac �domain
 kai to B s�nolo �fixhc �co�
domain
�
H �kfrash

y � F �x�

kale�tai t�poc thc F �
Ep�shc� to x kale�tai arq�tupo 	 pr�tupo 	 ak�ma pro
eik�na �pre�image

tou y� en� to y kale�tai eik�na �image
 tou x m�sw thc F 	 tim� �value
 thc
F sto x�
Mia apeik�nish ap� k�poio mh ken� s�nolo A ston eaut� tou� F � A � A�
kale�tai telest�c �operator
�

Parat�rhsh� S�mfwna me ton Orism� ����� oi �roi apeik�nish kai sun�rthsh e�nai
isod�namoi� O de�teroc qrhsimopoie�tai sun	jwc �tan A�B � Kn� Gia par�deigma� h
f � Rn � R

m kale�tai bajmwt� sun�rthsh an m�� kai dianusmatik� sun�rthsh

an m ��� H f � A � R � B � R e�nai h gnwst	 mac pragmatik� sun�rthsh miac

pragmatik�c metablht�c�

To s�nolo twn x � A pou �qoun eik�na m�sw thc F � A � B kale�tai ped	o
orismo� thc F kai sumbol�zetai me D�F ��

D�F � � fx � A j �y � B t�w� y � F �x�g �

�
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E�nai faner� �ti
D�F � � A �

Ston Orism� ����� jewr	same �ti k�je x � A �qei eik�na m�sw thc F � dhl� jewr	same
�ti to ped�o orismo� taut�zetai me to s�nolo afethr�ac�

D�F � � A �

S��na genik�tero orism�� D�F � � A kai se k�poio x � A mpore� na antistoiqo�n pe�
riss�tera ap� �na y � B� T�te �mwc den �qoume apeik�nish all� apl�c antistoiq�a�

To s�nolo pou apart�zetai ap� �la ta stoiqe�a y � B ta opo�a e�nai eik�nec ant��
stoiqwn x � A kale�tai eik�na �image
 	 ped	o tim�n �range
 thc F kai sumbol�zetai
me ImF �

ImF � fy � B j �x � A t�w� y � F �x�g �
E�nai faner� �ti

ImF � B �

�Alla s�mbola pou qrhsimopoio�ntai gia thn eik�na ImF e�nai ta R�F � kai F �A��

D�o apeikon�seic me koin� s�nola afethr�ac kai �fixhc� F � A� B kai G � A� B�
l�me �ti e�nai 	sec� sumbolik� F�G� an isq�ei

F �x� � G�x� �x � A �

Parade	gmata

�� Se k�je mh ken� s�nolo A or�zetai h apeik�nish IA � A � A pou antistoiq�zei
k�je x � A ston eaut� tou�

IA�x� � x �x � A �

H IA kale�tai tautotik� apeik�nish �identity mapping
 	 tautotik�c meta

sqhmatism�c �identity transformation
 	 tautotik�c telest�c �identity ope�
rator
� E�nai faner� �ti ImIA�A�

�� Mia apeik�nish F � A � B pou antistoiq�zei k�je x � A sto stajer� stoiqe�o
y� � B�

F �x� � y� �x � A �

kale�tai stajer� apeik�nish �constant mapping
� E�nai faner� �ti ImF�fy�g�
Mia apeik�nish F � A � B l�me �ti e�nai amfimonos�manth 	 �na proc �na

�one�to�one
 an diaforetik� stoiqe�a tou A �qoun diaforetik�c eik�nec m�sw thc F
sto B� dhl� an

x� �� x� �	 F �x�� �� F �x�� � x�� x� � A �

Mia pio e�qrhsth morf	 thc pio p�nw sunj	khc e�nai h
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F �x�� � F �x�� �	 x� � x� � x�� x� � A �

�stoiqe�a me �sec eik�nec e�nai anagkastik� �sa
�

Parade	gmata

�� H sun�rthsh f � R� R me t�po f�x��x� den e�nai amfimonos	manth kaj�son
f��x���f�x���x���
Tounant�on� h sun�rthsh g � R� R me t�po g�x��x�� e�nai amfimonos	manth�
Pragmatik�� an

g�x�� � g�x�� �	 x� � � � x� � � �	 x� � x� �

�� H sun�rthsh f � R� � R
� me t�po

f�x� y� � �x� �� y � ��

e�nai amfimonos	manth� Pragmatik�� ap� thn

f�x�� y�� � f�x�� y�� �	 �x���� y���� � �x���� y���� �	 �x�� y�� � �x�� y���

H F �qei mia pol� endiaf�rousa gewmetrik	 ermhne�a� �Estw to di�nusma
u���� �� � R�� H F mpore� na grafe� sth morf	

F �x� y� � �x� y� � u

	
F �v� � v � u � v � R� �

�Ara h F antistoiq�zei k�je di�nusma v � R� sto v�u� �pou u dosm�no stajer�
di�nusma�

Genike�ontac to par�deigm� mac� jewro�me �na grammik� q�ro V kai k�poio
dosm�no stoiqe�o u � V � H apeik�nish Tu � V � V me t�po

Tu�v� � v � u � v � V �

onom�zetai metat�pish kat� u �translation by u
�

An k�je stoiqe�o y � B e�nai eik�na en�c toul�qiston stoiqe�ou x � A m�sw thc
apeik�nishc F � A� B� an dhlad	

�y � B �x � A t�w� y � F �x� �

ja l�me �ti h apeik�nish F e�nai ep	 �onto
� Ap� ton orism� thc eik�nac thc F e�nai
faner� �ti h F e�nai ep� an ImF�B�

Parade	gmata

�� H sun�rthsh f � R � R me t�po f�x��x��� den e�nai ep� afo� Imf�	��
��
E�nai �mwc faner� �ti kaj�statai ep� an oriste� wc f � R� 	��
��
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�� H sun�rthsh g � R� R me t�po g�x��x�� e�nai ep� afo� Img�R�

�� H sun�rthsh sin � R� 	��� �
 e�nai ep�� Den e�nai �mwc amfimonos	manth afo�
sin ��sin �����

Sundu�zontac tou prohgo�menouc orismo�c� ja l�me �ti h apeik�nish f � A � B
e�nai amfimonos�manth kai ep	 	 �na proc �na kai ep	 �one�to�one and onto
 an
e�nai taut�qrona amfimonos	manth kai ep��

Parade	gmata

�� H sun�rthsh sin � 	����� ���
� 	��� �
 e�nai amfimonos	manth kai ep��

�� O tautotik�c telest	c IA � A � A� �pou A opoiod	pote mh ken� s�nolo� e�nai
amfimonos	mantoc kai ep��

Shme	wsh
Ja pr�pei na anaf�roume thn plhj�ra enallaktik�n �rwn pou qrhsimopoio�ntai� t�so
sta Ellhnik� �so kai sta Agglik�� gia tic �nnoiec aut	c thc paragr�fou�

� �na proc �na �one�to�one
� sumbolik� ���� 	 amfimonos�manth 	 amfimon�

timh 	 erriptik� �injective
 	 �rriyh �injection


� ep	 �onto
 	 epirriptik� �surjective
 	 ep	rriyh �surjection


� �na proc �na kai ep	 	 �
� kai ep	 �one�to�one and onto
 	 amfimonos�ma

nth kai ep	 	 amfimon�timh kai ep	 	 amfirriptik� �bijective
 	 amf	rriyh
�bijection


Se merik� Ellhnik� bibl�a� o �roc amfimonos�manth qrhsimopoie�tai lanjasm�na gia
apeikon�seic pou e�nai �na proc �na kai ep�� Ep�shc qrhsimopoio�ntai oi �roi �nesh
�injection
� �fesh �surjection
 kai amf	esh �bijection
� oi opo�oi shmasiologik� e�nai
paraplanhtiko� kai wc proc thn etumolog�a e�nai asunepe�c� M�qri stigm	c� den �qoun

qrhsimopoihje� oi �roi d	esh� �fesh kai metamf	esh� par� thn �fesh �kai �nesh

pou �qoun meriko� suggrafe�c sthn eisagwg	 n�ac orolog�ac�

����� S�njesh apeikon	sewn

Jewro�me d�o apeikon�seic t�toiec �ste to s�nolo �fixhc thc pr�thc na taut�zetai
me to s�nolo afethr�ac thc de�terhc �sth genik	 per�ptwsh arke� na e�nai upos�nol�
tou
�

F � A� B kai G � B � C �

Se k�je stoiqe�o x � A� h F antistoiq�zei �na monadik� stoiqe�o

y � F �x� � B �

H G t�ra antistoiq�zei aut� to y s��na monadik� stoiqe�o z � C�

z � G�y� � G�F �x�� � C �
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A B C

F
G

x

F �x� G�F �x��

Me aut� ton tr�po� se k�je stoiqe�o x � A antistoiq�same �na monadik� stoiqe�o
z � C� Or�same �tsi mia apeik�nish ap� to A sto C thn opo�a kalo�me s�njesh
�composition
 twn F kai G kai th sumbol�zoume me G � F �

G � F � A� C � �G � F ��x� � G�F �x��

Parat�rhsh� Se merik� bibl�a sunanto�me to sumbolism� xF ant� tou gnwsto� mac
F �x� gia thn eik�na tou x � A m�sw thc F kai to sumbolism� F � G ant� tou G � F
gia th s�njesh G�F �x�� twn F � A� B kai G � B � C�

Parade	gmata

�� �Estw oi apeikon�seic F �M��� � R
� kai G � R� � R�

F

��
a b
c d

��
� �a� d� b� c� kai G�x� y� � x� � y� �

Gia th s�njes	 touc G � F �M��� � R �qoume

�G�F �

��
a b
c d

��
� G

�
F

��
a b
c d

���
� G�a�d� b�c� � �a�d�� � �b�c���

E�nai faner� �ti h s�njesh F �G den or�zetai�

�� �Estw o telest	c F � R� � R
� me t�po

F �x� y� � �x� � �� x� y� �

H s�njesh F � F sumbol�zetai ep�shc me F �� �Eqoume�

F ��x� y� � F �F �x� y�� � F �x� � �� x� y� �
�
�x� � ��� � �� x� � � � x� y

�
�

Pr�tash ����

Gia tic apeikon�seic F � A� B kai G � B � C isq�oun ta ex	c�
�i
 An oi F kai G e�nai amfimonos	mantec� t�te kai h s�njesh G � F e�nai
amfimonos	manth�
�ii
 An oi F kai G e�nai ep�� t�te kai h s�njesh G � F e�nai ep��
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Ap�deixh
�i
 An gia k�poia x�� x� � A e�nai �G�F ��x����G�F ��x��� t�te G�F �x����G�F �x����
Epeid	 h G e�nai amfimonos	manth� F �x���F �x��� Epeid	 h F e�nai ep�shc amfimono�
s	manth� x��x�� �Ara h G � F e�nai amfimonos	manth�
�ii
 Epeid	 h G e�nai ep�� gia z � C� up�rqei y � B t�toio �ste G�y��z� Epeid	 h F
e�nai ep�shc ep�� up�rqei x � A t�toio �ste

F �x� � y �	 G�F �x�� � G�y� � z �

Br	kame �tsi x � A t�toio �ste �G � F ��x��z� �Ara h G � F e�nai ep�� �

Sthn per�ptwsh apeikon�sewn F � A � B kai G � B � A� e�nai faner� �ti oi
sunj�seic G � F � A � A kai F � G � B � B e�nai telest�c se diaforetik� s�nola�
Sthn per�ptwsh t�ra telest�n F � A� A kai G � A� A oi sunj�seic G�F � A� A
kai F � G � A � A e�nai telest�c sto �dio s�nolo all� den e�nai anagkastik� �soi
metax� touc� Me diaforetik� l�gia� h s�njesh telest�n den e	nai antimetajetik�
�commutative
�

Par�deigma
�Estw oi telest�c F � R� R kai G � R� R pou d�nontai ap� tic

F �x� � �x � � kai G�x� � x� � � �

Gia tic G � F kai F �G �qoume

�G � F ��x� � G�F �x�� � G��x � �� � ��x� ��� � � � �x� � �x

kai
�F �G��x� � F �G�x�� � F �x�� �� � ��x� � �� � � � �x� � � �

Parathro�me �ti G � F �� F �G�

H s�njesh apeikon�sewn e�nai prosetairistik� �associative
� An

F � A� B � G � B � C kai H � C � D

t�te oi �H �G� � F kai H � �G � F � e�nai apeikon�seic ap� to A sto D kai

	�H �G� � F 
�x� � �H �G��F �x�� � H�G�F �x��� �

	H � �G � F �
�x� � H��G � F ��x�� � H�G�F �x��� �

Sumpera�noume �ti

�H �G� � F � H � �G � F �

�Estw t�ra mia apeik�nish F � A � B kai oi tautotiko� telest�c sta s�nola A
kai B�

IA�x� � x �x � A kai IB�x� � x �x � B �
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Gia k�je x � A �qoume

F �x� � F �IA�x�� � �F � IA��x�
kai

F �x� � IB�F �x�� � �IB � F ��x� �

�Ara isq�ei

F � IA � IB � F � F

���� H ant	strofh apeik�nish

An h apeik�nish F � A� B me t�po

y � F �x� ����

e�nai amfimonos	manth kai ep�� t�te k�je stoiqe�o y � B �qei �na monadik� arq�tupo
x � A� H apeik�nish ap� to B sto A pou pragmatopoie� aut	 thn antisto�qish
onom�zetai ant	strofh apeik�nish �inverse mapping
 kai sumbol�zetai me F���

x � F���y� � ����

A B

F

F��

y�F �x�

x�F���x�

Oi is�thtec ���
 kai ���
 e�nai isod�namec�

y � F �x� 	 x � F���y� � ����

Sundu�zontac tic pio p�nw sq�seic pa�rnoume

F���F �x�� � x � x � A kai F �F���y�� � y � y � B ����

	 ak�ma
F�� � F � IA kai F � F�� � IB � ����
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Parat�rhsh� E�nai faner� �ti an h F � A� B �qei ant�strofh� t�te kai h F�� e�nai
antistr�yimh kai �

F��
�
��

� F � ����

To je�rhma pou akolouje� e�nai basik��

Pr�tash �����

H apeik�nish F � A� B �qei ant�strofh an kai m�no an e�nai amfimonos	manth
kai ep��

Ap�deixh
Jewro�me pr�ta �ti h F �qei ant�strofh� Ja de�xoume �ti e�nai amfimonos	manth
kai ep�� �Estw x�� x� � A t�toia �ste

F �x�� � F �x�� �	 F���F �x��� � F���F �x��� �	 x� � x� �

�Qrhsimopoi	same thn ���
�� �Ara h F e�nai amfimonos	manth�
An t�ra y � B�

F �F���y�� � y

op�te gia x��F���y� �qoume y�F �x��� �Ara h F e�nai ep��
Gia to ant�strofo� pa�rnoume tuq�n y � B� Ef�son h F e�nai ep�� up�rqei x � A
t�toio �ste F �x��y� Epeid	 h F e�nai amfimonos	manth� to x e�nai monadik�� �Ara
mporo�me na or�soume mia n�a apeik�nish G � B � A t�toia �ste an y�F �x� na isq�ei

G�y� � x �

E�nai faner� �ti

F �G�y�� � F �x� � y kai G�F �x�� � G�y� � x �

op�te h G e�nai h ant�strofh F�� thc F � �

Parade	gmata

�� H sun�rthsh f � R�
� � R

�
� me t�po f�x��x�� �pou R�

� �fx � R j x � �g� e�nai
amfimonos	manth kai ep���Ara e�nai antistr�yimh� H ant�strof	 thc e�nai h g �
R

�
� � R

�
� me t�po g�x��

p
x�

�� H sun�rthsh f � R � R
� me t�po f�x��ex e�nai amfimonos	manth kai ep�� H

ant�strof	 thc den e�nai �llh ap� to gnwst� mac fusik� log�rijmo� ln � R� �
R�

�� H sun�rthsh sin � 	����� ���
 � 	��� �
 e�nai amfimonos	manth kai ep�� H
ant�strof	 thc e�nai to gnwst� mac t�xo hmit�nou� sin�� � 	��� �
� 	����� ���
�

Pr�tash �����

An h apeik�nish F � A � B e�nai amfimonos	manth kai ep�� t�te kai h ant��
strof	 thc e�nai amfimonos	manth kai ep��
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Ap�deixh
To �ti h F �qei ant�strofh exasfal�zetai ap� to Je�rhma ����� H F�� � B � A
e�nai ep�shc antistr�yimh kai �ra e�nai amfimonos	manth kai ep��� �

Parat�rhsh� Sthn per�ptwsh pou h F � A� B e�nai amfimonos	manth all� �qi ep��
dhl� an ImF � B� t�te h jewr�a pou anapt�xame pio p�nw isq�ei gia thn F � A �
ImF �

Me b�sh thn ���
 mporo�me na d�soume �na enallaktik� orism� thc ant�strofhc
apeik�nishc�

Orism�c �����

�a
 H apeik�nish F � A � B e�nai antistr�yimh 	 antistrept� �invertible

an up�rqei apeik�nish F�� � B � A t�toia �ste

F�� � F � IA kai F � F�� � IB �

�pou IA kai IB oi tautotiko� telest�c sta A kai B� H F�� kale�tai ant	strofh
apeik�nish �inverse mapping
 thc F �
�b
 O telest	c F � A� A e�nai antistr�yimoc an up�rqei telest	c
F�� � A� A t�toioc �ste

F � F�� � F�� � F � IA �

O F�� kale�tai ant	strofoc telest�c tou F �

Pr�tash �����

An oi apeikon�seic F � A � B kai G � B � C e�nai antistr�yimec� t�te h
s�njesh G � F � A� C e�nai ep�shc antistr�yimh kai

�G � F ��� � F�� �G�� � ���

Ap�deixh
S�mfwna me to Je�rhma ����� oi F kai G e�nai amfimonos	mantec kai ep� afo� e�nai
antistr�yimec� S�mfwna de me thn Pr� ����� h s�njes	 touc G � F e�nai ep�shc
amfimonos	manth kai ep�� op�te kai aut	 e�nai antistr�yimh�� H �G � F ���� �pwc

�Enallaktik� ap�deixh� �Estw y�� y� � B t�toia �ste

F��
y�� � F��
y�� �� F 
F��
y��� � F 
F��
y��� ��


F � F���
y�� � 
F � F���
y�� �� IB
y�� � IB
y�� �� y� � y� �

�Ara h F��  B � A e�nai amfimonos�manth� Ef�son t�ra h F e�nai ep�� h F�� or�zetai gia k	je
y � B kai ImF��
A� �Ara h F�� e�nai ep��

��h enallaktik� ap�deixh� �Estw H  C � A h ant�strofh thc G �F � Ap� ton Or� ���� �qoume

H � 
G � F � � IA �� H � 
G � F � � F�� �G�� � IA � F
��
�G�� �
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d�netai ap� thn ��
� ikanopoie� tic apait	seic tou Orismo� �����

�F�� �G��� � �G � F � � F�� � �G�� �G� � F � F�� � �IB � F � � F�� � F � IA

kai

�G � F � � �F�� �G��� � G � �F � F��� �G�� � G � �IB �G��� � G �G�� � IC �

�Qrhsimopoi	same thn prosetairistik	 idi�thta kai thn ���
�� �

Qrhsimopoi�ntac thn prosetairistik� idi�thta kai tic F �F��
IB kai G�G��
IC � �qoume diadoqik	�

H �G � 
F �F��� �G�� � 
IA �F
��� �G�� �� H �G � 
IB �G

��� � F�� �G�� ��

H � 
G �G��� � F�� �G�� �� H � IC � F�� �G�� �� H � F�� �G�� �

�Sto �dio apot�lesma katal�goume an p	roume thn 
G � F � �H
IC�� �Ara 
G � F ���
F�� �G���
�h enallaktik� ap�deixh� �Estw z � C kai x � A t�toia �ste


G � F �
x� � z �� 
G � F ���
z� � x � 
i�

An y
F 
x� kai z
G
y�� t�te epeid� oi F kai G e�nai antistr�yimec �qoume�

y � F 
x� �� x � F��
y� kai z � G
y� �� y � G��
z�

op�te
x � F��
G��
z�� �� x � 
F�� �G���
z� � 
ii�

Ap� tic �i� kai �ii� br�skoume telik	 �ti 
G � F ���
F�� �G���
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��� Grammik�c apeikon�seic

Sto Ed�fio ��� asqolhj	kame me apeikon�seic thc genik	c morf	c F � A� B� �pou A
kai B mh ken� s�nola� Or�same ep�shc thn �nnoia thc is�thtac metax� apeikon�sewn
me koin� s�nola afethr�ac kai �fixhc� kaj�c kai th s�njesh apeikon�sewn� Den
or�same �llec pr�xeic �pwc h pr�sjesh kai o bajmwt�c pollaplasiasm�c� afo� aut�
den e�nai dunat� se k�je s�nolo B�

Sto par�n ed�fio� ja asqolhjo�me me apeikon�seic thc morf	c

T � V� � V� �

�pou ta s�nola afethr�ac kai �fixhc� V� kai V�� e�nai grammiko� q�roi p�nw sto

�dio s�ma K� Eidik�tera mac endiaf�roun oi apeikon�seic pou upako�oun stic d�o
pr�xeic pou qarakthr�zoun th dom	 en�c grammiko� q�rou� dhlad	 thn pr�sjesh kai
ton bajmwt� pollaplasiasm�� Aut�c kalo�ntai grammik�c kai or�zontai wc ex	c�

Orism�c ����

H apeik�nish T � V� � V�� �pou V� kai V� grammiko� q�roi p�nw se k�poio
s�ma K� kale�tai grammik� apeik�nish �linear mapping
 ap� to V� sto V�
an gia k�je x� y � V� kai � � K isq�oun oi idi�thtec�
�i
 T �x� y� � T �x� � T �y�
�ii
 � T �x� � � T �x�
Mia grammik	 apeik�nish ap� ton grammik� q�ro V ston eaut� tou� T � V � V �
kale�tai grammik�c telest�c �linear operator
 p�nw sto V �

Parathr�seic

�� Oi pr�xeic sta arister� kai dexi� m�lh twn �i
 kai �ii
 e�nai pr�xeic stouc grammi�
ko�c q�rouc V� kai V�� ant�stoiqa� Gia par�deigma� to s�mbolo � sto arister�
m�loc thc �i
 e�nai to s�mbolo thc pr�sjeshc sto V� en� to � sto dexi� m��
loc e�nai to s�mbolo thc pr�sjeshc sto V�� Ef�son e�nai saf	c o q�roc �pou
ektele�tai h pr�sjesh� den pr�pei na up�rqei s�gqush�

�� �Eqoume kai ed� plhj�ra enallaktik�n �rwn t�so sta Ellhnik� �so kai sta
Agglik��

� Gia thn T � V� � V�� grammik� apeik�nish �linear mapping 	 linear map

	 grammik�c metasqhmatism�c �linear transformation
 	 omomorfism�c
	 morfism�c �homomorphism


� Gia ton T � V � V � grammik�c telest�c �linear operator
 	 endomorfis

m�c �endomorphism


Ak�ma� an j�loume na prosdior�soume to s�ma K� l�me �ti h T e�nai K
grammik�
	 K
omomorfism�c� Parale�poume sun	jwc to pr�jhma K �tan den up�rqei pe�
r�ptwsh s�gqushc�
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�� Sta ep�mena� ja qrhsimopoio�me suqn� to s�ma R ant� tou geniko� K gia eu�
kol�terh katan�hsh twn apode�xewn� H al	jeia twn sqetik�n prot�sewn den
perior�zetai sto R kai epekte�netai am�swc sto �llo s�ma pou mac endiaf�rei�
dhlad	 to C�

�� Ap� thn idi�thta �ii
 tou Orismo� ����� parathro�me �ti gia ���

T �� � x� � � � T �x� �	 T ��� � � � V� �

dhlad	 h T apeikon�zei to � � V� sto � � V�� An loip�n� T ��� �� �� t�te h T den

e�nai grammik	�

Gia na prosdior�soume an mia apeik�nish e�nai grammik	� mporo�me� ant� tou Ori�
smo� ����� na qrhsimopoio�me thn pr�tash pou akolouje�� Aut	 sundu�zei tic idi��
thtec �i
 kai �ii
 se mia sq�sh h opo�a e�nai pio e�qrhsth�

Pr�tash ���

H apeik�nish T � V� � V� e�nai grammik	 an kai m�no an gia k�je x� y � V� kai
�� � � K isq�ei

T ��x � �y� � � T �x� � � T �y� � ����

Ap�deixh
An h T e�nai grammik	� qrhsimopoi�ntac tic idi�thtec �i
 kai �ii
 tou Orismo� �����
�qoume

T ��x � �y� � T ��x� � T ��y� � � T �x� � � T �y� �

Ant�strofa� j�tontac ����� sthn ���
 pa�rnoume thn sunj	kh �i
�

T ��x � �y� � �T �x� � �T �y� �	 T �x� y� � T �x� � T �y� �x� y � V� �

J�tontac ��� sthn ���
� pa�rnoume thn �ii
�

T ��x � �y� � � T �x� � � T �y� �	 T ��x� �� � � T �x� � � �	
T ��x� � � T �x� �x� y � V�� � � K �

�Ara h T e�nai grammik	� �

An h apeik�nish T � V� � V� e�nai grammik	� apodeikn�etai e�kola �ti gia
x�� x�� � � � � xn � V� kai ��� ��� � � � � �n � K isq�ei

T

�
nX
i��

�i xi

�
�

nX
i��

�i T �xi� � ����

H ���
 e�nai gen�keush thc idi�thtac ���
�
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Parade	gmata

�� O tautotik�c telest	c I � V � V me t�po

I�x� � x x � V

e�nai grammik�c� afo� gia k�je x� y � V kai �� � � K isq�ei

I��x � �y� � � x � � y � � I�x� � � I�y� �

�� �Estw � � V� � V� h mhdenik� apeik�nish �zero mapping 	 zero transformation

pou apeikon�zei k�je x � V� sto mhdenik� stoiqe�o tou V��

��x� � � �x � V� �

Gia k�je x� y � V� kai �� � � K isq�ei

���x � �y� � � � � � � � � � � ��x� � � ��y� �

S�mfwna me thn Pr�tash ����� h � e�nai grammik	 apeik�nish�

�� H parag�gish poluwn�mwn D � Pn � Pn���

D�p� � p� � p � Pn �

e�nai grammik	 apeik�nish� afo� gia k�je p� q � Pn kai �� � � R isq�ei

D��p � �q� � ��p � �q�� � � p� � � q� � � D�p� � � D�q� �

�� �Estw h apeik�nish T � R� � R
	 me t�po

T �x�� x�� x	� x�� � �x� � x�� x	 � x�� �

Gia k�je x� y � R� kai �� � � R� pa�rnoume

T ��x � �y� � T 	 � �x�� x�� x	� x�� � � �y�� y�� y	� y��


� T ��x� � �y�� �x� � �y�� �x	 � �y	� �x� � �y��

� ��x� � �y� � �x� � �y�� �x	 � �y	 � �x� � �y��

� � �x� � x�� x	 � x�� � � �y� � y�� y	 � y�� � � T �x� � � T �y� �

�Ara h T e�nai grammik	�

�� O telest	c T �M��� �M��� me t�po

T

��
a�� a��
a�� a��

��
�

�
a�� a�� � a��

a�� � a�� a��

�

e�nai grammik�c� Pragmatik�� gia k�je A�B � M��� kai �� � � R� �qoume

T ��A � �B� � T

��
�a�� � �b�� �a�� � �b��
�a�� � �b�� �a�� � �b��

��

�

�
�a�� � �b�� �a�� � �b�� � �a�� � �b��

�a�� � �b�� � �a�� � �b�� �a�� � �b��

�

� �

�
a�� a�� � a��

a�� � a�� a��

�
� �

�
b�� b�� � b��

b�� � b�� b��

�
�	

T ��A � �B� � � T �A� � � T �B� �
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�� H apeik�nish T � R� � R
	 me t�po

T �x�� x�� � �x�� x� � x�� x� � x� � ��

den e�nai grammik	� afo� den ikanopoie� kami� ap� tic idi�thtec tou Orismo�
����� Gia x��x�� x�� � R� kai � � R �qoume

T ��x� � T ��x�� �x�� � ��x�� �x� � �x�� �x� � �x� � �� �� � T �x� �

op�te h sunj	kh �ii
 den ikanopoie�tai� Omo�wc� br�skoume �ti o�te h �i
 isq�ei�

Ja mporo�same p�ntwc na do�me am�swc �ti h T den e�nai grammik	 afo�

T ��� � T ��� �� � ��� �� �� �� � �

Je�rhma ����

�Estw V kai W grammiko� q�roi� An o V e�nai peperasm�nhc di�stashc n�
to A�fu�� u�� � � � � ung e�nai mia b�sh tou V kai ta w�� w�� � � � � wn e�nai tuq�nta
dian�smata tou W � t�te up�rqei monadik� grammik� apeik�nish T � V � W
t�toia �ste

T �ui� � wi � i � �� �� � � � � n � �����

Ap�deixh
K�je stoiqe�o u � V e�nai grammik�c sunduasm�c twn stoiqe�wn thc b�shc A�

u �
nX
i��

ai ui �

�pou ta ai e�nai monos	manta orism�na� H apeik�nish T � V � W pou or�zetai ap�
thn

T �u� �
nX
i��

ai wi �����

ikanopoie� thn ����
� afo�

T �ui� � T �� ui� � wi � i � �� �� � � � � n �
Ja de�xoume �ti h T e�nai grammik	 kai monadik	�
�Estw �� � � K kai u� v � V me

u �
nX
i��

ai ui kai v �
nX
i��

bi ui �

�pou oi stajer�c ai kai bi e�nai monos	manta orism�nec� �Eqoume t�te

T ��u��v� � T

�
�

nX
i��

aiui � �
nX
i��

biui

�
� T

�
nX
i��

��ai � �bi� ui

�
�

nX
i��

��ai��bi�wi �	

T ��u� �v� � �
nX
i��

ai wi � �
nX
i��

bi wi � � T �u� � � T �v� �
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S�mfwna me thn Pr� ����� h T e�nai grammik	� M�nei na de�xoume �ti e�nai monadik	�
�Estw S � V � W mia �llh grammik	 apeik�nish pou ikanopoie� thn

S�ui� � wi � i � �� �� � � � � n �
L�gw thc grammik�thtac thc S� gia tuq�n u � V �qoume

S�u� � S

�
nX
i��

ai ui

�
�

nX
i��

ai S�ui� �
nX
i��

ai wi � T �u� �

�Ara S�T � op�te h T e�nai monadik	� �

Parade	gmata

�� �Estw h b�sh
fu� � ��� �� � u� � ��� ��g

tou R� kai ta dian�smata

w� � ��� �� �� � w� � ��� �� ��

tou R	� Ja bro�me th monadik	 grammik	 apeik�nish T � L�R��R	� gia thn
opo�a� s�mfwna me to Je�rhma ����� isq�ei�

T �u�� � w� � ��� �� ��

T �u�� � w� � ��� �� ��

�Estw x��x�� x�� tuq�n stoiqe�o tou R�� Aut� gr�fetai san grammik�c sundu�
asm�c twn u� kai u� �afo� aut� apotelo�n mia b�sh tou R�
�

�x�� x�� � �� u� � �� u� � ��� �� � R �

Antikajist�ntac ta u� kai u� kai epil�ontac to s�sthma pou prok�ptei� br�skou�
me �ti

�� � ��x� �
�

�
x� kai �� � x� � �

�
x� �

op�te

�x�� x�� �
�
��x� �

�

�
x�

�
u� �

�
x� � �

�
x�

�
u� �

�Eqoume t�ra

T �x�� x�� � T
	�
��x� �

�

�
x�

�
u� �

�
x� � �

�
x�

�
u�




�
�
��x� �

�

�
x�

�
T �u�� �

�
x� � �

�
x�

�
T �u��

�
�
��x� �

�

�
x�

�
w� �

�
x� � �

�
x�

�
w�

�
�
��x� �

�

�
x�

�
��� �� �� �

�
x� � �

�
x�

�
��� �� �� �	

T �x�� x�� �
�
�

�
x�� x� �

�

�
x�� �x� � �

�
x�

�
�
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�� �Estw T � Rn � R
m mia grammik	 apeik�nish kai

wi � T �ei�

oi eik�nec twn stoiqe�wn thc sun	jouc b�shc fe�� � � � � eng tou Rn� S�mfwna me
thn Pr�tash ����� h T prosdior�zetai monos	manta ap� ta dian�smata w�� � � � � wn

tou Rm� An x��x�� � � � � xn� tuq�n stoiqe�o tou Rn� �qoume

T �x� � T

�
nX
i��

xi ei

�
�

nX
i��

xi T �ei� �	

T �x� �
nX
i��

xi wi

	
T �x�� x�� � � � � xn� � x� w� � x� w� � � � � � xn wn � �����

An sumbol�soume tic suntetagm�nec tou wi wc ex	c

wi � �ai�� ai�� � � � � ain� �
kai jewr	soume ton n � m p�naka A me gramm�c ta w�� � � � � wn� mporo�me na
gr�youme thn ����
 wc ex	c�

T �x� � xT A �

	

T �x�� � � � � xn� � 	x� � � � xn


�
��
a�� � � � a�m
���

���
an� � � � anm

�
��� �

Aut	 e�nai mia pol� �mesh perigraf	 miac grammik	c apeik�nishc� Sto Ed�fio
��� ja melet	soume leptomer�c th sq�sh metax� grammik�n apeikon�sewn kai
pin�kwn�

To s�nolo twn grammik�n apeikon�sewn thc morf	c T � V� � V� sumbol�zetai me

L�V�� V�� 	 Hom�V�� V���

�Eqoume 	dh or�sei thn is�thta ��qi apara�thta grammik�n
 apeikon�sewn� Sth su�
n�qeia ja de�xoume �ti o q�roc L�V�� V�� e�nai kleist�c wc proc tic sun	jeic pr�xeic
thc pr�sjeshc kai tou bajmwto� pollaplasiasm�u�

Pr�sjesh sto L�V�� V��
To �jroisma twn T�� T� � L�V�� V�� or�zetai kat� ta gnwst� wc ex	c�

�T� � T���x� � T��x� � T��x� � x � V� � �����

Ja de�xoume �ti h apeik�nish �T� � T�� � V� � V� e�nai ep�shc grammik	� Gia k�je
x� y � V� kai �� � � K� �qoume�

�T� � T����x� �y� � T���x� �y� � T���x� �y�

� � T��x� � � T��y� � � T��x� � � T��y�

� � 	T��x� � T��x�
 � � 	T��y� � T��y�
 �	
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�T� � T����x� �y� � � �T� � T���x� � � �T� � T���y� �

S�mfwna me thn Pr�tash ����� h T� � T� e�nai grammik	�

T� � T� � L�V�� V�� �
�Ara to s�nolo L�V�� V�� e�nai kleist� wc proc thn pr�sjesh�

Bajmwt�c pollaplasiasm�c
O bajmwt�c pollaplasiasm�c sto L�V�� V�� or�zetai wc ex	c�

��T ��x� � � T �x� � x � V� � �����

�pou � � K� Gia k�je x� y � V� kai �� � � K� �qoume �l�gw thc grammik�thtac tou
T 
�

��T ���x��y� � �T ��x��y� � � 	�T �x� � �T �y�
 � � 	�T �x�
 � � 	�T �y�
 �	
��T ���x� �y� � � ��T ��x� � � ��T ��y� �

�Ara loip�n h apeik�nish �T e�nai grammik	� To s�nolo L�V�� V�� e�nai kleist� wc
proc ton bajmwt� pollaplasiasm��

�T � L�V�� V�� �

Apodeikn�etai e�kola �ti to s�nolo L�V�� V�� efodiasm�no me tic pr�xeic thc pr��
sjeshc kai tou bajmwto� pollaplasiasmo� e�nai grammik�c q�roc� �Eqoume �tsi to
je�rhma pou akolouje��

Je�rhma ����

To s�nolo L�V�� V�� me tic pr�xeic thc pr�sjeshc kai tou bajmwto� polla�
plasiasmo� pou or�zontai ap� tic ����
 kai ����
� ant�stoiqa� e�nai grammik�c
q�roc�

Ap�deixh
Aut	 e�nai apl	 kai af	netai san �skhsh� Anaf�roume m�no �ti to mhdenik� stoiqe�o
tou L�V�� V�� e�nai h mhdenik	 apeik�nish� ��x���� x � V�� �

O grammik�c q�roc L�V� V � twn grammik�n telest�n p�nw ston grammik� q�ro
V sumbol�zetai pio apl� me L�V �� �Opwc ja do�me sth sun�qeia� o L�V �� ekt�c ap�
th grammik� tou dom� �J� ����
� qarakthr�zetai kai ap� algebrik� dom�� afo� h
s�njesh T� � T� twn T� kai T� � L�V � apotele� mia pr�xh pollaplasiasmo� ston
L�V ��

Par�deigma
Oi grammik�c apeikon�seic T � R	 � R

� e�nai thc morf	c

T �x�� x�� x	� � � a��x� � a��x� � a	�x	� a��x� � a��x� � a	�x	 � � �i�
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Parathro�me �ti

T �x�� x�� x	� � a���x�� ���a���x�� ���a	��x	� ���a����� x���a����� x���a	���� x	�� �ii�

Or�zoume t�ra tic ak�loujec grammik�c apeikon�seic

T���x�� x�� x	� � �x�� ��
T���x�� x�� x	� � �x�� ��
T	��x�� x�� x	� � �x	� ��
T���x�� x�� x	� � ��� x��
T���x�� x�� x	� � ��� x��
T	��x�� x�� x	� � ��� x	�

L�gw thc �ii
� oi Tij me i � �� �� � kai j � �� � par�goun ton L�R	�R��� H grammik	
anexarths�a twn Tij e�nai profan	c afo� an

a��T�� � a��T�� � a	�T	� � a��T�� � a��T�� � a	�T	� � ��� �� ��x�� x�� x	� � R	 �	
� a��x� � a��x� � a	�x	� a��x� � a��x� � a	�x	 � � ��� �� ��x�� x�� x	� � R	 �	

a�� � a�� � a	� � a�� � a�� � a	� � � �

�Ara oi Tij apotelo�n mia b�sh tou L�R	�R�� kai

dimL�R	�R�� � dimR	 dimR� �

Sto ep�meno je�rhma ja genike�soume to pio p�nw apot�lesma� Gia thn katan�hsh
thc ap�deix	c tou� e�nai qr	simec oi ak�loujec parathr	seic�

�Estw
A � fu� � ��� �� ��� u� � ��� �� ��� u	 � ��� �� ��g

kai
B � fw� � ��� ��� w� � ��� ��g

oi sun	jeic b�seic twn R	 kai R� ant�stoiqa� Gia thn T�� parathro�me �ti

T���u�� � w�

T���u�� � �
T���u	� � �

���
�� �	 T���uk� � 	k� w� � k � �� �� � �

O anagn�sthc mpore� e�kola na diapist�sei �ti gia i������ kai j����

Tij�uk� � 	ki wj � k � �� �� � � �iii�

B�sei tou J� ����� oi apeikon�seic Tij pou or�zontai ap� thn �iii
 e�nai grammik�c kai
or�zontai monos	manta�

Je�rhma ����

An V� kai V� e�nai peperasmenodi�statoi grammiko� q�roi� t�te

dimL�V�� V�� � dimV� dimV� � �����



���� Grammik�c apeikon�seic �	

Ap�deixh
�Estw �ti dimV��n � N kai dimV��m � N kai �ti ta s�nola

A � fu�� u�� � � � � ung kai B � fw�� w�� � � � � wmg
e�nai b�seic twn V� kai V�� ant�stoiqa� S�mfwna me to J� ����� oi apeikon�seic Tij
me i � �� � � � � n kai j � �� � � � �m pou or�zontai ap� tic

Tij�uk� � 	ki wj � k � �� �� � � � � n �i�

e�nai grammik�c kai or�zontai monos	manta� Gia thn ap�deixh tou jewr	matoc arke�
na de�xoume �ti oi apeikon�seic aut�c apotelo�n mia b�sh tou L�V�� V��� Ja de�xoume
pr�ta �ti aut�c par�goun ton L�V�� V���

�Estw h apeik�nish S � L�V�� V��� Epeid	 to A e�nai b�sh tou V�� gia k�je u � V�
�qoume

u �
nX
k��

�k uk �

�pou ta �k � K e�nai monos	manta orism�na� kai �tsi

S�u� � S

�
nX
k��

�k uk

�
�

nX
k��

�k S�uk� � �i � K � k � �� � � � � n � �ii�

Epeid	 S�uk� � V�� to S�uk� gr�fetai san grammik�c sunduasm�c twn stoiqe�wn thc
b�shc B tou V��

S�uk� �
mX
j��

akj wj �
mX
j��

nX
i��

aij 	kiwj �
mX
j��

nX
i��

aij Tij�uk� � �iii�

�pou qrhsimopoi	same thn �i
� Ap� tic �ii
 kai �iii
 �qoume

S�u� �
nX
k��

�k
mX
j��

nX
i��

aij Tij�uk� �
mX
j��

nX
i��

aij Tij

�
nX
k��

�kuk

�
�	

S�u� �
mX
j��

nX
i��

aij Tij�u� �u � V �

�Ara oi Tij par�goun ton L�V�� V���
An t�ra

mX
j��

nX
i��

aij Tij � � �

t�te gia k���� � � � n �qoume�
� mX
j��

nX
i��

aij Tij

�
A �uk� � � �	

mX
j��

nX
i��

aij Tij�uk� � � � �iv�

Ap� tic �i
 kai �iv
 �qoume

mX
j��

nX
i��

aij 	kiwj � � �	
mX
j��

akj wj � � � k � �� �� � � � � n �
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Epeid	 ta wj me j������ � � �m e�nai grammik�c anex�rthta �afo� apotelo�n mia b�sh
tou V�
� pa�rnoume�

akj � � � k � �� �� � � � � n � j � �� �� � � � �m �

�Ara oi grammik�c apeikon�seic Tij e�nai grammik�c anex�rthtec kai to je�rhma �qei
apodeiqje�� �

P�risma

An o grammik�c q�roc V e�nai peperasm�nhc di�stashc n� t�te dimL�V ��n��

Ta stoiqe�a tou q�rou L�V�K� kalo�ntai grammik� sunarthsiak� 	 grammik�
sunarthsoeid� �linear functionals
 p�nw sto V � H �nnoia tou grammiko� sunarth�
siako� e�nai idia�tera shmantik	 sth mel�th q�rwn peperasm�nhc di�stashc giat�
dieukol�nei th suz	thsh jem�twn �pwc oi up�qwroi� oi grammik�c exis�seic kai oi
suntetagm�nec� O q�roc L�V�K� kale�tai algebrik�c du�k�c q�roc �dual space

tou V kai sumbol�zetai me V � 	 V ��

V � � L�V�K� �

Parade	gmata

�� H apeik�nish F � L�Rn�R� me t�po

F �x�� x�� � � � � xn� � a�x� � a�x� � � � � � anxn �

�pou ai � R� i������ � � � n gnwst�c stajer�c� e�nai grammik� sunarthsiak�� K�je
stoiqe�o tou L�Rn�R� e�nai thc pio p�nw morf	c� An ei� i � �� �� � � � � n e�nai ta
stoiqe�a thc sun	jouc b�shc tou Rn� isq�ei

F �ei� � ai � i � �� �� � � � � n �

�� To �qnoc tetragwniko� p�naka� tr � L�Mn�n�R�� e�nai �na shmantik� par�deigma
grammiko� sunarthsiako��

trA �
nX
i��

aii � A � �aij� � Mn�n �

H grammik�thta tou �qnouc tr apodeikn�etai e�kola qrhsimopoi�ntac tic gnwst�c
idi�thtec thc pr�sjeshc pin�kwn kai tou bajmwto� pollaplasiasmo��

�� �Ena shmantik� grammik� sunarthsiak� e�nai to G � L�C�	a� b
��R� me t�po

G�f� �
Z b

a
f�t� dt �

H grammik�thta tou G apodeikn�etai e�kola me th qr	sh twn idiot	twn tou
orism�nou oloklhr�matoc�



���� Grammik�c apeikon�seic ��

���� S�njesh grammik�n apeikon	sewn

H pr�tash pou akolouje� mac l�ei �ti h s�njesh grammik�n apeikon�sewn e�nai ep�shc
grammik	 apeik�nish�

Pr�tash ����

An T� � L�V�� V�� kai T� � L�V�� V	�� t�te T� � T� � L�V�� V	��

Ap�deixh
Ja de�xoume th grammik�thta thc T��T� qrhsimopoi�ntac thn Pr� ����� Axiopoi�ntac
th grammik�thta twn T� kai T�� gia k�je x� y � V� kai �� � � K �qoume

�T��T����x��y� � T�	T���x��y�
 � T�	�T��x���T��y�
 � �T��T��x����T��T��y���

Epeid	
�T� � T����x� �y� � � �T� � T���x� � � �T� � T���y�

h T� � T� e�nai grammik	� �

Pr�tash ����

An T�� T�� T	 � L�V � kai � � K� isq�oun ta ex	c�
�i
 �T� � T�� � T	 � T� � �T� � T	� �prosetairistik	 idi�thta

�ii
 T� � �T� � T	� � T� � T� � T� � T	 �epimeristik	 idi�thta

�iii
 � �T� � T�� � ��T�� � T� � T� � ��T��

Ap�deixh
H prosetairistik	 idi�thta �i
 apode�qjhke se prohgo�menh par�grafo kai isq�ei
genik� �dhl� kai gia mh grammik�c apeikon�seic
� H grammik�thta twn T�� T�� T	 e�nai
�mwc apara�thth gia thn ap�deixh twn �ii
 kai �iii
 pou af	netai san �skhsh� �

Ac jumhjo�me t�ra ton Orism� ���� thc �lgebrac p�nw se k�poio s�ma K kai wc
proc mia pr�xh pollaplasiasmo� �� B�sei thc Pr�tashc ���� o L�V � me thn pr�xh
� thc s�njeshc ikanopoie� tic treic sunj	kec tou orismo�� op�te isq�ei to parak�tw
je�rhma�

Je�rhma ����

O grammik�c q�roc L�V � efodiasm�noc me thn pr�xh � thc s�njeshc e�nai mia
�lgebra p�nw sto K�

�Etsi o L�V � anaf�retai suqn� wc h �lgebra twn grammik�n telest�n p�nw
sto V �algebra of linear operators on V 
� To monadia�o stoiqe�o thc �lgebrac L�V �
e�nai o tautotik�c telest	c I � L�V ��

T � I � I � T � T �

Ef�son h s�njesh den e�nai antimetajetik	� h �lgebra L�V � den e�nai antimetajetik	�
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��� Eik	na kai pur
nac grammik
c apeik	nishc

Gia q�rh thc autonom�ac thc paragr�fou� epanalamb�noume ton orism� thc eik�nac
grammik	c apeik�nishc�

Orism�c �����

Kalo�me eik�na 	 q�ro eik�nwn �image space
 thc T � L�V�� V�� to s�nolo
twn eik�nwn twn x � V��

ImT � fy � V� � y � T �x� � x � V�g � �����

E�nai faner� �ti h eik�na ImT e�nai upos�nolo tou V�� Wc gnwst�� an ImT�V��
h T e�nai ep��

Pr�tash ����

H eik�na ImT thc T � L�V�� V�� e�nai up�qwroc tou V��

Ap�deixh
Ja de�xoume �ti ikanopoio�ntai oi treic sunj	kec tou J� ������
�i
 ��T ��� � ImT �
�ii
 Gia T �x�� T �y� � ImT �me x� y � V�
� �qoume T �x��T �y��T �x� y�� L�gw thc
grammik�thtac tou V�� x� y � V�� �Ara T �x��T �y� � ImT �
�iii
 Gia � � K kai T �x� � ImT � �qoume �T �x��T ��x�� L�gw thc grammik�thtac
tou V�� �x � V�� �Ara �T �x� � ImT �
�Ara h ImT e�nai up�qwroc tou V�� �

Pr�tash ����

�Estw h T � L�V�� V��� An o V� e�nai peperasm�nhc di�stashc n kai

A � fu�� u�� � � � � ung ����

mia b�sh tou� t�te to s�nolo

B � fT �u��� T �u��� � � � � T �un�g �����

par�gei thn ImT �

Ap�deixh
Ef�son ta stoiqe�a tou B an	koun sthn ImT � k�je grammik�c touc sunduasm�c
an	kei ep�shc sthn ImT afo� h ImT e�nai grammik�c q�roc �wc up�qwroc tou V�
�
E�nai loip�n faner� �ti h grammik	 j	kh L	B
 tou B e�nai upos�nolo thc ImT � Arke�
t�te na de�xoume �ti kai h ImT e�nai upos�nolo thc L	B
� �ti dhlad	 k�je stoiqe�o
thc ImT e�nai grammik�c sunduasm�c twn stoiqe�wn tou B�
An v � ImT � t�te up�rqei u � V� t�toio �ste T �u��v� To u gr�fetai san grammik�c



���� Eik	na kai pur
nac grammik
c apeik	nishc ��

sunduasm�c twn stoiqe�wn thc b�shc A tou V��

u �
nX
i��

�i ui � �i � K � �����

�Eqoume �tsi�

v � T �u� � T

�
nX
i��

�i ui

�
�

nX
i��

�i T �ui� � L	B
 �����

kai h ap�deixh �qei oloklhrwje�� �

Parathro�me �ti mia grammik	 apeik�nish T � L�V�� V��� �pou o V� e�nai pepera�
sm�nhc di�stashc n� kajor�zetai pl	rwc ap� tic eik�nec twn stoiqe�wn miac b�shc
tou V��

Par�deigma
H T � L�R��R	� kajor�zetai pl	rwc ap� tic eik�nec twn stoiqe�wn thc sun	jouc
b�shc fe�� e�g tou R�� An gia par�deigma�

T �e�� � ��� �� �� kai T �e�� � ��� �� �� �

t�te� epeid	 k�je di�nusma �x�� x�� � R� gr�fetai �x�� x���x� e� � x� e�� pa�rnoume�

T �x�� x�� � T �x� e� � x� e�� � x� T �e�� � x� T �e�� � x� ��� �� �� � x� ��� �� �� �	
T �x�� x�� � �x�� x� � �x� � x�� �

Orism�c �����

�Estw h T � L�V�� V��� To s�nolo twn x � V� pou apeikon�zontai m�sw thc T
sto � � V� onom�zetai pur�nac �kernel
 	 mhdenik�c q�roc �null space
 thc
T kai sumbol�zetai me KerT �

KerT � fx � V� � T �x� � �g � �����

Dedom�nou �ti T ������ o pur	nac miac grammik	c apeik�nishc T peri�qei toul��
qiston to mhdenik� stoiqe�o � � V�� Sunep�c o KerT den mpore� na e�nai to ken�
s�nolo�

Parade	gmata

�� Gia th mhdenik	 apeik�nish � � L�V�� V���
��x� � � � x � V� �

�qoume Im��f�g kai Ker��V��
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�� Gia ton tautotik� telest	 I � L�V ��

I�x� � x � x � V� �

�qoume ImI�V� kai KerI�f�g�
�� �Estw o grammik�c telest	c T � L�R�� me t�po

T �x�� x�� � �x� � x�� x�� �

Ta stoiqe�a �x�� x�� tou KerT ikanopoio�n thn

T �x�� x�� � � � ��� �� �	 �x� � x�� x�� � ��� �� �	 x� � x� � � �

�Ara KerT�f�g�

Pr�tash �����

O pur	nac KerT thc T � L�V�� V�� e�nai up�qwroc tou V��

Ap�deixh
El�gqoume kat� ta gnwst� an ikanopoio�ntai oi treic sunj	kec tou J� ������
�i
 Epeid	 T ������ � � KerT �
�ii
 An x� y � KerT � t�te T �x��T �y��� kai �tsi

T �x� � T �y� � � � � � � �	 T �x� y� � � �	 x� y � KerT �

�iii
 �Estw x � KerT op�te T �x���� Gia � � K� �qoume

� T �x� � � � � � �	 T ��x� � � �	 �x � KerT �

Oi treic sunj	kec tou J� ����� ikanopoio�ntai� �Ara o KerT e�nai up�qwroc tou V��
�

Je�rhma �����

H T � L�V�� V�� e�nai amfimonos	manth an kai m�no an KerT�f�g�

Ap�deixh
An h T e�nai amfimonos	manth kai x � KerT � t�te

T �x� � � � T ��� �	 x � � �

�Ara KerT�f�g�
Ant�strofa� an e�nai KerT�f�g kai gia x�� x� � V� isq�ei

T �x�� � T �x�� �	 T �x��x�� � � �	 x��x� � KerT �	 x��x� � � �	 x� � x��

�Ara h T e�nai amfimonos	manth� �

Me tic pro�poj�seic thc pr�tashc pou akolouje�� mporo�me na br�skoume am�swc
mia b�sh thc eik�nac ImT miac grammik	c apeik�nishc�



���� Eik	na kai pur
nac grammik
c apeik	nishc ��

Pr�tash �����

An h T � L�V�� V�� e�nai amfimonos	manth� o V� e�nai peperasm�nhc di��
stashc n kai to A�fu�� u�� � � � � ung e�nai mia b�sh tou� t�te to s�nolo
B�fT �u��� T �u��� � � � � T �un�g e�nai b�sh thc ImT �

Ap�deixh
Epeid	 to B par�gei thn ImT �Pr� ����
� arke� na de�xoume �ti to B e�nai grammik�c
anex�rthto� An isq�ei

�� T �u�� � �� T �u�� � � � � � �n T �un� � � �

l�gw thc grammik�thtac thc T pa�rnoume

T ��� u� � �� u� � � � � � �n un� � T ��� � � �	
�� u� � �� u� � � � � � �n un � KerT �

Epeid	 h T e�nai amfimonos	manth� KerT�f�g� kai �tsi

�� u� � �� u� � � � � � �n un � � �	
�� � � � � � �n � � �

afo� ta u�� � � � � un e�nai grammik�c anexarthta �e�nai ta stoiqe�a thc b�shc A
� �Etsi
kai to B e�nai grammik�c anex�rthto� �

P�risma �����

An h T � L�V�� V�� e�nai amfimonos	manth kai o V� e�nai peperasm�nhc di�sta�
shc�

dimV� � dim ImT � �����

Ap�deixh
�Amesh ap�rroia thc Pr� ���� �

Parat�rhsh� Me tic pro�poj�seic thc Pr� ���� an dimV��dimV��n� t�te ImT�V��
dhlad	 h T e�nai ep�� To s�nolo B e�nai t�te b�sh tou V��

Orism�c �����

�Estw h T � L�V�� V�� �pou o V� e�nai peperasm�nhc di�stashc�
�a
 H di�stash thc eik�nac ImT kale�tai bajm�c 	 bajm	da 	 t�xh �rank

thc T kai sumbol�zetai me rankT �

rank�T � � dimImT � �����

�b
 H di�stash tou pur	na KerT kale�tai mhdenik�thta �nullity
 thc T kai
sumbol�zetai me nullity�T ��

nullity�T � � dimKerT � �����
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Shme	wsh� Se pali� bibl�a h mhdenik�thta nullity�T � thc T anaf�retai wc �lleimma
�de�cit
 kai sumbol�zetai me def�T ��

To je�rhma pou akolouje� kat�qei spouda�a j�sh sth jewr�a thc Grammik	c �Al�
gebrac�

Je�rhma ������ �Je�rhma bajmo� kai mhdenik�thtac�

An o V� e�nai peperasm�nhc di�stashc grammik�c q�roc kai T � L�V�� V���
dimV� � dimKerT � dim ImT � �����

Ap�deixh
An

dimV� � n kai dimKerT � m �

�qoume � � m � n� afo� o KerT e�nai up�qwroc tou V�� Gia na isq�ei to je�rhma
arke� loip�n na de�xoume �ti

dim ImT � n � m

	� isod�nama� �ti mia b�sh thc ImT peri�qei n�m stoiqe�a�
To je�rhma apodeikn�etai e�kola stic tetrimm�nec peript�seic m�� kai m�n� Sthn
pr�th per�ptwsh� KerT�f�g� op�te h T e�nai amfimonos	manth �J� ����
� S�mfwna
me to Por� ����� dimV��dim ImT kai to je�rhma isq�ei� An m�n� t�te KerT�V��
H T e�nai� s� aut	 thn per�ptwsh� h mhdenik	 apeik�nish kai �tsi ImT�f�g� op�te to
je�rhma isq�ei�
Jewro�me t�ra th genik�terh per�ptwsh �pou � 
 m 
 n� Mia b�sh

A � fu�� u�� � � � � umg
tou KerT mpore� na epektaje� se mia b�sh tou V� �J� �����
� Jewro�me loip�n �ti
to s�nolo

B � fu�� u�� � � � � um� um��� � � � � ung
e�nai mia b�sh tou V�� Gia na apode�xoume to je�rhma� arke� na de�xoume �ti to
upos�nolo

C � fT �um���� � � � � T �un�g
tou V� e�nai mia b�sh thc ImT �afo� peri�qei n �m stoiqe�a
� Ja de�xoume pr�ta
�ti to C e�nai grammik�c anex�rthto� Epeid	 h T e�nai grammik	� ap� thn

�� T �um��� � �� T �um��� � � � � � �m�n T �un� � �

pa�rnoume
T ��� um�� � �� um�� � � � � � �m�n un� � �

op�te
�� um�� � �� um�� � � � � � �m�n un � KerT �

To pio p�nw di�nusma� wc stoiqe�o tou KerT e�nai grammik�c sunduasm�c twn stoi�
qe�wn thc b�shc A�

�� um�� � �� um�� � � � � � �m�n un � �� u� � �� u� � � � � � �m um �	



���� Eik	na kai pur
nac grammik
c apeik	nishc ��

��� u� � �� u� � � � � � �m um � �� um�� � �� um�� � � � � � �m�n un � � �

Epeid	 to B e�nai grammik�c anex�rthto�

�� � �� � � � � � �m � �� � �� � � � � � �m�n � � �

�Ara to C e�nai grammik�c anex�rthto�
S�mfwna me thn Pr� ����� epeid	 to B e�nai b�sh tou V�� to s�nolo

D � fT �u��� T �u��� � � � � T �um�� T �um���� � � � � T �un�g
par�gei thn ImT � Epeid	 u�� u�� � � � � um � KerT �

T �u�� � T �u�� � � � � � T �um� � � �

Sunep�c oi grammik�c j	kec twn D kai C taut�zontai� op�te to C par�gei thn ImT
�pwc apaite�tai� �

Parat�rhsh� Qrhsimopoi�ntac ton Orism� ����� to je�rhma bajmo� kai monadik��
thtac pa�rnei th morf	�

dimV� � nullity�T � � rank�T � � �����

Par�deigma
�Estw h apeik�nish T � R	 � R

� me t�po

T �x�� x�� x	� � �x� � x	� x� � x	� �

�a
 Na deiqje� �ti h T e�nai grammik	�
�b
 Na breje� o KerT kai h dimKerT �
�g
 Na breje� h dimImT �
�d
 Na breje� h ImT �

L�sh
�a
 Gia �� � � R kai x��x�� x�� x	�� y��y�� y�� y	� � R	 �qoume

T ��x� �y� � T 	� �x�� x�� x	� � � �y�� y�� y	�


� T ��x� � �y�� �x� � �y�� �x	 � �y	�

� ��x� � �y� � �x	 � �y	� �x� � �y� � �x	 � �y	�

� � �x� � x	� x� � x	� � � �y� � y	� y� � y	� � � T �x� � � T �y� �

S�mfwna me thn Pr� ����� h T e�nai grammik	�
�b
 An x��x�� x�� x	� � KerT � t�te T �x��� 	

�x� � x	� x� � x	� � � �	 x� � x	 � �
x� � x	 � �

�
�



�� Kef�laio �� GRAMMIKES APEIKONISEIS

Epil�ontac to s�sthma� br�skoume th genik	 l�sh �x�� x�� x	��a������ �� �pou a � R�
�Ara

KerT � fx � R	 � x � a ������ ��� a � Rg �
To s�nolo f������ ��g e�nai b�sh tou KerT afo� ton par�gei kai e�nai grammik�c
anex�rthto� �Ara dimKerT���
�g
 Ap� to je�rhma bajmo� kai mhdenik�thtac �qoume

dimR	 � dimKerT � dimImT �	 dimImT � � � � � � �

�d
 Epeid	 h ImT e�nai up�qwroc tou R� kai dimImT�dimR���� ImT�R� �h T
e�nai ep�
� �



���� H apeik	nish f
x� � Ax �	

��� H apeik	nish f�x� � Ax

�Estw h apeik�nish f �Mn�� �Mm�� me t�po

f�X� � AX � X � Mn�� � ����

�pou A stajer�c m�n p�nakac� Qrhsimopoi�ntac tic gnwst�c idi�thtec thc pr�sje�
shc kai tou pollaplasiasmo� pin�kwn� �qoume gia k�je X�Y � Mn�� kai �� � � R�

f��X � �Y � � A ��X � �Y � � � �AX� � � �AY � � � f�X� � � f�Y � �

�Ara� s�mfwna me th Pr� ����� h f e�nai grammik	�
Sth sun�qeia� ja jewro�me �ti �qoume dian�smata kai �qi p�nakec st	lhc� �Etsi

ant� twnMn�� kaiMm��� ja qrhsimopoio�me touc Rn kaiRm� ant�stoiqa� O pur	nac
thc f � L�Rn�Rm� e�nai to s�nolo

Kerf � fx � Rn � Ax � �g � �����

E�nai faner� �ti o Kerf e�nai o q�roc twn l�sewn tou omogeno�c sust	matoc Ax���
�Eqoume ep�shc

Imf � fy � Rm � y � Ax � x � Rng � �����

Orism�c �����

�a
 Kalo�me mhdenik� q�ro �null space
 	 pur�na �kernel
 tou m�n p�naka
A kai ton sumbol�zoume me N�A� to s�nolo

N�A� � Kerf � fx � Rn � Ax � �g � �����

�b
 Kalo�me eik�na �image
 tou m�n p�naka A kai ton sumbol�zoume me R�A�
to s�nolo

R�A� � Imf � fy � Rm � y � Ax � x � Rng � �����

Ap� th jewr�a twn prohgo�menwn paragr�fwn� gnwr�zoume �ti o pur	nac N�A�
kai h eik�na R�A� tou A � Mm�n e�nai up�qwroi twn Rn kai Rm� ant�stoiqa �Pr�
���� kai ����� ant�stoiqa
� An

S � fe�� e�� � � � � eng
e�nai h sun	jhc b�sh tou Rn� t�te s�mfwna me thn Pr� ����� to s�nolo

B � ff�e��� f�e��� � � � � f�en�g
par�gei thn eik�na R�A� tou A� Epeid	 t�ra

f�ei� � Aei � ci�A� � i � �� �� � � � � n �
�pou ci�A� h i�ost	 st	lh tou A� ta stoiqe�a tou B e�nai oi st	lec tou A� �Etsi h
eik�na R�A� taut�zetai me to grammik� q�ro sthl�n tou A pou or�same sto Ed�fio
����

R�A� � Vc�A� � �����



�� Kef�laio �� GRAMMIKES APEIKONISEIS

Sto �dio ed�fio� or�same ep�shc to bajm� p�naka wc th koin	 di�stash twn grammik�n
q�rwn gramm�n kai sthl�n� Mporo�me t�ra na d�soume �na enallaktik� orism��

Orism�c ����

�a
 Kalo�me bajm� 	 bajm	da �rank
 	 t�xh en�c p�naka A kai ton sumbo�
l�zoume me rank�A� th di�stash thc eik�nac R�A� tou A�

rank�A� � dimR�A� � �����

�b
 Kalo�me mhdenik�thta �nullity
 en�c p�naka A kai th sumbol�zoume me
nullity�A� th di�stash tou pur	na N�A� tou A�

nullity�A� � dimN�A� � �����

Efarm�zontac to je�rhma bajmo� kai mhdenik�thtac �J� �����
� �qoume gia thn
apeik�nish f � L�Rn�Rm��

dimRn � dimKer�f� � dimIm�f�

	
n � dimN�A� � dimR�A�

	 ak�ma
n � nullity�A� � rank�A� � �����

Ef�son h mhdenik�thta tou A e�nai h di�stash tou q�rou l�sewn� N�A�� tou
omogeno�c grammiko� sust	matoc Ax��� �qoume to je�rhma pou akolouje��

Je�rhma �����

Oi l�seic tou m� n omogeno�c grammiko� sust	matoc

Ax � � �����

apotelo�n grammik� q�ro me di�stash

nullity�A� � n � rank�A� � ����

Parat�rhsh� An rank�A��n� t�te nullity�A���� op�te N�A��f�g� H mhdenik	
l�sh e�nai h monadik	 l�sh tou Ax��� To s�sthma �qei mh mhdenik	 l�sh an kai
m�no an

n � rank�A� �

To pl	joc twn ele�jerwn metablht�n sth genik	 l�sh tou omogeno�c sust	matoc
e�nai �so me th nullity�A��



���� H apeik	nish f
x� � Ax ��

Par�deigma
�Estw o p�nakac

A �

�
� � � �� � �

� �� � � �
� � �� �� ��

�
�� �

�a
 Na breje� o rank�A��
�b
 Na breje� h nullity�A��
�g
 Na breje� mia b�sh tou pur	na N�A��

L�sh
�a
 O anhgm�noc klimakwt�c tou A e�nai o

R �

�
� � � � � �

� � �� � �
� � � � �

�
�� �

E�nai faner� �ti rank�A����
�b
 nullity�A��n� rank�A���� ����
�g
 To s�sthma Ax�� e�nai isod�namo me to Rx��� �Eqoume �peiro pl	joc l�sewn
me d�o ele�jerec metablht�c� J�tontac x	�� kai x
�� �qoume th genik	 l�sh�

x �

�
�����

x�
x�
x	
x�
x


�
������ �

�
�����

�
��
�
���
�

�
������ � �

�
�����

�
�
�
�
�

�
������ � �

�
�����

�
�
�
��
�

�
������ �

O pur	nac N�A� e�nai o q�roc l�sewn tou sust	matoc�

N�A� � fx � R
 � x � � ��� �� �� �� ��T � � ��� �� ����� ��T � �� � � Rg �
Mia b�sh tou N�A� e�nai to s�nolo

f��� �� �� �� ��T � ��� �� ����� ��Tg �
�
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��� Grammiko� isomorfismo�

S�mfwna me to J� ����� mia apeik�nish T � V� � V� �qei ant�strofh an kai m�no an
e�nai amfimonos	manth kai ep�� H ant�strofh apeik�nish T�� � V� � V� e�nai ep�shc
amfimonos	manth kai ep� �J� ����
 kai isq�ei�

y � T �x� 	 x � T���y� � �����

Isq�oun ep�shc oi

�T�� � T ��x� � x � V� kai �T � T����y� � y � V� � �����

H pr�tash pou akolouje� mac l�ei �ti h ant�strofh antistr�yimhc grammik	c apei�
k�nishc e�nai kai aut	 grammik	�

Pr�tash �����

An h T � L�V�� V�� e�nai antistr�yimh� t�te T�� � L�V�� V���

Ap�deixh
Qrhsimopoio�me kat� ta gnwst� thn Pr� ����� Gia tuq�nta y�� y� � V� me ant�stoiqec
pro�eik�nec ston V� ta x� kai x�� �qoume�

y� � T �x�� 	 x� � T���y�� �

y� � T �x�� 	 x� � T���y�� �

Epeid	 h T e�nai grammik	� gia �� � � K isq�ei

T ��x� � �x�� � � T �x�� � � T �x�� � �y� � �y�

kai �tsi

T����y� � �y�� � T���T ��x� � �x��� � �x� � �x� � � T���y�� � � T���y�� �

Kat� sun�peia� h T�� e�nai grammik	� �

Orism�c ����

H apeik�nish T � L�V�� V�� e�nai mh idi�zousa 	 omal� �nonsingular
 an

KerT � f�g � �����

Diaforetik�� ja l�me �ti h T e�nai idi�zousa 	 mh omal� �singular
�

�Estw V grammik�c q�roc peperasm�nhc di�stashc n kai �stw

B � fu�� u�� � � � � ung �



���� Grammiko� isomorfismo� ��

mia b�sh tou� An u� v � V � t�te aut� gr�fontai monos	manta san grammiko� sundu�
asmo� twn stoiqe�wn thc b�shc B�

u � a�u� � a�u� � � � � � anun � ai � K �

v � b�u� � b�u� � � � � � bnun � bi � K

Parathro�me �ti mporo�me na antistoiq�soume ta u kai v sta dian�smata

uB � �a�� a�� � � � � an� kai vB � �b�� b�� � � � � bn� �
Ta uB� vB � Kn e�nai� wc gnwst�� ta dian�smata twn suntetagm�nwn twn u kai v wc
proc th b�sh B� E�nai faner� �ti sto �jroisma twn u kai v ston V �

u � v � �a� � b�� u� � �a� � b�� u� � � � � � �an � bn� un �

mporo�me na antistoiq�soume to �jroisma twn uB kai vB ston Kn�

�u � v�B � �a� � b�� a� � b�� � � � � an � bn� � uB � vB �

Kat� sun�peia� �tan prosj�toume ta u kai v ston V � mporo�me na bro�me to di��
nusma �u� v�B pou antistoiqe� sto �jroisma u� v ston V ektel�ntac thn pr�sjesh
twn uB kai vB ston Kn� Se an�logo sump�rasma katal	goume kai me to bajmwt�
pollaplasiasm�� An � � K� t�te

�u � ��a��u� � ��a��u� � � � � � ��an�un �

Sto bajmwt� pollapl�sio �u � V antistoiqe� to di�nusma

��u�B � ��a�� �a�� � � � � �an� � � uB �

Bl�poume �ti �tan to u pollaplasi�zetai me � � K� to ant�stoiqo di�nusma uB ston
Kn ep�shc pollaplasi�zetai me � � K�

Oi pio p�nw parathr	seic eishgo�ntai �ti oi �shc di�stashc grammiko� q�roi V
kai Kn �qoun taut�shmec grammik�c dom�c� H ta�tish aut	 mac odhge� sthn �nnoia
thc isomorf�ac d�o grammik�n q�rwn�

Orism�c �����

�a
 Duo grammiko� q�roi� V� kai V�� p�nw sto �dio s�ma K ja l�me �ti e�nai
grammik� is�morfoi �isomorphic
� sumbolik�

V� � V� �

an up�rqei amfimonos	manth kai ep� grammik	 apeik�nish T � L�V�� V���
H apeik�nish T onom�zetai t�te grammik�c isomorfism�c �isomorphism
 me

tax� twn V� kai V��
�b
 K�je grammik�c isomorfism�c S � L�V � ja l�me �ti e�nai �nac grammik�c
automorfism�c �automorphism
 sto V �
K�je amfimonos	manth apeik�nish S � L�V�� V�� kale�tai grammik�c mono

morfism�c �monomorphism
�
K�je ep� apeik�nish S � L�V�� V�� kale�tai grammik�c epimorfism�c �epimor�
phism
�



�� Kef�laio �� GRAMMIKES APEIKONISEIS

Parathr�seic

�� E�nai faner� �ti �nac isomorfism�c metax� twn V� kai V� e�nai taut�qrona mo�
nomorfism�c kai epimorfism�c�

�� An h T � L�V�� V�� e�nai isomorfism�c� t�te e�nai antistr�yimh� H ant�strof	
thc T�� � L�V�� V�� e�nai ep�shc isomorfism�c metax� twn V� kai V��

�� O tautotik�c telest	c I � L�V � e�nai �nac grammik�c automorfism�c sto V �
afo� o I e�nai amfimonos	mantoc kai ep�� �Ara o V e�nai is�morfoc me ton eaut�
tou �tetrimm�nh per�ptwsh
�

H jewr�a twn prohgo�menwn paragr�fwn sunoy�zetai sto ak�loujo shmantik�
je�rhma pou mac l�ei �ti oi �nnoiec tou grammiko� isomorfismo�� thc antistr�yimhc
apeik�nishc kai thc omal	c kai ep� apeik�nishc e�nai isod�namec me aut	 thc amfimo�
nos	manthc kai ep� apeik�nishc�

Je�rhma �����

�Estw h T � L�V�� V�� �pou o V� e�nai peperasm�nhc di�stashc n� Oi ak�loujec
prot�seic e�nai isod�namec�

�i�� H T e�nai antistr�yimh�

�ii�� H T e�nai amfimonos	manth kai ep��

�iii�� H T e�nai ep� kai to s�nolo fT �u��� � � � � T �un�g� �pou fu�� � � � � ung b�sh tou
V�� e�nai b�sh tou V��

�iv�� H T e�nai omal	 kai ep��

�v�� H T e�nai grammik�c isomorfism�c metax� twn V� kai V��

Ap�deixh
�i
 � �ii
� Isq�ei s�mfwna me to J� �����
�ii
 � �iii
� Isq�ei s�mfwna me thn Pr� ����
�iii
 � �iv
� E�nai faner� �ti dimV��dimImT�n� Ap� to je�rhma bajmo� kai
mhdenik�thtac �qoume

dimKerT � dimV� � dimImT � � �	 KerT � f�g �
S�mfwna me ton Orism� ����� h T e�nai omal	�
�iv
 � �v
� Ef�son h T e�nai omal	� KerT�f�g� S�mfwna me thn Pr� ���� h T e�nai
amfimonos	manth� Afo� epipl�on h T e�nai ep�� h T e�nai grammik�c isomorfism�c
metax� twn V� kai V��
�v
 � �i
� H T e�nai amfimonos	manth kai ep� ex orismo�� S�mfwna me to J� �����
h T e�nai antistr�yimh� �

Je�rhma �����

An amf�teroi oi V� kai V� e�nai peperasm�nhc di�stashc n� h T � L�V�� V��
e�nai amfimonos	manth an kai m�no an e�nai ep��



���� Grammiko� isomorfismo� ��

Ap�deixh
An h T e�nai amfimonos	manth� s�mfwna me thn Pr� ���� KerT�f�g� Ap� to
je�rhma bajmo� kai mhdenik�thtac pa�rnoume

dimImT � dimV� � dimKerT � n � � � dimV� �

Ef�son h ImT e�nai up�qwroc tou V� �Pr� ����
 kai dimImT�dimV�� ImT�V��
�Ara h T e�nai ep�� To ant�strofo apodeikn�etai akolouj�ntac thn ant�strofh pore�a�

�

P�risma

An o V e�nai peperasm�nhc di�stashc� o T � L�V � e�nai amfimonos	mantoc an
kai m�no an e�nai ep��

Me b�sh to Je�rhma ����� mporo�me na epanadiatup�soume to J� ���� wc ex	c�

Je�rhma �����

�Estw h T � L�V�� V�� �pou oi V� kai V� e�nai peperasm�nhc di�stashc n� Oi
ak�loujec prot�seic e�nai isod�namec�

�i�� H T e�nai antistr�yimh�

�ii�� H T e�nai amfimonos	manth�

�iii�� An to s�nolo fu�� � � � � ung e�nai b�sh tou V�� to s�nolo fT �u��� � � � � T �un�g
e�nai b�sh tou V��

�iv�� H T e�nai omal	�

�v�� H T e�nai ep��

�vi�� H T e�nai grammik�c isomorfism�c metax� twn V� kai V��

Parat�rhsh� E�nai faner� �ti to J� ���� isq�ei gia k�je grammik� telest	
T � L�V � ef�son o V e�nai peperasm�nhc di�stashc�

Par�deigma
Gia na de�xoume �ti o telest	c T � L�R	� me t�po

T �x�� x�� x	� � ��x�� �x� � x�� �x� � �x� � x	�

e�nai antistr�yimoc� br�skoume ton KerT � Gia ta stoiqe�a tou teleuta�ou isq�ei

��x�� �x� � x�� �x� � �x� � x	� � ��� �� �� �	 x� � x� � x	 � � �

�Ara KerT�f�g� O T e�nai omal�c kai �ra antistr�yimoc�

Pr�tash �����

An o V e�nai peperasm�nhc di�stashc grammik�c q�roc kai T� S � L�V �� t�te
o S � T e�nai omal�c an kai m�no an oi T kai S e�nai omalo��
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Ap�deixh
Prok�ptei �mesa ap� prohgo�mena jewr	mata� Af	netai san �skhsh� �

Pr�tash �����

An o V e�nai peperasm�nhc di�stashc grammik�c q�roc� T� S � L�V � kai o T
e�nai omal�c� t�te isq�oun ta ex	c�

�i�� Im�S � T ��ImS�

�ii�� Ker�T � S��KerS�

�iii�� dimIm�T � S��dimImS�

Ap�deixh

�i�� An y � Im�S � T �� up�rqei x � V t�toio �ste

y � �S � T ��x� � S�T �x�� �	 y � ImS �	 Im�S � T � � ImS �

An t�ra y � ImS� t�te up�rqei x � V t�toio �ste y�S�x�� O T e�nai ep� afo�
e�nai omal�c� op�te up�rqei z � V t�toio �ste x�T �x�� �Eqoume �tsi

y � S�T �z�� � �S � T ��z� �	 y � Im�S � T � �	 ImS � Im�S � T � �
Sumpera�noume loip�n �ti Im�S � T ��ImS�

�ii�� An x � KerS� t�te S�x��� kai T �S�x���T ����� 	 �T � S��x���� op�te
x � Ker�T � S�� Sunep�c� KerS � Ker�T � S��
An t�ra x � Ker�T � S�� isq�ei �T � S��x��� 	 T �S�x����� Epeid	 o T e�nai
omal�c� S�x���� op�te x � KerS� Sunep�c Ker�T � S� � KerS�
Sumpera�noume �ti Ker�T � S��KerS�

�iii�� An n h di�stash tou V � ap� to je�rhma bajmo� kai mhdenik�thtac �qoume

n � dimKerS � dimImS
n � dimKer�T � S� � dimIm�T � S�

�
�	

dimKerS � dimImS � dimKer�T � S� � dimIm�T � S� �
kai l�gw tou �ii


dimImS � dimIm�T � S� �
�

H �nnoia tou isomorfismo� e�nai pol� shmantik	 kai ja th melet	soume periss��
tero� Par� to �ti d�o is�morfoi q�roi peri�qoun genik� diaforetik� stoiqe�a kai
oi ant�stoiqec pr�xeic thc pr�sjeshc kai tou bajmwto� pollaplasiasmo� e�nai dia�
foretik�c� jewro�ntai �ti e�nai �shc morf�c 	 �dioi� D�o is�morfoi q�roi� V� kai
V�� diaf�roun m�no wc proc thc f�sh tw stoiqe�wn touc kai taut	zontai wc proc



���� Grammiko� isomorfismo� ��

th grammik� dom� touc� K�je majhmatik	 diadikas�a pou peri�qei m�no thn pr��
sjesh kai to bajmwt� pollaplasiasm� tou V� mpore�� me th bo	jeia tou grammiko�
isomorfismo� T � L�V�� V��� na metaferje� auto�sia ston V��

O anagn�sthc ja �qei �swc 	dh pros�xei thn isomorf�a pou parousi�zoun k�poioi
gramiko� q�roi �shc di�stashc� Ac p�roume gia par�deigma touc grammiko�c q�rouc
R

�� M��� kai P	� Oi treic q�roi �qoun di�stash �sh me � kai genik� stoiqe�a ta

�a�� a�� a	� a�� � R� �

�
a� a�
a	 a�

�
� M��� kai a� � a�x � a	x

� � a�x
	 � P	 �

E�kola mpore� na dei kane�c �ti oi apeikon�seic

T � R� �M��� � T �a�� a�� a	� a�� �

�
a� a�
a	 a�

�

S �M��� � P	 � S

��
a� a�
a	 a�

��
� a� � a�x � a	x

� � a�x
	

F � P	 � R
� � F �a� � a�x � a	x

� � a�x
	� � �a�� a�� a	� a��

kaj�c kai oi ant�strof�c touc e�nai grammiko� isomorfismo� metax� twn ant�stoiqwn
q�rwn�

�Opwc fa�netai sto je�rhma pou akolouje� anagka�a kai ikan	 sunj	kh gia na
e�nai d�o peperasmenodi�statoi grammiko� q�roi is�morfoi e�nai auto� na �qoun �sec
diast�seic�

Pr�tash �����

D�o peperasmenodi�statoi grammiko� q�roi e�nai is�morfoi �tan kai m�no �tan
�qoun �sec diast�seic�

Ap�deixh
�Estw oi peperasmenodi�statoi grammiko� q�roi V� kai V�� An auto� e�nai is�morfoi�
t�te ex orismo� up�rqei mia amfimonos	manth kai ep� apeik�nish T � L�V�� V��� Epeid	
h T e�nai amfimonos	manth� KerT�f�g �J� ����
� kai epeid	 h T e�nai ep�� ImT�V��
Ap� to je�rhma bajmo� kai mhdenik�thtac �qoume�

dimV� � dimKerT � dimImT � � � dimV� � dimV� �

Gia to ant�strofo� �stw �ti oi V� kai V� �qoun di�stash n� kai b�seic ta s�nola

A � fx�� x�� � � � � xng kai B � fy�� y�� � � � � yng �
ant�stoiqa� Gia na de�xoume �ti oi V� kai V� e�nai is�morfoi� arke� na bro�me mia
grammik	 apeik�nish T � V� � V� pou na e�nai ep� �epeid	 dimV��dimV�� bl� J�
�����
� K�je stoiqe�o x � V� gr�fetai monos	manta sth morf	

x � a�x� � a�x� � � � � � anxn � ai � K �
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Or�zoume thn apeik�nish T � V� � V� me t�po

T �x� � a�y� � a�y� � � � � � anyn �

E�nai faner� �ti gia i������ � � � n� isq�ei

T �xi� � T �� xi� � yi �

H T e�nai h grammik	 apeik�nish pou sunant	same sto J� ����� M�nei na de�xoume
�ti h T e�nai ep�� K�je y � V� gr�fetai monos	manta sth morf	

y � b�y� � b�y� � � � � � bnyn � bi � K �

afo� to B e�nai b�sh tou V�� S�mfwna me ton orism� thc T � gia

x � b�x� � b�x� � � � � � bnxn �

isq�ei y�T �x�� Sunep�c T e�nai ep� kai h ap�deixh �qei oloklhrwje��

Parat�rhsh� Sthn tetrimm�nh per�ptwsh pou e�nai dimV��� 	�kai dimV���� h zh�
to�menh grammik	 apeik�nish e�nai h mhdenik	� �

P�risma �

K�je grammik�c q�roc peperasm�nhc di�stashc n e�nai grammik� is�morfoc
me ton Kn�

To P�risma � e�nai idia�tera qr	simo� Mac d�nei th dunat�thta na exag�goume
sumper�smata gia tic grammik�c idi�thtec tuq�ntoc grammiko� q�rou V me di�stash
n� melet�ntac tic ant�stoiqec idi�thtec tou Kn pou e�nai pio oike�oc kai prosit�c�
Ja pr�pei p�ntwc na anaf�roume �ti h mel�th tou lig�tero afhrhm�nou Kn� par�lo
pou e�nai qr	simh kai diafwtistik	� den e�nai p�nta h kal�terh l�sh� H mel�th tou V
parousi�zei merik�c for�c pleonekt	mata kai mpore� na odhg	sei se komy�terec kai
suntom�terec apode�xeic�

P�risma 

�Estw V � W kai U grammiko� q�roi peperasm�nhc di�stashc� An V � W kai
W � U � t�te V � U �

P�risma �

H sq�sh isomorf�ac � e�nai sq�sh isodunam�ac�
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Parade	gmata

�� �Estw V pragmatik�c grammik�c q�roc peperasm�nhc di�stashc n� S�mfwna me
to P�risma �� aut�c e�nai is�morfoc me ton Rn� Aut� shma�nei �ti mporo�me na
bro�me �na grammik� isomorfism� metax� twn V kai Rn� dhlad	 mia grammik	
apeik�nish T � L�V�Rn� pou e�nai amfimonos	manth kai ep��

An to s�nolo
B � fx�� x�� � � � � xng

e�nai b�sh tou V � t�te k�je x � V gr�fetai monos	manta sth morf	

x � a�x� � a�x� � � � � � anxn � ai � K �

H apeik�nish TB � V � R
n me t�po

TB�x� � �a�� a�� � � � � an�
apodeikn�etai e�kola �ti e�nai grammik	� amfimonos	manth kai ep��

�� E�nai faner� ap� to prohgo�meno par�deigma �ti h apeik�nish XB � V �Mn��

me t�po

XB�x� �

�
����
a�
a�
���
an

�
�����

e�nai �nac grammik�c isomorfism�c metax� twn V kai Mn��� O p�nakac XB�x�
kale�tai p	nakac st�lhc tou dian�smatoc x wc proc th b�sh B tou V �

�� O grammik�c q�roc twn summetrik�n �� � pin�kwn

S��� �

�
A �M��� � A �

�
a b
b c

�
� a� b� c � R

�

�qei di�stash �sh me �� kai sunep�c e�nai is�morfoc me ton R	� Mia b�sh tou
S��� e�nai h

E �

��
� �
� �

�
�

�
� �
� �

�
�

�
� �
� �

��
�

O p�nakac st	lhc tou

A �

�
� �
� ��

�
� S���

wc proc th b�sh E e�nai o

XE�A� �

�
� �

�
��

�
�� �



�� Kef�laio �� GRAMMIKES APEIKONISEIS

�� P�nakac grammik
c apeik	nishc

S�mfwna me to J� ����� an oi V� kai V� e�nai peperasm�nwn diast�sewn grammiko�
q�roi me

dimV� � n kai dimV� � m

t�te
dimL�V�� V�� � mn � �����

Epeid	
dimMm�n � mn � �����

o L�V�� V�� e�nai grammik� is�morfoc me ton Mm�n �J� ����
� Aut� shma�nei �ti se
k�je apeik�nish T � L�V�� V�� mporo�me na antistoiq�soume �na p�naka A � Mm�n�
m�sw miac grammik	c� amfimonos	manthc kai ep� apeik�nishc f � L	L�V�� V���Mm�n
�

f�T � � AT � Mm�n � T � L�V�� V�� � �����

Sth sun�qeia ja bro�me thn f kai �tsi ja de�xoume ek n�ou �ti oi L�V�� V�� kai
Mm�n e�nai grammik� is�morfoi� Ja �qoume �tsi d�sei mia enallaktik	 ap�deixh
tou J� ����� St�qoc mac den e�nai b�baia na d�soume mia de�terh ap�deixh tou jew�
r	matoc all� na do�me p�c kataskeu�zoume ton p�naka AT kai p�c aut�c exart�tai
ap� tic qrhsimopoio�menec b�seic twn V� kai V�� Epipl�on ja do�me p�c mporo�me na
bro�me th grammik	 apeik�nish pou antistoiqe� se dosm�no p�naka�

�Estw oi diatetagm�nec b�seic

U � fu�� u�� � � � � ung kai W � fw�� w�� � � � � wmg �����

twn V� kai V�� ant�stoiqa� Ekfr�zoume tic eik�nec twn stoiqe�wn thc b�shc U san
grammiko�c sunduasmo�c twn stoiqe�wn thc b�shc W tou V��

T �u�� � a�� w� � a�� w� � � � � � am� wm

T �u�� � a�� w� � a�� w� � � � � � am� wm

���
���

���
T �un� � a�n w� � a�n w� � � � � � amn wm

����

	

T �ui� �
mX
j��

aji wj � i � �� �� � � � � n � �����

Or�zoume t�ra ton AT � wc ton m� n p�naka pou �qei san st	lec tic suntetagm�nec
twn T �u��� � � � � T �un� wc proc th b�sh W � �Etsi oi st	lec tou AT e�nai oi p�nakec
st	lhc twn T �u��� � � � � T �un� wc proc th b�sh W �

AT �

�
����
a�� a�� � � � a�n
a�� a�� � � � a�n
���

���
���

am� am� � � � amn

�
����� � �aij�m�n � �����

�Eqoume �tsi or�sei mia apeik�nish f � L�V�� V���Mm�n� H f e�nai grammik	 afo�
ikanopoie� tic d�o sunj	kec tou Or� �����
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c apeik	nishc ��

�i�� An S � L�V�� V�� kai

S�ui� �
mX
j��

bji wj � i � �� �� � � � � n �

t�te
AS � �bij�m�n �

Parathro�me �ti

�T � S��ui� �
mX
j��

�aji � bji� wj � i � �� �� � � � � n �

kai �tsi o p�nakac AT�S tou ajro�smatoc �T � S� e�nai o

AT�S � �aij � bij�m�n � �aij�m�n � �bij�m�n � AT � AS �

�ii�� Gia � � K� �qoume

��T ��ui� �
mX
j��

� aji wj � i � �� �� � � � � n

kai
A�T � �� aij�m�n � � �aij�m�n � � AT �

Sth sun�qeia ja de�xoume h f e�nai amfimonos	manth kai ep�� E�nai arket� bohjh�
tik� na do�me pr�ta p�c sund�etai h eik�na

y � T �x� �����

tuq�ntoc x � V� me ton p�naka AT � T� x kai y e�nai grammiko� sunduasmo� twn
stoiqe�wn twn b�sewn U kai W � ant�stoiqa�

x �
nX
i��

xi ui �����

kai

y �
mX
i��

yi wi � �����

�Estw ak�ma

XU �

�
����
x�
x�
���
xn

�
����� �����

kai

YW �

�
����
y�
y�
���
ym

�
����� �����
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oi p�nakec st	lhc twn x kai y wc proc tic b�seic U kai W � ant�stoiqa� �Eqoume t�ra�

y � T �x� � T

�
nX
i��

xi ui

�
�

nX
i��

xi T �ui� �
nX
i��

xi
mX
j��

aji wj �	

y �
mX
j��

�
nX
i��

aji xi

�
wj � �����

Parathro�me �ti

YW �

�
nX
i��

aji xi

�
m��

�����

	 ak�ma
YW � AT XU � ����

H f e�nai amfimonos	manth afo� an e�nai AT�AS t�te ap� thn ����
 �qoume gia
k�je x � V�

T �x� �
mX
j��

�
nX
i��

aji xi

�
wj � S�x� �

Epipl�on� h f e�nai ep� afo� se k�je m�n p�naka A��aij� mporo�me na or�soume thn
apeik�nish

T �x� �
mX
j��

�
nX
i��

aji xi

�
wj �

H ap�deixh tou �ti h T e�nai grammik	 e�nai apl	�
Apode�xame loip�n �ti h f e�nai �nac grammik�c isomorfism�c metax� twn L�V�� V��

kai Mm�n �bl� Or� ����
 kai sunep�c oi d�o auto� q�roi e�nai is�morfoi� S�mfwna
me thn Pr� �����

dimL�V�� V�� � dimMm�n � mn �

�Eqoume �tsi mia enallaktik	 ap�deixh tou J� �����

Parathr�seic

�� O p�nakac AT sumbol�zetai pio austhr� me �AT �WU kai kale�tai p	nakac thc
grammik�c apeik�nishc T wc proc tic b�seic U kai W � Sthn bibliograf�a
sunanto�me �llouc isod�namouc sumbolismo�c �pwc oi

UAW kai U �T �W �

Q�rin apl�thtac� sth sun�qeia ja parale�poume suqn� touc de�ktec U kai W �

�� Sthn per�ptwsh tou q�rou L�V � �pou o V e�nai peperasm�nhc di�stashc n�
mporo�me na epil�xoume d�o diaforetik�c b�seic U kai W tou V gia na bro�me
ton n � n p�naka �AT �

W
U en�c telest	 T � L�V �� An W�U � o p�nakac �AT �

U
U

kale�tai p	nakac tou grammiko� telest� T wc proc th b�sh U �

�� Oi q�roi L�V �� �pou dimV �n � N� kai Mn�n e�nai grammik� is�morfoi� Oi
q�roi auto� e�nai ep�shc grammik�c �lgebrec� o L�V � wc proc th s�njesh apei�
kon�sewn kai o Mn�n wc proc ton pollaplasiasm� pin�kwn� Sta ep�mena ja
do�me �ti oi d�o auto� e�nai kai algebrik� is�morfoi �oi algebrik�c touc dom�c
taut�zontai
�



��� P�nakac grammik
c apeik	nishc ��

Prin d�soume parade�gmata� sunoy�zoume ta b	mata pou akoloujo�me prokeim�nou
na bro�me ton p�naka �AT �WU miac grammik	c apeik�nishc T � L�V�� V��� �pou V� kai
V� peperasmenodi�statoi grammiko� q�roi� wc proc tic diatetagm�nec b�seic

U � fu�� u�� � � � � ung kai W � fw�� w�� � � � � wmg �����

twn V� kai V�� ant�stoiqa�

�� Br�skoume tic eik�nec T �ui�� i������ � � � n twn stoiqe�wn thc b�shc U tou V��

�� Ekfr�zoume tic T �ui�� i������ � � � n san grammiko�c sunduasmo�c twn stoiqe�wn
thc b�shc W tou V� �Ex� ���
 �

�� Kataskeu�zoume ton �AT �WU � Aut�c �qei wc st	lec ta dian�smata twn suntetag�
m�nwn twn T �ui� wc proc th b�sh W �

Par�deigma �
�Estw h apeik�nish T � L�R	�R�� me t�po

T �x�� x�� x	� � ��x� � �x� � �x	� x� � �x� � �x	� �

h sun	jhc b�sh

E � fe� � ��� �� ��� e� � ��� �� ��� e	 � ��� �� ��g
kai h b�sh

U � fu� � ��� �� ��� u� � ��� �� ��� u	 � ��� �� ��g
tou R	� kai h sun	jhc b�sh

F � fe�� � ��� ��� e�� � ��� ��g
kai h b�sh

W � fw� � ��� ��� w� � ��� ��g
tou R��
�a
 Na breje� o p�nakac �AT �FE thc T wc proc tic sun	jeic b�seic twn R	 kai R��
�b
 Na breje� o p�nakac �AT �WU thc T wc proc tic b�seic U kai W �
�g
 Na breje� o p�nakac �AT �WE thc T wc proc th sun	jh b�sh tou R	 kai th b�sh W
tou R��
�d
 Na breje� o p�nakac �AT �FU thc T wc proc th b�sh U tou R	 kai th sun	jh b�sh
tou R��

L�sh
�a
 Br�skoume tic eik�nec twn stoiqe�wn thc b�shc E�

T �e�� � ��� �� � �e�� � e��
T �e�� � ��� ��� � �e�� � �e��
T �e	� � ���� �� � ��e�� � �e��

Sunep�c

�AT �
F
E �

�
� � ��
� �� �

�
�
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�b
 Br�skoume tic eik�nec twn stoiqe�wn thc b�shc U �

T �u�� � ��� ���
T �u�� � ��� ���
T �u	� � ��� ��

Ja gr�youme to genik� stoiqe�o �y�� y�� � R� san grammik� sunduasm� twn stoiqe�wn
thc b�shc W � An

�y�� y�� � �� w� � �� w� � ��� � ���� ��� � ���� �	
�� � ��� � y�
��� � ��� � y�

�
�	 �� � ��y� � �y�

�� � �y� � y�

�

�Etsi gia tic T �ui�� i������� pa�rnoume�

T �u�� � � w� � � w�

T �u�� � ��� w� � �� w�

T �u	� � ��� w� � � w�

�Ara

�AT �
W
U �

�
� ��� ���
� �� �

�
�

�g
 Ekfr�zoume tic eik�nec T �ei�� i������� san grammiko�c sunduasmo�c twn stoi�
qe�wn thc b�shc W �

T �e�� � ��� �� � �� w� � � w�

T �e�� � ��� ��� � ��� w� � �� w�

T �e	� � ���� �� � �� w� � �� w�

�Ara

�AT �
W
E �

�
�� ��� ��
� �� ���

�
�

�d
 Oi eik�nec twn stoiqe�wn thc b�shc U gr�fontai e�kola san grammiko� sunduasmo�
twn stoiqe�wn thc sun	jouc b�shc tou R��

T �u�� � ��� ��� � e�� � e��
T �u�� � ��� ��� � � e�� � � e��
T �u	� � ��� �� � � e�� � e��

�Ara

�AT �
F
U �

�
� � �

�� �� �

�
�

Par�deigma 
�Estw h apeik�nish T � L�V�� V��� �pou dimV��� kai dimV���� An oi U�fu�� u�� u	g
kai W�fw�� w�g e�nai diatetagm�nec b�seic twn V� kai V�� ant�stoiqa� kai

T �u�� � � w� � w�

T �u�� � �� w� � � w�

T �u	� � w� � � w�



��� P�nakac grammik
c apeik	nishc ��

t�te

�AT �
W
U �

�
� �� �
� � ��

�
�

�Estw t�ra to stoiqe�o x��u� � u� � u	 � V�� Mporo�me na bro�me thn eik�na tou
T �x� me d�o tr�pouc�

�oc tr�poc

Qrhsimopoio�me th sq�sh ���
�

YW �

�
y�
y�

�
� AT XU �

�
� �� �
� � ��

� �� �
�

��

�
�� �

�
�


�

�Ara
y � T �x� � � w� �  w� �

�oc tr�poc

y � T �x� � T �� u� � u� � u	� � � T �u�� � T �u�� � T �u	� �	
y � � �� w� � w�� � ��� w� � � w�� � �w� � � w�� �	

y � T �x� � � w� �  w� �

Par�deigma �
H me th jetik	 for� strof	 twn shme�wn tou epip�dou kat� gwn�a � g�rw ap� thn
arq	 apodeikn�etai �ti e�nai grammik�c telest	c� T � L�R��� Ja bro�me pr�ta ton
p�naka tou T wc proc th sun	jh b�sh tou R� kai sth sun�qeia ton t�po tou�

e�

e�

T �e��

T �e��

cos �

sin �

� sin �

cos �

�

Ap� to sq	ma� e�kola br�skoume �ti

T �e�� � �cos �� sin �� � cos � e� � sin � e�
T �e�� � �� sin �� cos �� � � sin � e� � cos � e�

�Ara o p�nakac tou T wc proc th sun	jh b�sh tou R� e�nai o

AT �

�
cos � � sin �
sin � cos �

�
�
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Mporo�me t�ra na bro�me ton t�po tou T � Gia to �x�� x�� � R�� �qoume

Y � AT X �

�
cos � � sin �
sin � cos �

� �
x�
x�

�
�

�
cos � x� � sin � x�
sin � x� � cos � x�

�

Sunep�c
T �x�� x�� � �cos � x� � sin � x�� sin � x� � cos � x�� �

Par�deigma �
Sto par�deigma aut� prosdior�zoume mia grammik	 apeik�nish ap� ton p�nak� thc wc
proc dosm�nec b�seic� An o p�nakac thc T � L�R��R	� wc proc th sun	jh b�sh U
tou R� kai th b�sh

W � fw� � ��� �� ��� w� � ��� �� ��� w	 � ��� �� ��g
tou R	� e�nai o

�AT �
W
U �

�
� � �

� �
� �

�
�� �

t�te

YW � �AT �
W
U XU �

�
� � �

� �
� �

�
��
�
x�
x�

�
�

�
� x�

� x� � x�
x�

�
�� �

�Ara

T �x�� x�� � x�w����x��x��w��x�w	 � x���� �� �����x��x����� �� ���x���� �� �� �	
T �x�� x�� � �x�� �x� � x�� �x� � �x�� �

Par�deigma �
�Estw h T � L�R	�R�� thc opo�ac o p�nakac wc proc tic sun	jeic b�seic twn R	 kai
R

� e�nai o

AT �

�
���

� � �
� � �

�� �� ��
� � �

�
���� �

H tim	 thc T sto ��� ����� mpore� na breje� ap� thn

YW � AT X �

�
���

� � �
� � �

�� �� ��
� � �

�
����
�
� �

�
��

�
�� �

�
���

�


�
�

�
���� �	

T ��� ����� � ��� ��� �� �



��� P�nakac grammik
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Pr�tash �����

�Estw V�� V� kai V	 grammiko� q�roi peperasm�nwn diast�sewn n�m kai l�
ant�stoiqa� kai ant�stoiqec diatetagm�nec b�seic tic

U � fu�� � � � � ung � W � fw�� � � � � wmg kai V � fv�� � � � � wlg �
An S � L�V�� V�� kai T � L�V�� V	�� t�te

�AT�S�
V
U � �AT �

V
W �AS�

W
U � �����

Ap�deixh
An e�nai AT��aij�l�m� AS��bij�m�n kai AT�S��cij�l�n� pr�pei na de�xoume �ti

cij �
mX
k��

aik bkj � �i�

Ap� thn Ex� ����
� gnwr�zoume �ti

S�uj� �
mX
k��

bkj wk � j � �� �� � � � � n �ii�

kai

T �wk� �
lX

i��

aik vi � k � �� �� � � � �m � �iii�

Gia j � �� �� � � � � n �qoume

�T �S��uj� � T �S�uj�� � T

�
mX
k��

bkj wk

�
�

mX
k��

bkj T �wk� �
mX
k��

bkj

�
lX

i��

aik vi

�
�	

�T � S��uj� �
lX

i��

�
mX
k��

aik bkj

�
vi � j � �� �� � � � � n � �iv�

Ap� thn Ex� ����
 �qoume ep�shc�

�T � S��uj� �
lX

i��

cij vi � j � �� �� � � � � n � �v�

Ap� tic �iv
 kai �v
 prok�ptei am�swc h �i
� �

Par�deigma
An oi p�nakec twn S � L�R	�R�� kai T � L�R��R�� wc proc tic sun	jeic b�seic twn
ant�stoiqwn q�rwn e�nai oi

AS �

�
���

� � ��
�� �� ��
� � �
� � �

�
���� kai AT �

�
�� � � ��
� � � �

�
�
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t�te o p�nakac thc �T � S� � L�R	�R�� wc proc tic sun	jeic b�seic twn R	 kai R�

e�nai o

AT�S � AT AS �

�
���

� � ��
�� �� ��
� � �
� � �

�
����
�
�� � � ��
� � � �

�
�

�
�� � ��
� � ��

�
�

O anagn�sthc mpore� na epalhje�sei to apot�lesma br�skontac pr�ta touc t�pouc
twn apeikon�sewn T kai S� kai met� th s�njes	 touc T �S kai ton p�nak� thc wc proc
tic sun	jeic b�seic twn R	 kai R��

Idia�tero endiaf�ron parousi�zei h per�ptwsh thc s�njeshc telest�n� dhlad	 twn
stoiqe�wn miac �lgebrac� L�V �� Gi�aut� to l�go epanadiatup�noume thn Pr� �����

P�risma ����

An T� S � L�V �� �pou V peperasmenodi�statoc q�roc� t�te

AT�S � AT AS � �����

�pou AT�S� AT kai AS oi p�nakec twn ant�stoiqwn telest�n wc proc mia diate�
tagm�nh b�sh tou V �

S�mfwna me to P�risma ����� o grammik�c isomorfism�c f � L	L�V ��Mn�n
�
�pou

f�T � � AT � T � L�V � � �����

�qei thn idi�thta
f�T � S� � f�T � f�S� � �����

�Enac grammik�c isomorfism�c metax� twn d�o algebr�n �sthn proke�menh per�ptwsh
oi d�o �lgebrec e�nai oi L�V � kai Mn�n
 pou �qei thn idi�thta aut	 kale�tai algebri

k�c isomorfism�c� Oi d�o �lgebrec l�me �ti e�nai algebrik� is�morfec� �Etsi
isq�ei h pio k�tw pr�tash�

Pr�tash �����

An o V e�nai grammik�c q�roc peperasm�nhc di�stashc n� t�te h apeik�nish

f � L	L�V ��Mn�n
 me f�T � � AT � T � L�V � � �����

�pou AT o p�nakac tou T wc proc mia diatetagm�nh b�sh tou V � e�nai �nac
algebrik�c isomorfism�c metax� twn algebr�n L�V � kai Mn�n�

O algebrik�c isomorfism�c f mac epitr�pei na taut	soume tic algebrik�c dom�c
twn L�V � kai Mn�n� afo� k�je majhmatik	 diadikas�a pou peri�qei m�no pollapla�
siasm�� pr�sjesh kai bajmwt� pollaplasiasm� sthn �lgebra L�V � mpore� auto�sia
na metaferje� sthn �lgebra Mn�n� �Etsi sthn �lgebra L�V � isq�ei ��T �S���R�T �
an kai m�no an sthn �lgebra Mn�n isq�ei �ATAS � �AR�AT �
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c apeik	nishc �	

L�gw tou �ti oi L�V � kai Mn�n e�nai algebrik� is�morfoi� sthn �lgebra L�V �
isq�ei

T � S � S � T � I � T� S � L�V �

an kai m�no an sthn �lgebra Mn�n isq�ei

AT AS � AS AT � I � AT � AS � Mn�n �

Aut� shma�nei �ti o T � L�V � e�nai antistr�yimoc �	� isod�nama� isomorfism�c
 an
kai m�no an o p�nak�c tou AT wc proc opoiesd	pote b�seic tou V e�nai antistr�yimoc�
�Eqoume �tsi thn ak�loujh pr�tash�

Pr�tash �����

O telest	c T � L�V �� �pou V peperasmenodi�statoc q�roc� e�nai antistr�yi�
moc an kai m�no an o p�nak�c tou AT wc proc opoiesd	pote b�seic tou V e�nai
antistr�yimoc�

P�risma �����

An A�B � Mn�n� t�te oi AB�I kai BA�I e�nai isod�namec�

Parat�rhsh� To P�risma ���� mac l�ei �ti gia na de�xoume �ti o B e�nai ant�strofoc
tou A � Mn�n arke� na de�xoume �ti isq�ei mia ap� tic AB�I kai BA�I�

Par�deigma
�Estw o telest	c T � L�R	� me t�po

T �x�� x�� x	� � �x� � x	� x� � x	� x�� �

�a
 Na deiqje� �ti o T e�nai antistr�yimoc�
�b
 Na breje� o T���
�g
 Na brejo�n oi p�nakec A kia B twn T kai T��� ant�stoiqa� wc proc th sun	jh
b�sh tou R	�
�d
 Na deiqje� �ti B�A���

L�sh
�a
 Arke� na de�xoume �ti o T e�nai omal�c� dhl� KerT�f�g �J� ����
� An
T �x�� x�� x	���� t�te

�x� � x	� x� � x	� x�� � ��� �� �� �	
x� � x	 � �
x� � x	 � �

x� � �

���
�� �	 x� � x� � x	 � � �	 KerT � f�g �

�Ara o T e�nai antistr�yimoc�
�b
 An

T �x�� x�� x	� � �y�� y�� y	�
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t�te
T���y�� y�� y	� � �x�� x�� x	� � �i�

Epeid	
�x� � x	� x� � x	� x�� � �y�� y�� y	� �	

x� � x	 � y�
x� � x	 � y�

x� � y	

���
�� �	

x� �
y� � y�

�
� x� � y	 kai x	 �

y� � y�
�

�

Antikajist�ntac sthn �i
 pa�rnoume ton ant�strofo telest	�

T���y�� y�� y	� �
�
y� � y�

�
� y	�

y� � y�
�

�
�

�g

T �e�� � ��� �� ��
T �e�� � ��� �� ��
T �e	� � ���� �� ��

���
�� �	 A �

�
� � � ��

� � �
� � �

�
�� �

T���e�� � ����� �� �����
T���e�� � ����� �� ����
T���e	� � ��� �� ��

���
�� �	 B �

�
� ��� ��� �

� � �
���� ��� �

�
�� �

�d


AB �

�
� ��� � ��� ��� � ��� �

��� � ��� ��� � ��� �
� � �

�
�� � I	 �

Pragmatik�� B�A��� �



���� P�nakac allag
c b�shc ��

��� P�nakac allag
c b�shc

�Estw V n�di�statoc grammik�c q�roc kai d�o diatetagm�nec b�seic tou

B� � fu�� � � � � ung kai B� � fv�� � � � � vng �
J�loume na bro�me th sq�sh pou sund�ei touc p�nakec st	lhc en�c stoiqe�ou x tou V
wc proc tic b�seic B� kai B��

XB�
�

�
����
��
��
���
�n

�
����� kai XB�

�

�
����
��
��
���
�n

�
����� �����

me

x �
nX
i��

�i ui � �i � K �����

kai

x �
nX
i��

�i vi � �i � K � �����

Me diaforetik� l�gia� j�loume na br�skoume tic suntetagm�nec en�c dian�smatoc
x � V wc proc mia b�sh tou V � �tan e�nai gnwst�c oi suntetagm�nec tou wc proc mia
�llh b�sh tou V �

Gia na prosdior�soume ta ��� � � � � �n ap� ta ��� � � � � �n� ekfr�zoume k�je stoiqe�o
thc b�shc B� san grammik� sunduasm� twn stoiqe�wn thc b�shc B��

v� � a�� u� � a�� u� � � � � � a�n un
v� � a�� u� � a�� u� � � � � � a�n un
���

���
���

vn � an� u� � an� u� � � � � � ann un

����

	 sunoptik�

vi �
nX
j��

aij uj � i � �� �� � � � � n � �����

�Etsi gia to x � V pa�rnoume�

x �
nX
i��

�i vi �
nX
i��

�i
nX
j��

aij uj �
nX
j��

�
nX
i��

aij �i

�
uj �����

Ap� tic ����
 kai ����
 sun�getai �ti

nX
i��

aij �i � �j � j � �� �� � � � � n ����

	
P XB�

� XB�
� ����
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�pou

P �

�
����
a�� a�� � � � an�
a�� a�� � � � an�
���

���
���

a�n a�n � � � ann

�
����� � ����

Orism�c �����

An oi
B� � fu�� � � � � ung kai B� � fv�� � � � � vng �

e�nai diatetagm�nec b�seic tou n�di�statou q�rou V � t�te o p�nakac P pou �qei
wc st	lec tic suntetagm�nec twn stoiqe�wn thc b�shc B� wc proc th b�sh B�

�Ex� ���
 onom�zetai p	nakac allag�c b�shc 	 met�bashc �change of basis
matrix 	 transition matrix
 ap� th B� sth B��

O p�nakac P e�nai antistr�yimoc afo� o grammik�c telest	c T � L�V � pou or�zetai
ap� th sq�sh

T �a�u� � a�u� � � � � � anun� � a�v� � a�v� � � � �� anvn ����

e�nai ep�� Parathro�me ep�shc �ti

T �ui� � vi � i � �� �� � � � � n
kai �tsi ap� thn ���
 pa�rnoume

T �u�� � a�� u� � a�� u� � � � � � a�n un
T �u�� � a�� u� � a�� u� � � � � � a�n un

���
���

���
T �un� � an� u� � an� u� � � � � � ann un

����

Sunep�c� o P e�nai o p�nakac tou antistr�yimou telest	 T wc proc th b�sh B� touV �

P � �AT �
B�

B�
� ����

S�mfwna me thn Pr� ����� o P e�nai antistr�yimoc �afo� o T � L�V � e�nai antistr��
yimoc
� Ap� thn ���
 pa�rnoume

P�� XB�
� XB�

� ����

M�aut� ton tr�po �qoume apode�xei to je�rhma pou akolouje��

Je�rhma ����

An oi
B� � fu�� � � � � ung kai B� � fv�� � � � � vng �

e�nai diatetagm�nec b�seic tou n�di�statou q�rou V � kai P e�nai o p�nakac
allag	c b�shc ap� th B� sth B�� t�te gia k�je x � V isq�ei

P XB�
� XB�

kai P�� XB�
� XB�

� ���



���� P�nakac allag
c b�shc ��

Parathr�seic

�� E�nai faner� �ti o P�� e�nai o p	nakac allag�c b�shc ap� th B� sth B��

�� Efisto�me thn prosoq	 tou anagn�sth sto �ti molon�ti o P l�getai p�nakac
allag	c b�shc ap� th B� sth B�� sthn ous�a �tan efarm�zetai metaf�rei tic
sunist�sec en�c stoiqe�ou aneptugm�nou sth n�a b�sh �dhl� th B�
 stic suni�
st�sec pou aut� �qei sthn pali� b�sh �dhl� th B�
�

�� Sthn tetrimm�nh per�ptwsh B��B�� e�nai faner� �ti P�I�

Parade	gmata

�� �Estw oi b�seic

B� � fe�� e�g kai B� � fv� � ��� ��� v� � ������g
tou R�� Ja bro�me ton p�naka allag	c b�shc ap� th B� sth B�� Anapt�ssoume
loip�n ta v� kai v� wc proc th b�sh B��

v� � ��� �� � e� � e�
v� � ������ � � e� � e�

�Ara o zhto�menoc p�nakac e�nai o

P �

�
� �
� ��

�
�

�Estw Q o p�nakac allag	c b�shc ap� th B� sth B�� Mporo�me na bro�me ton
Q anapt�ssontac ta e� kai e� wc proc th b�sh B��

e� � ��� �� � �
	
v� � �

	
v�

e� � ��� �� � �
	
v� � �

	
v�

�Ara

Q �

�
��� ���
��� ����

�
�

Parathro�me �ti Q�P��� afo�

P Q �

�
� �
� ��

� �
��� ���
��� ����

�
�

�
� �
� �

�
� I �

�� Jewro�me tic b�seic

B� � fu� � ��� ��� u� � ��� ��g kai B� � fv� � ��� ��� v� � ��� ��g
tou R�� Ja bro�me tic suntetagm�nec tou

x � � v� � � v�
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wc proc th b�sh B��

Br�skoume pr�ta ton p�naka allag	c b�shc ap� th B� sth B�� Anapt�ssoume
ta v� kai v� wc proc th b�sh B��

v� � ��� �� � u� � u�
v� � ��� �� � � u�

Sunep�c� o p�nakac allag	c b�shc ap� th B� sth B� e�nai o

P �

�
� �
� �

�
�

�Eqoume �tsi

XB�
� P XB�

�

�
� �
� �

� �
�

��

�
�

�
�

��

�
�

To di�nusma suntetagm�nwn tou x wc proc th b�sh B� e�nai to �������

Katal	goume sto �dio apot�lesma an ekfr�soume to x san grammik� sunduasm�
twn u� kai u��

x � � v� � � v� � � ��� �� � � ��� �� � ������ � � u� � � u� �

Je�rhma �����

�Estw o T � L�V �� �pou V n�di�statoc grammik�c q�roc� An oi B� kai B�

e�nai diatetagm�nec b�seic tou V kai P e�nai o p�nakac allag	c b�shc ap� th
B� sth B�� t�te gia touc p�nakec tou T wc proc tic d�o b�seic isq�ei

�AT �B�
� P�� �AT �B�

P � ����

Ap�deixh
Ap� th jewr�a tou edaf�ou ��� gnwr�zoume �ti gia tuq�n x � V me

T �x� � y

isq�ei
�AT �Bi

XBi
� YBi

� i � �� � � �i�

�pou XBi
kai YBi

e�nai ta dian�smata twn suntetagm�nwn twn x kai y wc proc th b�sh
Bi� Ap� to Je�rhma ���� gnwr�zoume ep�shc �ti

P XB�
� XB�

	 P��XB�
� XB�

� �ii�

Ap� tic �i
 kai �ii
 �qoume�

YB�
� �AT �B�

XB�
�	 P YB�

� �AT �B�
P XB�

�	 P �AT �B�
XB�

� �AT �B�
P XB�

�	 �AT �B�
XB�

� P�� �AT �B�
P XB�

�	
h
�AT �B�

� P�� �AT �B�
P
i
XB�

� � �



���� P�nakac allag
c b�shc ��

Epeid	 to pio p�nw s�sthma �qei l�sh gia k�je di�nusma XB�
� Kn� pa�rnoume

�AT �B�
� P�� �AT �B�

P � O �	 �AT �B�
� P�� �AT �B�

P �

�

Par�deigma
�Estw o T � L�R	� me t�po

T �x�� x�� x	� � � �x�� �x� � x�� �x� � �x� � x	 �

kai oi pio k�tw diatetagm�nec b�seic tou R	�

B� � fe�� e�� e	g �
B� � fv� � ��� �� ��� v� � ��� �� ��� v	 � ��� �� ��g �

Ja upolog�soume ton p�naka �AT �B�
qrhsimopoi�ntac thn ���
� Pr�pei loip�n na

bro�me ton p�naka allag	c b�shc ap� th B� sth B�� P � ton ant�strof� tou P�� kai
ton p�naka �AT �B�

�

Gia ta stoiqe�a thc b�shc B� �qoume�

v� � e� � e� � e	

v� � e� � e� � �e	

v	 � e� � �e� � �e	

kai �tsi

P �

�
� � � �

� � �
� � �

�
�� �

Ac bro�me t�ra ton P���

	P jI
 �

�
� � � � j � � �

� � � j � � �
� � � j � � �

�
�� �

�
� � � � j � � �

� � �� j �� � �
� �� �� j �� � �

�
��

�
�
� � � � j � � �

� � � j � � ��
� � � j � �� �

�
�� �

�
� � � � j � � �

� � � j � � ��
� � � j � �� �

�
��

�
�
� � � � j � � �

� � � j � � ��
� � � j � �� �

�
�� � 	IjP��
 �

�Ara

P�� �

�
� � � �

� � ��
� �� �

�
�� �
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T�loc� br�skoume ton �AT �B�
� Gia tic eik�nec twn stoiqe�wn thc b�shc B� pa�r�

noume�
T �e�� � ��� �� �� � �e� � �e� � �e	
T �e�� � ������ �� � �e� � e� � �e	
T �e	� � ��� ����� � �e� � �e� � e	

op�te

�AT �B�
�

�
� � � �

� �� �
� � ��

�
�� �

Mporo�me t�ra na upolog�soume ton �AT �B�
ap� thn ���
�

�AT �B�
�

�
� � � �

� � ��
� �� �

�
��
�
� � � �

� �� �
� � ��

�
��
�
� � � �

� � �
� � �

�
�� �

�
� � � �
�� �� �
�� �� ��

�
�� �

O anagn�sthc mpore� na epalhje�sei to apot�lesma br�skontac apeuje�ac ton p�naka
�AT �B�

�

Orism�c �����

Oi A�B � Mn�n e�nai �moioi �similar
 an up�rqei antistr�yimoc p�nakac
P � Mn�n t�toioc �ste

B � P�� AP 	 A � P B P�� ����

Apodeikn�etai e�kola �ti h omoi�thta sto Mn�n� gia thn opo�a qrhsimopoie�tai
to s�mbolo �� e�nai sq�sh isodunam�ac �bl� Par�rthma A
�

Par�deigma

O ant�strofoc tou P �

�
� ��
� �

�
e�nai o P�� �

�
� �
� �

�
� �Etsi oi p�nakec

A �

�
� �
� ��

�

kai

B � P��AP �

�
� �
� �

� �
� �
� ��

� �
� ��
� �

�
�

�
� ��
� ��

�
�

e�nai �moioi�

E�nai faner� �ti oi p�nakec grammiko� telest	 T � �V � wc proc d�o b�seic tou V
e�nai �moioi�

�AT �B�
� �AT �B�

�

To je�rhma pou akolouje� mac l�ei �ti isq�ei kai to ant�strofo�



���� P�nakac allag
c b�shc ��

Je�rhma �����

Oi n � n p�nakec A kai B e�nai �moioi an kai m�no an e�nai p�nakec grammiko�
telest	 T � L�V � wc proc d�o diatetagm�nec b�seic tou n�di�statou grammiko�
q�rou V �

Orism�c �����

O grammik�c telest	c T � L�V �� �pou V n�di�statoc grammik�c q�roc� e�nai
diagwnopoi�simoc �diagonalizable
 an up�rqei b�sh B tou V t�toia �ste o
�AT �B na e�nai diag�nioc�

S�mfwna me ton pio p�nw orism�� o T � L�V � e�nai diagwnopoi	simoc an up�rqei
mia b�sh B�fu�� u�� � � � � ung tou V t�toia �ste

T �ui� � �i ui � me �i � K � i � �� �� � � � � n �
S� aut	 thn per�ptwsh

�AT �B �

�
����
�� � � � � �
� �� � � � �
���

���
���

� � � � � �n

�
����� � �����

Pr�tash �����

O T � L�V �� �pou V n�di�statoc grammik�c q�roc� e�nai diagwnopoi	simoc
�tan kai m�no �tan up�rqoun mia b�sh B tou V kai antistr�yimoc p�nakac
P � Mn�n �tsi �ste o p�nakac

P�� �AT �B P �����

na e�nai diag�nioc�

Ap�deixh
Af	netai san �skhsh� �

Par�deigma
O p�nakac tou grammiko� telest	 T � L�R��� me t�po

T �x�� x�� � � x� � �x�� �x� � �x� � �

wc proc th sun	jh b�sh B tou R� e�nai o

�AT �B �

�
� �
� �

�
�
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An p�roume ton antistr�yimo � � � p�naka P �

�
� �
� ��

�
me P�� �

�
��� ���
��� ����

�

�qoume�

P���AT �BP �

�
��� ���
��� ����

� �
� �
� �

� �
� �
� ��

�
�

�
� �
� ��

�
� D �

�Ara o T e�nai diagwnopoi	simoc�

O anagn�sthc pou e�nai exoikeiwm�noc me tic �nnoiec twn idiotim�n kai twn ant��
stoiqwn idiodianusm�twn tetragwniko� p�naka ja �qei �swc pros�xei �ti aut�c mpo�
ro�n na oristo�n kai gia grammiko�c telest�c� �Opwc ja do�me sto Kef�laio �� o
arijm�c � � K kale�tai idiotim� �eigenvalue
 tou grammiko� telest	 T � L�V � an
up�rqei mh mhdenik� stoiqe�o u tou V t�toio �ste

T �u� � � u � �����

K�je mh mhdenik� stoiqe�o tou V pou ikanopoie� thn ����
 kale�tai idiodi�nusma
�eigenvector
 tou T pou antistoiqe� sthn idiotim	 �� To s�nolo E� aut�n twn idiodia�
nusm�twn apotele� �na up�qwro tou V o opo�oc kale�tai idi�qwroc �eigenspace
 thc
idiotim	c �� Epeid	 ap� thn ����
 pa�rnoume

�T � �I��u� � � � �����

o � e�nai idiotim	 tou T an o telest	c T � �I e�nai idi�zwn kai

E� � Ker�T � �I� � �����

H jewr�a idiotim�n kai idiodianusm�twn kaj�c kai h diagwnopo�hsh p�nakwn ��ra kai
telest�n
 exet�zontai leptomer�c sto Kef�laio ��



���� Probl
mata �	

��� Probl
mata

�� �Estw F � R� �� R
� h apeik�nish pou or�zetai ap� th sq�sh

F �x� y� � ��x� �y� �

Perigr�yte thn eik�na twn shme�wn pou an	koun ston k�klo x��y��� m�sw thc
F �

�� �Estw F � R� �� R
� h apeik�nish pou or�zetai ap� th sq�sh

F �x� y� � �
x

�
�
y

�
� �

Poia e�nai h eik�na thc �lleiyhc

x�

�
�
y�

��
� �

m�sw thc F !

�� �Estw h apeik�nish F � R	 �� R
	 me t�po

F �x� y� z� � �x� �y � �z� �x � �y � z� x� z� �

�a
 Na deiqje� �ti h F e�nai amfimonos	manth�
�b
 Na deiqje� �ti h F e�nai ep��
�g
 Na breje� h F����� �� ���

�� �Estw oi apeikon�seic F � A �� B kai G � B �� C� Na deiqjo�n oi prot�seic�
�a
 An h G � F e�nai amfimonos	manth� t�te kai h F e�nai amfimonos	manth�
�b
 An h G � F e�nai ep�� t�te kai h G e�nai ep��

�� �Estw h sun�rthsh f � R �� R me t�po f�x� � �x� ��
�a
 Na deiqje� �ti h f e�nai amfimonos	manth kai ep��
�b
 Na breje� h f���

�� De�xte �ti oi parak�tw apeikon�seic e�nai grammik�c�
�a
 T � R� �� R

� me T �x�� x�� � �x� � x�� �x���
�b
 T � R� �� R

	 me T �x�� x�� � �x� � x�� x� � x�� �x���
�g
 T � R� �� R

	 me

T �x�� x�� x	� x�� � �x� � x� � x	 � x�� x� � �x	 � x�� x� � x� � �x	 � �x�� �

�d
 T � R	 �� R
	 me T �x�� x�� x	� � �x� � �x� � x	� x� � x�� x� � x	��

� De�xte �ti oi parak�tw apeikon�seic e�nai grammik�c�
�a
 T � M��� �� R me T �A� � trA�
�b
 T � M��� ��M	�	 me

T

��
��� ���
��� ���

��
�

�
� ��� ��� �

� ��� �
� � ���

�
��
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�� De�xte �ti h apeik�nish T � M��� �� R me t�po T �A� � det�A� den e�nai
grammik	�

�� �Estw h grammik	 apeik�nish T � R� �� R
	� An e�nai T ��� �� � ��� �� �� kai

T ��� �� � ������ ��� na breje� o t�poc thc T �

��� �Estw h grammik	 apeik�nish T � R	 �� R
	� An e�nai T ��� �� �� � ��� �� ���

T ��� �� �� � ��� �� �� kai T ��� �� �� � ��� �� ��� na breje� o t�poc thc T wc proc th
b�sh

fe� � ��� �� ��� e� � ��� �� ��� e	 � ��� �� ��g
tou R	�

��� �Estw o telest	c T � R	 �� R
	 pou or�zetai ap� th sq�sh

T �x�� x�� x	� � �x� � �x� � x	� x� � x�� x� � x	� �

�a
 De�xte �ti o T e�nai grammik�c�
�b
 Na brejo�n o Ker�T � kai h dimKer�T ��
�g
 Na breje� mia b�sh tou Ker�T ��
�d
 Na breje� h dimIm�T ��

��� �Estw o telest	c T � R	 �� R
	 me

T �x�� x�� x	� � �x� � x� � �x	� x� � �x� � x	� ��x� � x� � x	� �

�a
 De�xte �ti o T e�nai grammik�c�
�b
 Na breje� mia b�sh tou Ker�T ��
�g
 Na breje� mia b�sh thc Im�T ��

��� �Estw o p�nakac

A �

�
� � � � �

� � �� ��
� � � �

�
��

�a
 Na breje� o rank�A��
�b
 Na breje� h nullity�A��
�g
 Na breje� mia b�sh tou N�A��

��� Na epanalhfje� h �skhsh �� �tan
�i


A �

�
���

� � ��
� � ��
� � �
� � ��

�
����

�ii


A �

�
���

� � � �� ��
� �� � �� �
� �� � � ��
� � �� � �

�
����



���� Probl
mata ��

�iii


A �

�
���

� �� � �
� �� � �
� �� � �
� � �� ��

�
����

��� �Estw o m� n p�nakac A�
�a
 De�xte �ti o pur	nac N�A� tou A e�nai up�qwroc tou Rn�
�a
 De�xte �ti h eik�na R�A� tou A e�nai up�qwroc tou Rm�
Shme�wsh� Na mhn qrhsimopoihjo�n oi Prot�seic ���� kai �����

��� �Estw h grammik	 apeik�nish T � R� �� R
�� Na breje� h T ��� �� an

�a
 T ��� �� � ��� �� kai T ���� �� � ��� ��
�b
 T ��� �� � ��� �� kai T ��� �� � ������
�g
 T ��� �� � ��� �� kai T ���� �� � ��� ��

�� �Estw h T � L�R�� V�� gia thn opo�a isq�ei T �u���� �pou u �� �� Na deiqje� �ti
h ImT e�nai e�te mia euje�a e�te to f�g�

��� An T � L�V�W �� w � W kai gia to v� � V isq�ei T �v���w� na de�xete �ti k�je
l�sh thc ex�swshc T �x��w e�nai thc morf	c v��u� �pou u � KerT �

��� �Estw T � R� �� R
� grammik�c telest	c t�toioc �ste T �� O kai T ��T �T�O�

Na deiqje� �ti up�rqei mia b�sh fu� vg tou R�� t�toia �ste T �u��v kai T �v����

��� An T � L�V�� V��� �pou oi V�� V� e�nai peperasmenodi�statoi me dimV� � dimV��
de�xte �ti KerT �� f�g�

��� De�xte �ti o T � L�R�� me t�po T �x� y���x� y� x� y� e�nai antistr�yimoc�

��� De�xte �ti o T � L�R	� e�nai antistr�yimoc�
�a
 T �x� y� z� � �x� y� x� z� x� y � �z�
�b
 T �x� y� z� � ��x � y � z� x� y� �x� y � z�

��� An I e�nai o tautotik�c telest	c sto grammik� q�ro V kai T � L�V �� na deiqjo�n
ta ex	c�
�a
 An T ��O� o I � T e�nai antistr�yimoc�
�b
 An T ���T�I�O� o T e�nai antistr�yimoc�
�g
 An T 	�O� o I � T e�nai antistr�yimoc�

��� An I� T � L�V � kai T ��T�I�O� de�xte �ti o T e�nai antistr�yimoc kai T���I�T �

��� An T� S � L�V � kai T � S�S � T � de�xte �ti

�T � S�� � T � � � T � S � S� kai �T � S� � �T � S� � T � � S� �

��� An T� S � L�V � kai KerT�KerS�f�g� de�xte �ti Ker�T � S��f�g�
�� An T � L�V�� V�� kai o V� e�nai peperasmenodi�statoc� de�xte �ti oi V� kai ImT

�qoun thn �dia di�stash an kai m�no an h T e�nai omal��

��� De�xte �ti k�je grammik	 apeik�nish T � L�R��R	� e�nai mh omal��
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��� De�xte �ti o T � L�R�� me t�po T �x� y���x� y� x� �y� e�nai antistr�yimoc kai
bre�te ton T���

��� De�xte �ti o T � L�R	� me t�po

T �x� y� z� � �x� y � �z� x� �y � z� �x� �y � �z�

e�nai antistr�yimoc kai bre�te ton T���

��� Bre�te tic diast�seic twn k�twji grammik�n q�rwn�
�a
 L�R
� R	� �b
 L�M	��� R

�� �g
 L�M	��� M	��� �d
 L�R�� P	�

��� An S� T � L�R�� me S�x� y���y� x� kai T �x� y����� x� bre�te touc t�pouc twn
S � T kai T � S� kai de�xte �ti S��S � S�I kai T ��O�

��� �Estw o grammik�c telest	c T � L�V � gia ton opo�o isq�ei

E� � E �

Telest�c aut	c thc morf	c kalo�ntai probol�c �projections
�
�a
 Na deiqje� �ti an u � ImE� t�te E�u��u �dhl� �ti o E e�nai o tautotik�c
telest	c sthn ImE
�
�b
 Na deiqje� �ti an E �� I� o E e�nai mh omal�c�

��� �a
 An o grammik�c q�roc V e�nai peperasm�nhc di�stashc n � N� na breje� o
p�nakac tou tautotiko� telest	 I � L�V � wc proc th sun	jh b�sh tou V �
�Estw t�ra o I � L�R	�� Na breje� o p�nakac tou I
�b
 wc proc th sun	jh b�sh� E�fe�� e�� e	g� tou R	�
�g
 wc proc th b�sh

U � f u� � ��� �� ��� u� � ��� �� ��� u	 � ��� �� �� g�
�d
 wc proc tic diatetagm�nec b�seic E kai U �

��� An oi grammiko� q�roi V� kai V� e�nai peperasm�nwn diast�sewn n kai m� ant��
stoiqa� na breje� o p�nakac thc mhdenik	c apeik�nishc O � L�V�� V�� wc proc
tuqo�sec b�seic twn V� kai V��

��� Na breje� o p�nakac thc T � L�R	�R�� me t�po

T �x�� x�� x	� � � x� � x� � x	� �x� � x	 �

�a
 wc proc tic sun	jeic b�seic twn R	 kai R��
�b
 wc proc tic b�seic

U � f u� � ��� ������ u� � ��� �� ��� u	 � ��� �� �� g
kai

W � f w� � ��� ��� w� � ��� �� g �



���� Probl
mata ��

�� �Estw h b�sh
U � f u� � ������� u� � ��� �� g

tou R� kai o grammik�c telest	c T � L�R�� pou or�zetai ap� tic

T �u�� � u� kai T �u�� � �u� �
Na breje� o p�nakac tou T wc proc th sun	jh b�sh tou R��

��� Bre�te ton p�naka thc grammik	c apeik�nishc T � L�R	�R�� me t�po

T �x� y� z� � ��x� y � z� �x� �y � �z�

wc proc tic b�seic

U � f u� � ��� �� ��� u� � ��� �� ��� u	 � ��� �� �� g
kai

W � f w� � ��� ��� w� � ��� �� g
twn R	 kai R�� ant�stoiqa�

��� Bre�te ton p�naka thc grammik	c apeik�nishc T � L�R��R	� me t�po

T �x�� x�� � ��x� � x�� �x� � �x�� �x� � �x��

wc proc tic b�seic
U � f u� � ��� ��� u� � ��� �� g

kai
W � f w� � ��� �� ��� w� � ��� �� ��� w	 � ��� �� �� g

twn R� kai R	� ant�stoiqa�

��� Na deiqje� �ti o grammik�c telest	c T � L�R	� me t�po

T �x� y� z� � ��x� �x� y� x� y � �z�

e�nai amfimonos�mantoc kai ep	� kai na breje� o ant�strof�c tou� T��� Sth
sun�qeia bre�te touc p�nakec twn T kai T�� wc proc th sun	jh b�sh tou R	 kai
epalhje�ste �ti e�nai ant�strofoi p�nakec�

��� Na breje� o p�nakac tou telest	 parag�gishc D � L�Pn� wc proc th b�sh
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��� Na breje� h grammik	 apeik�nish T � L�R	�R�� an
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e�nai o p�nak�c thc wc proc tic b�seic

U � f u� � ��� �� ��� u� � ��� �� ��� u	 � ��� �� �� g
W � f w� � ��� ��� w� � ��� �� g

twn R	 kai R�� ant�stoiqa�
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��� Na breje� o grammik�c telest	c S � L�R�� an
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e�nai o p�nak�c tou wc proc th sun	jh b�sh B� kai th b�sh B��f��� ��� ��� ��g
tou R��

��� Na breje� o p�nakac thc T � L�R�� P�� me t�po

T �a�� a�� a	� a�� � a� � a	 � �a� � a�� x

wc proc tic diatetagm�nec b�seic

B� � f u� � ��� �� �� ��� u� � ��� �� �� ��� u	 � ��� �� �� ��� u� � ��� �� �� �� g
tou R� kai

B� � f v� � � � x� v� � �� x g
tou P��

��� �Estw T � L�P	� P
� h grammik	 apeik�nish pou or�zetai ap� thn

T �p�x�� � �� � x� x�� p�x� �

Na breje� o p�nakac thc T wc proc tic sun	jeic b�seic twn P	 kai P
�

��� Na breje� h tim	 thc T � L�R	� P�� sto ��� ������ an o p�nak�c thc wc proc tic
sun	jeic b�seic twn R	 kai P� e�nai o
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�� Bre�te ton p�naka allag	c b�shc� P � ap� th sun	jh b�sh tou R	 sth b�sh

f ������ ��� ��� �� ��� ��� �� �� g �
Poioc e�nai o ant�strofoc tou P !

��� An o p�nakac tou T � L�R�� wc proc th sun	jh b�sh tou R� e�nai o�
� �
� ��

�
�

na breje� o p�nak�c tou wc proc th b�sh f��� ��� ������g�
��� An o p�nakac tou T � L�R	� wc proc th b�sh
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e�nai o �
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na breje� o p�nak�c tou wc proc th b�sh

B� � f ��� �� ��� ��� �� ��� ��� �� �� g
tou R	�


