
Kef�laio �

GRAMMIKOI QWROI

PEPERASMENHS DIASTASHS

��� Up�qwroi parag�menoi ap� dian�smata

Orism�c �����

�Estw V grammik�c q�roc p�nw s��na s�ma K kai

S � fu�� u�� � � � � umg � m � N

�na peperasm�no upos�nolo tou V � Kalo�me grammik� sunduasm� 	linear
combination
 twn u�� u�� � � � � um k�je di�nusma u � V thc morf�c

u � ��u� � ��u� � � � � � �mum �����

�pou ��� ��� � � � � �m � K�

Parade�gmata

�� Ac p�roume ta dian�smata u�
��� �� �� kai u�
���� �� �� tou R�� Ta dian�smata

u� � u� � ��� �� �� � ���� �� �� � �	� �� ��

kai
	u� � �u� � 	 ��� �� �� � � ���� �� �� � ���� 	� 
�

e�nai grammiko� sunduasmo� twn u� kai u��

�� Jewro�me ta dian�smata u�
��� �� �� kai u�
��� �� �� tou R�� Ja exet�soume an
ta dian�smata

�i� u � ��� 	� �� kai �ii� u � ��� 	� 	�

e�nai grammiko� sunduasmo� twn u� kai u��
	i
 Anazhto�me arijmo�c �� kai �� � R t�toiouc �ste

u � �� u� � �� u� �� ��� 	� �� � �� ��� �� �� � �� ��� �� �� ��

�
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��� � ��� �� � �� � ��� � ��� 	� �� ��
�� � �� � �
�� � 	
�� � �� � �

���
��

To s�sthma e�nai sumbibast� kai �qei th monadik� l�sh

�� � 	 � �� � �� �

Sunep�c� to u e�nai grammik�c sunduasm�c twn u� kai u��

u � 	 u� � u� �

	ii
 Anazhto�me p�li �� kai �� � R t�toia �ste

��� 	� 	� � ����� �� �������� �� �� �� ��� 	� 	� � ����� �� �������� �� �� ��

�� � �� � �
�� � 	
�� � �� � 	

���
��

To s�sthma den e�nai sumbibast�� Sunep�c to u den mpore� na ekfraste� san
grammik�c sunduasm�c twn u� kai u��

Pr�tash �����

�Estw V grammik�c q�roc p�nw s��na s�ma K kai

S � fu�� u�� � � � � umg � m � N

�na peperasm�no upos�nolo tou V � To s�nolo twn grammik�n sunduasm�n twn
u�� u�� � � � � um�

L�S� �

�
u � V � u �

mX
i��

�i ui � �i � K

�
���	�

e�nai up�qwroc tou V �

Ap�deixh
Epalhje�oume tic sunj�kec tou J� ������
	a
 Gia ��
��
� � �
�m
� pa�rnoume

�u� � �u� � � � � � �um � � � L�S� �

	b
 �Estw duo grammiko� sunduasmo� twn stoiqe�wn tou S�

u � �� u� � �� u� � � � � � �m um � �i � K

v � �� u� � �� u� � � � � � �m um � �i � K

�Eqoume gia to �jroisma twn u kai v�

u � v � ��� � ��� u� � ��� � ��� u� � � � � � ��m � �m� um � L�S� �
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	g
 Gia a � K �qoume

au � �a��� u� � �a��� u� � � � � � �a�m� um � L�S� �

S�mfwna me to J� ����� o L�S� e�nai up�qwroc tou V � �

Orism�c �����

�Estw V grammik�c q�roc p�nw s��na s�ma K kai S
fu�� u�� � � � � umg �na
peperasm�no upos�nolo tou V � To s�nolo L�S� twn grammik�n sunduasm�n
twn u�� u�� � � � � um sumbol�zetai ep�shc me

�S
 � �u�� u�� � � � � um
 � ak�ma span�u�� u�� � � � � um


kai kale�tai grammik� j�kh � per�blhma 	linear span
 twn u�� u�� � � � � um�
L�me ep�shc �ti o L�S� e�nai o up�qwroc tou V pou par�getai 	� genni	tai

ap� ta dian�smata u�� u�� � � � � um�
Ta dian�smata u�� u�� � � � � um l�me �ti par�goun 	� genno
n
 ton L�S� kai
kalo�ntai genn�torec 	generators
 tou L�S��

Parade�gmata

�� Ta dian�smata

e� � ��� �� �� � � � � �� � e� � ��� �� �� � � � � �� � � � � � en � ��� �� �� � � � � ��

par�goun ton Rn� afo� k�je di�nusma �u�� u�� � � � � un� � Rn gr�fetai wc ex�c�

�u�� u�� � � � � un� � u� e� � u� e� � � � � � un en �

E�nai faner� �ti ta e�� e�� � � � � en par�goun ep�shc ton Cn�

�� Oi p�nakec

E�� �

�
� �
� �

�
� E�� �

�
� �
� �

�
� E�� �

�
� �
� �

�
� E�� �

�
� �
� �

�
�

par�goun tonM����K� afo� k�je 	� 	 p�nakac mpore� na ekfraste� san gram�
mik�c sunduasm�c twn E��� E��� E�� kai E���

A �

�
a�� a��
a�� a��

�
� a��E�� � a��E�� � a��E�� � a��E�� �

Genike�ontac� oi m� n p�nakec

Eij � i � �� 	� � � � �m � j � �� 	� � � � � n �

pou �qoun mhdenik� panto� kai � sthn ij�j�sh� e�nai genn�torec tou Mm�n�K��
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��� Grammik� anexarths�a

Sthn per�ptwsh pou �nac grammik�c q�roc par�getai ap� �na peperasm�no s�nolo
gennht�rwn e�na basik� na kajor�soume s�nola gennht�rwn me to mikr�tero dunat�
pl�joc stoiqe�wn� Gia thn ep�teuxh auto� tou st�qou e�nai apara�thth h �nnoia thc
grammik�c anexarths�ac h opo�a e�nai to antike�meno tou par�ntoc edaf�ou�

Orism�c �����

�Estw V grammik�c q�roc p�nw s��na s�ma K kai fu�� u�� � � � � ung� n � N �na
peperasm�no upos�nolo tou V � Ta dian�smata u�� u�� � � � � un ja l�me �ti e�nai
grammik�c exarthm	na 	linearly dependent
 � apl�c exarthm	na an up�rqoun
��� ��� � � � � �m � K� �qi �la mhd�n� �tsi �ste

��u� � ��u� � � � � � �nun � � �

Sthn per�ptwsh aut� ja l�me ep�shc �ti to s�nolo fu�� u�� � � � � ung� n � N e�nai
grammik�c exarthm	no�
An h pio p�nw sq�sh isq�ei m�no �tan �la ta �i e�nai �sa me mhd�n� an dhlad�
isq�ei h sunepagwg�

��u� � ��u� � � � � � �nun � � �� �� � �� � � � � � �n � � �

ja l�me �ti ta u�� u�� � � � � un e�nai grammik�c anex�rthta 	linearly indepen�
dent
�

Parade�gmata

�� �Estw ta dian�smata

u� � �	���� �� �� � u� � ��� ���	� �� kai u� � ��� �� 	���� �

Gia na exet�soume an ta u�� u�� u� e�nai grammik�c anex�rthta xekino�me ap� th
sq�sh

��u� � ��u� � ��u� � � ��

�� �	���� �� �� � �� ��� ���	� �� � �� ��� �� 	���� � ��� �� �� �� ��

�	��� ��� � ���� ��� � 	��� �� � ��� � ���� � ��� �� �� �� ��

	�� � �
��� � ��� � �
��� � 	�� � 	�� � �
�� � ��� � ��� � �

�����
���� �� �� � �� � �� � � �

�Ara ta u�� u�� u� e�nai grammik�c anex�rthta�
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Pr�tash �����

�Estw V grammik�c q�roc p�nw s��na s�ma K kai

S � fu�� u�� � � � � ung � n � N

�na peperasm�no upos�nolo tou V me periss�tera ap� �na stoiqe�a 	n � �
� Ta
stoiqe�a tou S e�nai grammik�c exarthm�na �tan kai m�no �tan k�poio stoiqe�o
tou e�nai grammik�c sunduasm�c twn upolo�pwn�

Ap�deixh
D�netai stic shmei�seic� �
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��� B	sh kai di	stash grammiko� q
rou

Orism�c �����

�Estw V grammik�c q�roc p�nw s��na s�ma K� To peperasm�no upos�nolo
A
fe�� e�� � � � � eng� n � N� tou V kale�tai 	peperasm	nh
 b�sh tou V an ta
e�� e�� � � � � en 	i
 e�nai grammik�c anex�rthta� kai
	ii
 par�goun to q�ro V �

Epeid� sth sun�qeia ja asqolhjo�me kur�wc me grammiko�c q�rouc pou �qoun
peperasm�nh b�sh� ja gr�foume apl� b�sh ant� peperasm�nh b�sh�

H pr�tash pou akolouje� e�nai pol� qr�simh� giat� d�nei �na qarakthrism� thc
b�shc�

Pr�tash �����

�Estw V grammik�c q�roc kai A �na peperasm�no upos�nol� tou� To A e�nai
b�sh tou V �tan kai m�no �tan k�je stoiqe�o tou V mpore� na grafe� kat�
tr�po monadik� wc grammik�c sunduasm�c twn stoiqe�wn tou A�

Ap�deixh
D�netai stic shmei�seic� �

Je�rhma �����

An ta y�� y�� � � � � yn�� � V � �pou V grammik�c q�roc� e�nai grammiko� sundua�
smo� twn x�� x�� � � � � xn � V � t�te ta y�� y�� � � � � yn�� e�nai grammik�c exarthm�na�

Ap�deixh
D�netai stic shmei�seic� �

Je�rhma �����

�Estw V �� f�g grammik�c q�roc pou �qei mia peperasm�nh b�sh A� T�te� k�je
�llh b�sh tou V �qei ton �dio arijm� stoiqe�wn me th b�sh A�

Ap�deixh
D�netai stic shmei�seic� �

Orism�c ����


An o grammik�c q�roc V �� f�g �qei mia b�sh me n � N stoiqe�a� o arijm�c n
kale�tai di�stash 	dimension
 tou V kai sumbol�zetai me

dimV � n �

An V
f�g� ja l�me �ti h di�stash tou V e�nai mhd�n�
T�loc� ja l�me �ti o V e�nai peperasm	nhc di�stashc � peperasmenodi�sta�
toc 	�nite dimensional
 an dimV
n � N � f�g� Diaforetik� ja l�me �ti o V

e�nai �peirhc di�stashc � apeirodi�statoc 	in�nite dimensional
�



���� B�sh kai di�stash grammiko� q
rou �

Je�rhma �����

An o V �� f�g e�nai grammik�c q�roc peperasm�nhc di�stashc n � N� isq�oun
ta ex�c�
	i
 K�je grammik�c anex�rthto upos�nolo tou V pou den e�nai b�sh tou V

mpore� na epektaje� se mia b�sh tou V �
	ii
 K�je grammik�c anex�rthto s�nolo me n to pl�joc stoiqe�a tou V e�nai
b�sh tou V �

Ap�deixh
D�netai stic shmei�seic� �

Je�rhma �����

An o V e�nai grammik�c q�roc peperasm�nhc di�stashc n � N kai o Y e�nai
up�qwroc tou V � t�te

dimY � dimV � n �

An e�nai dimY
n� t�te Y
V �

Ap�deixh
D�netai stic shmei�seic� �

Je�rhma �����

An oi V� kai V� e�nai up�qwroi tou peperasmenodi�statou grammiko� q�rou V �
t�te

dim�V� � V�� � dimV� � dimV� � dim�V� 	 V�� �

Ap�deixh
D�netai stic shmei�seic� �

P�risma �����

An oi V� kai V� e�nai up�qwroi tou peperasmenodi�statou grammiko� q�rou V
kai V
V� 
 V�� t�te

dimV � dimV� � dimV� �

Ap�deixh
Ef�son V
V� 
 V�� s�mfwna me to J� �����

V � V� � V� kai V� 	 V� � f�g �

To zhto�meno prok�ptei �mesa ap� to J� ������ afou dim�V� 	 V��
dimf�g 
 �� �
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Je�rhma ������

Gia k�je up�qwro V� tou peperasmenodi�statou grammiko� q�rou V � up�rqei
toul�qiston �nac up�qwroc V� tou V t�toioc �ste

V � V� 
 V� �

Ap�deixh
D�netai stic shmei�seic� �


