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We consider the steady axisymmetric Poiseuille flow of a Bingham plastic under the assumption that both the
plastic viscosity and the yield stress vary linearly with pressure. An analytical solution is derived for the case
where the growth coefficients of both rheological parameters are equal, which is indeed a reasonable assumption
for certain oil-drilling fluids allowing the existence of a separable solution with a cylindrical unyielded core. The
conditions for the occurrence of flow and the effects of the growth coefficient on the radius of the unyielded plug,

the velocity profiles and the pressure distributions are discussed.

1. Introduction

Viscoplastic materials, i.e. yield-stress materials, are of great im-
portance in many industrial applications as well as in geophysics, bio-
physical processes etc [13]. Generally speaking these materials behave
as solids below the yield stress, r;, and as fluid otherwise. It should
be noted that throughout the paper starred symbols denote dimen-
sional quantities. The most common constitutive equation describing
viscoplasticity is the Bingham-plastic model [2]:

D* =0, " < r;

T 1
T*=2|:%+ﬂ*:|D*, >t 1
7 ¢

where t* is the viscous stress tensor, u*is the plastic viscosity, D* =
[V*v* + (Vv /2 is the rate of deformation tensor, v* is the velocity
vector, and 7* = 1/trD*2/2 and 7* = 4/trt*2 /2 are the magnitudes of D*
and t*, respectively. Setting 7, =0, Eq. (1) degenerates to the Newto-
nian constitutive equation. Another popular viscoplastic model is the
Herschel-Bulkley model which generalizes the Bingham-plastic model
by combining it with the classical power-law constitutive equation [10].
It should be emphasized, however, that these viscoplastic models are
idealized. Real-life yield-stress materials exhibit elasto-viscoplastic be-
havior and thixotropy [5]. In any case, an interesting feature of vis-
coplastic flows is that the flow domain consists of the so-called unyielded
(r* < 'r;f) and yielded (z* > T;) zones where the two branches of the
constitutive equation apply. Determining the interface between these
regions is not a trivial task, especially in two- and three-dimensional
flows [15].
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In most isothermal simulations of flows of yield-stress fluids the rhe-
ological parameters are assumed to be constant, i.e. independent of pres-
sure. However, this assumption may not be valid in many important ap-
plications involving high pressure differences, such as in polymer melt
extrusion and injection molding, in tribology, in microfluidics, in geo-
physical flows, and in oil-drilling and transport ([12,14], and references
therein). For example, the viscosity of certain fluids may be a strong
function of pressure, while the variation of its density is negligible [4,6].

The pressure-dependence of the yield stress is well established in
the mechanics of solid and granular materials [11] and in oil-drilling
[9]. The latter authors reported experimental data at different pressures
and temperatures for the rheological behavior of two oil-based drilling
fluids, obeying the Bingham-plastic and the Herschel-Bulkley models.
This data showed that at low temperatures the yield stress decreases
linearly with temperature and increases linearly with pressure. In order
to model the isothermal yield stress behavior of the two drilling fluids,
Hermoso et al. [9] employed the following linear equation

(0" =75 [1+ 550" = pp)] ()
where 7y denotes the yield stress at a reference pressure J2 and f* is
the yield-stress growth coefficient. As for the plastic viscosity (of the
fluid obeying the Bingham plastic equation), Hermoso et al. [9] used
the Barus equation

B (%) = e R 3)
where 4 is the plastic viscosity at the reference pressure and a* >0 is
the plastic-viscosity growth coefficient [1].

Fusi et al. [7] derived solutions of plane Poiseuille and Couette flows
of a Bingham plastic and determined conditions for existence or non-
existence of a rigid plug under the assumption that in the yielded re-
gion of the flow the velocity is one-dimensional while the pressure is
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Fig. 1. Geometry of the flow with some symbol definitions and a sketch of the velocity profile.

two-dimensional. Exploiting an integral formulation for the momentum
equation in the unyielded part, they derived explicit solutions for the
case where the yield stress satisfies the linear Eq. (2) and the plastic vis-
cosity u* also varies linearly and vanishes at zero relative pressure, i.e.

@

where the constant o’ has time units. With this assumption, the deriva-
tion of an analytical solution becomes easier but the flows of a Bingham
plastic with constant rheological parameters or with constant plastic vis-
cosity are not special cases of the flow considered. In other words, the
proposed model is not a generalization of the classical Poiseuille flow of
a Bingham plastic, describing a rather exotic viscoplastic material whose
plastic velocity vanishes at the reference pressure.

In a recent paper, Fusi and Rosso [8] considered the axisymmetric
Poiseuille flow of a Herschel-Bulkley fluid assuming that both the con-
sistency index and the yield stress vary linearly with pressure. following
equations similar to Eq. (4). In other words, they assumed that the yield
stress follows a law of the form

7 (p7) =87 (0" = 1)

where p”* has time units, an assumption that allows the derivation of
explicit solutions. However, with the latter assumptions the standard
Herschel-Bulkley solution is not a special case of their model. Moreover,
because Egs. (4) and (5) are realistic only at high values of the pressure,
the central plug region is suppressed considerably. In most plots pre-
sented by Fusi and Rosso [8] the solutions are almost fully-yielded and
very similar to their power-law counterparts.

Damianou and Georgiou [3] analyzed the plane Poiseuille flow of a
Bingham plastic with pressure-dependent material parameters assum-
ing that the yield stress and the plastic viscosity obey respectively
Eq. (2) and the linear law

W) = wl [1+a* (0" = pY))] ©)
which can be viewed as the linearization of Eq. (3) for low values of a*

and low pressures. Under these assumptions, the tensorial form of the
constitutive equation becomes:

P =" (" = pp)

O]

D* =0,
I [L+5*0" = pp)]
y*

* * K
<0

+ug [L+a(* = pp)] D' 7 > (")

)

When o* = g* =0, Eq. (7) is reduced to the classical Bingham plastic
constitutive equation with constant material parameters. Damianou and
Georgiou [3] reported explicit solutions for the velocity, the pressure,
and the height of the central unyielded region, which are generalizations
of the solutions for a Bingham plastic with constant rheological param-
eters or with constant plastic viscosity and are valid equally at low and
high pressures. It should be noted that Eq. (6) can be used safely only in
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Fig. 2. Variation of the critical pressure difference Ap. = Ap!/(z;L*/R*) re-
quired for the initiation of Bingham-plastic flow with the growth parameter
a.
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Fig. 3. Radius of the unyielded core for various values of the growth parameter
a. The vertical lines indicate the critical pressure required for flow to occur.

processes where the pressure difference (p* — p(’;) is such that the plastic
viscosity remains positive, e.g. in Poiseuille flows. Otherwise, the Barus
Eq. (3) is a safer choice.

In a subsequent work, Panaseti et al. [14], extending a method pro-
posed by Fusi et al. [7], modeled the lubrication flow of a Herschel-
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Fig. 4. Dimensionless pressure in the unyielded core (where the pressure is one-
dimensional): (a) Ap = 3; (b) Ap=6.

Bulkley fluid in a symmetric long channel of varying width, assuming
again that both the consistency index and the yield stress vary linearly
with pressure. Under the lubrication approximation the shape of the
yield surface depends only on the shape of the wall and the power-law
exponent, while its elevation depends on all parameters. Thus, the width
of the unyielded core in a channel of constant width is also constant, de-
spite the pressure dependence of the yield stress. Panaseti et al. [14] also
derived semi-analytical results for the case of a channel of linearly de-
creasing width and numerical results for non-linear wall functions.

The objective of the present work is to study the axisymmetric
Poiseuille flow of a Bingham plastic with material parameters varying
linearly with pressure following Egs. (2) and (6). As shown below, unlike
its planar counterpart, the axisymmetric flow is amenable to an analyt-
ical unidirectional solution only in the special case that «* = g*. Such a
solution is still of interest, given that the two parameters are very sim-
ilar for certain oil-drilling fluids, e.g. for fluid B34 studied by Hermoso
et al. [9], as discussed in the Appendix.

In Section 2, the governing equations for the axisymmetric Poiseuille
flow of a Bingham plastic with pressure-dependent material parameters
are presented. In Section 3, the analytical solution when a* = g* is de-
rived. This is discussed in Section 4. The conclusions of this work are
summarized in Section 5.

18
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2. Governing equations

Consider now the axisymmetric Poiseuille flow, of a material obey-
ing Eq. (7), in a horizontal tube of constant circular cross section, with
radius R* and length L*, as illustrated in Fig. 1. Working with cylindrical
coordinates, the z- and r-axes are taken in the main-flow and transverse
directions, respectively. With the assumption that the flow is unidirec-
tional with v} = v}(r*) and v’ = 0, the unyielded core is cylindrical of
radius r* = ¢*, where 0 < ¢* <R*, and the continuity equation is auto-
matically satisfied.

In the yielded region, i.e. (z*, r*) € [0, L*] X [¢*, R*], the pressure is
two-dimensional, i.e. p* = p*(z*,r*) and the only non-zero component
of the stress tensor is the shear stress:

d U’z‘
dr* ®

The z- and r-components of the momentum equation read:

=g L+ 707 = ] + pg [1+ (0" = pp)]

o 100"

— =0

azx rt or* ©
and

op* aT;kz
T o az* =0 (10)

respectively. On the pipe wall, the usual no-slip condition is assumed,
i.e. v3(R*) = 0, and at the yield surface, the velocity is given by v}(c*) =
v*, where v} is the velocity of the plug core.

In the unyielded region, i.e. for (z*, r*) € [0, L*] X [0, ¢*], the velocity
is constant, v} = v}, and the pressure is one-dimensional, p* = p*(z*),
with the assumption that

p*(©)=p; and p*(L")=pj an

For steady-state flow in the absence of body forces, the integral bal-
ance of linear momentum in the unyielded region is exploited, as sug-
gested by Fusi and Rosso [8]:

L

2/“%LEﬁdf+6Wﬁ—pp=0 (12)

0

Given that at the yield surface (+* = ¢*) the velocity derivative van-
ishes, from Egs. (8) and (12) one finds that

ﬁ* L*
/ @ —p)._.dz"
0

=21+ —
et
where Ap* = p¥ — Py The use of Eq. (12) is critical, since, as pointed out
by Fusi and Rosso [8], the classical differential momentum equation
cannot be used in the unyielded domain, where the viscoplastic stress is
not defined.

‘L'g L*
Ap*

13)

2.1. Non-dimensionalisation

The problem is dedimensionalised by scaling z* by L*, r* and ¢* by
R*, (p* - p}) by r(’)‘/e, v; by r(’)‘ R*/uS‘, and the stress components by 77,
where e=R*/L* is the tube aspect ratio. Therefore, the dimensionless
form of Eq. (13) becomes

2 1
==~ _.d
=% +ﬁ/0pIH;Z

whereAp = Ap* /(r(*)‘ /€) is the dimensionless pressure drop along the
channel and = ﬂ*rg /€. Thus, in the yielded region, i.e. for (z, r) € [0,
11 x [0, 1], the dimensionless shear stress is given by
dv,

dr
where a = a*z; /¢, and the two components of the momentum equation
read:

_op + 1 o(rr,,) _

dz r or

14

7. = —~(1+ fp) + (1 +ap) (15)

0 (16)
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Fig. 5. Effect of the growth parameter « on the pressure contours for e =0.01: (a) =0, Ap =3; (b) =0, Ap = 10; (¢c) =0, Ap = 100; (d) a=0.1, Ap = 3; (e) =0.1,
Ap=10; () a=0.1, Ap=100; (g) a=1, Ap=3; (h) a=1, Ap=10; (i) a=1, Ap = 100.

and
dp 2 aTrz
_z =0
ar TE a2

Substituting Eq. (15) into Egs. (16) and (17) we get

9p
az (a

a7

dv
dv P d?v, 1+pp—(+ap—=
z—ﬂ)—p+(1+ap) i

dr or dr? r
and
dv,

op _ » op
=€ (a dr ﬂ)az

oar

Substituting Eq. (19) into Eq. (18) and moving terms involving the
velocity to the RHS, one gets:
dp/oz _ d’v./dr’ +(1/rdv./dr 1/r 1+ pp 20)
I+ap l—ez(o:dvz/dr—ﬂ)2 l—ez(azdvz/dr—ﬁ)2 I+ap

It is readily observed that variables can be separated and an analyt-
ical solution can be obtained only in the special case where a = g. This
solution is derived below.

18
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3. Analytical solution for a = g

When a = g, Eq. (20) is simplified as follows:
ap/oz _ d*v /dr’ +(1/r)dv, /dr—1/r _
I+ap 1—82012(dv:,‘/dr—1)2

where A is a positive constant to be determined; given that the pressure
is expected to be a strictly decreasing function of the axial distance,

@D

19

the RHS of Eq. (21) has been chosen to have a minus sign. Thus, in
the yielded region, we have two differential equations to be solved for
v, and p. Solving the one for v, and applying the boundary conditions
dv,/dr(r = 6) = v,(r = 1) =0, we get (for a > 0):

1 [I,(eaAr) + cK (eaAr)|
e2a’A [I,(eah) + cK,(eah)|
where I, and K, are the modified Bessel functions of first and second
kind, respectively, and
o I,(ealo) — €al (ealo) 23)

K, (ealAo) + €aK (ealo)

Integrating now the differential equation for the pressure in
Eq. (21) yields

v (r) = — -(d=n, (22)

pzr=1 [wre ™ —1], o<r<i (24)
o

where w(r) is an unknown function. Substitutingp and v,into Eq. (19),
we get a first-order differential equation for w,

[I 1(eaAr) — cK, (eaAr)]

'(r) — eaA =0 25
wr) - ea [I J(ealr) + cKo(eaAr)] wer) 5
the solution of which is
w(r) = C|I,(eaAr) + cK,(eahr)] (26)

where C is an integration constant. Applying the conditions p(0,c) = Ap

and p(1,0) = 0 leads to

C= 1+alp and A=ln(1+aAp)
1,(ealo) + cK (ealo) a

@7
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Fig. 6. Effect of the growth parameter « on the pressure contours for e =0.5: (a) a=0, Ap = 3; (b) =0, Ap = 10; (c) a=0, Ap = 100; (d) «=0.1, Ap =3; (e) =0.1,
Ap=10; () «=0.1, Ap=100; () =1, 3; (h) a=1, Ap=10; (i) a=1, Ap = 100. The high value of £ was chosen in order to exaggerate the differences.

Therefore, we have:
1,(eaAr) + cK ,(ealr)

1 1-z
= [(1 +aAp) 11, r<i
pz,r)=3"° P 1,(ealo) + cK,(ealo) (28)
—[(d+aap)'— -1, 0<r<o
o
By means of Eq. (14), the yield point is given by
2a 9)

° = (1 + adp)
and thus Ac = 2. Therefore, expression (23) for the constant ¢ becomes:
o 1,(2€a) — €al ,(2ea) 30)
K, (2ea) + €aK ,(2€a)
As for the velocity, one finds

- [Io(lsar/a) + cKa(26ar/0')]
n _

57 -r), o<r<l
_ et [Io(2£a/0') + CKU(ZEG/O')]
0=y [1,2¢0) + cK,(2¢a)]
_ —(-0), 0<r<o
2¢2a?  [1,(2ea/0) + cK,(2ea/0)|
(€20)

When a = f =0, 6 =2/Ap and the velocity and the pressure are re-
spectively given by

2(1-P)=(-n, o<r<i

= 4 ; -

v,(r) {%(1_62)_(1_5), 0<r<o 42
and

p(z)=Ap(1-2) ey

20

4. Discussion

The critical pressure difference required to start the flow is of impor-
tance in engineering applications. This can be found from Eq. (29) as the
pressure difference at which 6 =1:

ap, = <52t (34)
a

For the case a = 0 (pressure-independent rheological parameters),
Ap, = 2. The effect of the growth number a on the critical pressure dif-
ference needed for flow to occur is illustrated in Fig. 2. As expected, Ap,
increases rapidly with a. The variation of the unyielded core radius o
with the pressure difference Ap is illustrated in Fig. 3 for a=0, 1, and
2. Below the critical pressure difference Ap,, o is equal to 1 (since there
is no flow) and then it decreases with Ap. The rate of this decrease is
reduced as « is increased.

As already mentioned, the pressure in the unyielded core is one-
dimensional, given by

1 1z _
pr<o.z)= a[(1+aAp) 1], a>0
(1=2)Ap, a=0

Fig. 4 shows the pressure distributions in the unyielded core for Ap =
3 and 6 and different values of a ranging from O to the extreme value of
100. As the growth number « increases, the pressure deviates from the
linear distribution corresponding to a =0, so that the pressure gradient
increases near the inlet plane where the plastic viscosity and the yield
stress attain their maximum values and decreases near the exit where
both parameters are minimum.

(35)
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In the yielded region, the pressure is two-dimensional. The effects of
the growth parameter a and the imposed pressure difference Ap on the
pressure contours as well as on the radius of the plug are illustrated in
Figs. 5 and 6 for £¢=0.01 and 0.5, respectively. When the aspect ratio
¢ is low (which is the case in applications), the pressure in the yielded
region remains essentially one dimensional; as a result, the contours
are vertical straight lines. The contours are equidistant only when « =0.
Otherwise, the distance between the contours increases downstream and
this effect is more pronounced as both « and Ap are increased. The two-
dimensional character of the flow is exaggerated in Fig. 6, where the
rather high value € = 0.5 for the aspect ratio has intentionally been cho-
sen.

Fig. 7 shows velocity profiles for « =0 (pressure-independent mate-
rial parameters), 1 and 2 and different values of the imposed pressure
difference. The corresponding critical pressure differences are 2, (e* — 1)
and (e* — 1)/2. As expected, the velocity is reduced as « is increased.

Finally, in Fig. 8, the (dimensionless) volumetric flow rate, defined
by

1
0=2 / v, (r)rdr (36)
0

is plotted versus the imposed pressure difference Ap for £ =0.01 and
four different values of « (0, 0.001, 0.01, and 0.1). The variation of Q
with Ap is linear only when a =0, i.e. the rate of increase is constant.
As « is increased, this rate becomes more dependent on Ap, decreasing
with both « and Ap. It should be noted that the volumetric flow rate
below Ap, = (e2* — 1)/a is zero; as a result, the curves of Fig. 8 do not
start from the origin.

Comparing the present results with those of Fusi and Rosso [8], we
may briefly note the following: (a) the model of Fusi and Rosso [8] al-
lows the solution of Herschel-Bulkley flow with different linear vari-
ations of the consistency index and the yield stress, which however
are not reduced to the classical constant-parameter solutions; (b) both
models predict that the curvature of the pressure contours increases as
the imposed pressure difference increases; (c) both models predict an
unyielded core region of constant radius. With the model of Fusi and
Rosso [8], o depends on the yield-stress growth coefficient and not on
the consistency-index growth coefficient (which are equal in the present
work). This is also the case for the pressure distribution. Interestingly,
in the case of plane Poiseuille flow with the yield stress and the plastic
viscosity following Egs. (2) and (6), respectively, the semi-width ¢ of
the unyielded region depends on both « and g [3].

5. Conclusions

We have analysed the fully-developed axisymmetric Poiseuille flow
of a Bingham plastic assuming that the yield stress and the plastic viscos-
ity vary linearly with pressure and derived an analytical solution for the
case where the growth coefficients for both rheological parameters are
equal. The latter assumption, which is valid for certain drilling fluids,
allows the existence of a separable solution with a cylindrical unyielded
core. The critical pressure difference required for the initiation of flow
increases exponentially with the common growth coefficient. The effects
of that coefficient on the pressure distributions and the velocity profiles
have been investigated.

In our current research efforts, we study the general flow where the
growth coefficients of the plastic viscosity and the yield stress are not
equal, a* # *, considering both semi-analytical solutions for simplified
cases and numerical solutions of the general axisymmetric flow of a
Bingham plastic with pressure-dependent rheological parameters. It is
clear that in the general case, the flow is fully two-dimensional and o is
not constant, which implies that the unyielded core may be converging
or diverging, depending on the relative values of «* and g*.
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Fig. 7. Velocity distributions of Bingham plastic flow for ¢ =0.01 and different
values of the imposed pressure difference: (a) a =0 (constant material parame-
ters); (b) @ =0.1; (¢) a=1. The circles show the positions of the yield point.

Appendix: estimates of the plastic-viscosity and yield-stress
growth parameters

Hermoso et al. [9] investigated experimentally the effects of temper-
ature and pressure on the values of the rheological parameters of two
oil-based drilling fluids. The values of the plastic viscosity, 4*, and of the
yield stress, r;?, for the first fluid (B34 fluid), which was found to follow
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Table 1
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Data of Hermoso et al. [9]) for the B34-based drilling fluid at different temperatures and pressures and the calculated

growth coefficients.

AP (bar) 0 200 390 Calculated material constants
T (°C) uy (Pas) 7y (Pa) pu*(Pas) 7 (Pa) u*(Pas) 7 (Pa) u,(Pas) 7,(Pa) a* (Pa~l)  p* (Pa™!)
40 0.164 0.16 0.301 0.41 0.502 0.74 0.152 0.144 5.68E-08 1.02E-7
80 0.03 0.07 0.043 0.11 0.063 0.2 0.028 0.061 2.93E-08 5.41E-8
100 0.017 0.08 0.023 0.11 0.028 0.17 0.017 0.075 1.65E-08 3.08E-8
120 0.012 0.01 0.014 0.12 0.02 0.15 0.011 0.022 1.80E-08 1.61E-8
140 0.009 0.14 0.017 0.18 0.019 0.21 0.01 0.141 2.59E-08 1.27E-8
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