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The lubrication flow of a Bingham plastic in long tubes is modeled using the approach proposed by Fusi and Farina
(Appl. Math. Comp. 320, 1-15 (2018)). Both the plastic viscosity and the yield stress are assumed to vary linearly
with the total pressure. The resulting nonlinear system of an ordinary differential equation and an algebraic
one with unknowns the total pressure and the radius of the unyielded core are solved by using two different
techniques. A pseudospectral numerical method utilizing Chebyshev orthogonal polynomials and an analytical

perturbation method with the small parameter being the difference of the two dimensionless parameters which
are introduced due to the pressure-dependence of the yield stress and the plastic viscosity of the material. The
effects of the pressure-dependence of the material parameters on the critical pressure difference required for flow
to occur and on the shape of the unyielded core are investigated and discussed.

1. Introduction

We consider the axisymmetric Poiseuille flow of a Bingham plastic
[1] with pressure-dependent rheological parameters. More specifically,
we consider the flow in long horizontal tubes of yield-stress materials
with pressure-dependent yield stress, r;‘ = T;‘(p*), and plastic viscosity,
u* = u*(p*), where p* is the pressure. Hence, the constitutive equation
can be written in tensorial form as follows:

< r; (p*)

1
+Il*(17*):|}"*, T*>T;(p*) ( )

7* =0,
. 7, (%)

where 7* is the viscous extra-stress tensor and y* is the rate-of-
deformation tensor:

7= Vi (Vi) @

In Egs. (1) and (2), v* is the velocity vector and y* = +/tr(y* - y*)/2
and 7* = 4/tr(t* - %)/2 are the magnitudes of y*and 7*, respectively.
Eq. (1) is a generalization of the classical Bingham-plastic equation,
which is recovered when both r;‘ and u* are constant (pressure-
independent). This reduces to the Newtonian constitutive equation by
setting 7* =0, u* thereby being the familiar Newtonian viscosity. It
should be noted that throughout this paper starred symbols denote di-
mensional quantities.
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The axisymmetric Poiseuille flow of a material obeying Eq. (1) is
of interest in the transport of such materials in long tubes, where high
pressures are required to drive the flow, e.g. in oil-drilling. Experimen-
tal data showed that oil-drilling fluids are indeed viscoplastic and their
rheological parameters vary not only with temperature but also with
pressure [2]. Hermoso et al. [2] reported experimental data at different
pressures and temperatures for the rheological behavior of two oil-based
drilling fluids, obeying the Bingham-plastic and the Herschel-Bulkley
models (the latter generalizes the former model introducing the power-
law exponent as an additional parameter) [3]. This data showed that
at low temperatures the yield stress decreases with temperature and in-
creases with pressure and that both variations are linear. In order to
model the isothermal yield stress behaviour of the two drilling fluids,
Hermoso et al. [2] employed the following linear equation
() =1, [1+80" —17(’;)] (3)
where 7; denotes the yield stress at a reference pressure pj; and f* is the
yield-stress growth coefficient. As for the plastic viscosity (of the fluid
obeying the Bingham plastic equation), they used the Barus equation

W (p7) = py e @
where y; is the plastic viscosity at the reference pressure and a* >0
is the plastic-viscosity growth coefficient [4]. The linearized version of
Eq. (4),

e = uy [1+a* 0" - )| ©)
may also been used if the pressure-dependence of u* is weak (a* < <1),
the encountered pressures are not extremely high and remain always
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above the reference pressure [5]. It is clear that the latter limitation
also holds for the linear expression (3) for the yield stress.

Damianou and Georgiou [6] analyzed the plane Poiseuille flow of a
Bingham plastic of material parameters obeying Egs. (2) and (4), such
that

7 =0,
N L 9]

| IR e (- ) |

¢ 250)
5 > ‘r; (p*)
(6)

and reported explicit analytical solutions for the velocity, the pressure,
and the width of the central unyielded region. It turns out that the latter
is constant despite the pressure-dependence of the material parameters.
In axisymmetric Poiseuille flow, however, the radius of the unyielded
core is not constant in the general case. As pointed out in Ioannou and
Georgiou [7], an analytical solution with a cylindrical unyielded region
can be derived only when the growth coefficients «* and f* are equal,
which is indeed a reasonable assumption for certain oil-drilling fluids.
Recently, Fusi and Rosso [8] have obtained analytical solutions of the
axisymmetric flow of a Herschel-Bulkley fluid with different values of a*
(growth coefficient of the consistency index) and g*, under the assump-
tion that both o*(p* — p(’;) and f*(p* — p(’;) are much greater than unity.
These solutions are not reduced to the classical constant-parameter so-
lutions when o* and g* vanish.

Panaseti et al. [5] extended the lubrication-approximation method of
Fusi et al. [9] to model the flow of a Herschel-Bulkley fluid in a symmet-
ric long channel of varying width, under the assumption that both the
consistency index and the yield stress vary linearly with pressure. In this
method, the unyielded domain is modeled as an evolving non-material
volume and by means of an integral formulation for the balance of lin-
ear momentum a single integro-differential equation is derived for the
pressure. The yield surface and the two velocity components are then
calculated from the pressure by means of closed form expressions. The
main advantages of the method of Fusi et al. [9] are: (a) the yield sur-
face, i.e. the interface between yielded (7* > r;‘) and unyielded (7* < r;‘)
parts of the flow domain, is calculated exactly; and (b) the so-called
lubrication-approximation paradox is avoided and the correct shape of
the yield surface, which is opposite to that of the wall, is approximated at
zero order, unlike other lubrication-approximation approaches in which
higher-order solutions are necessary [10]. A limitation of the method,
however, is that it cannot be applied when the plug region is broken,
since the plug is required to extend from the inlet to the outlet plane [9].
Panaseti et al. [5] reported that the shape of the yield surface in plane
Poiseuille flow depends only on the shape of the wall and the power-
law exponent, while its elevation depends on all parameters. Thus, the
width of the unyielded core in a channel of constant width is also con-
stant, despite the pressure dependence of the yield stress, in agreement
with the analytical solution.

Fusi and Farina [11] extended their method in Ref. [9] to time-
dependent axisymmetric flows. In this geometry, the zero-order approxi-
mation leads to a system formed by an integral equation and an algebraic
equation for the yield surface and for the plug velocity, respectively. Fusi
and Farina [11] focused on the effects of oscillating walls on the flow.
The objective of the present work is to study the steady-state axisym-
metric Poiseuille flow of a Bingham plastic with pressure-dependent rhe-
ological parameters using the method of Fusi and Farina [11]. We are
interested in particular in the general case where the growth coefficients
a* and p* are not equal and thus the unyielded core may be expanding
or contracting depending on the relative values of these two parameters.

In Section 2, the various steps of the lubrication method are dis-
cussed. These include the non-dimensionalization of the governing
equations and the derivation of the zero-order perturbation equations.
The advantage of the method is that it leads to closed form solutions for
the two velocity components in terms of the pressure distribution and
the radius of the central unyielded core, which are functions of the ax-

77

Journal of Non-Newtonian Fluid Mechanics 260 (2018) 76-86

&

Fig. 1. Schematic of the flow configuration and coordinate system.

ial distance only. These two functions satisfy a system of a first-order
ODE and an algebraic equation. The methods of solving this system
are presented in Section 3. These include a numerical pseudospectral
method and also a simple perturbation method in terms of the (dimen-
sionless) difference of the two growth coefficients. An analytical solution
is also derived for the special case where these coefficients are equal. In
Section 4, the results are presented and discussed. Emphasis is given
on the effects the dimensionless growth coefficients have on the criti-
cal pressure difference required to drive the flow and on the shape of
the unyielded core. It is shown, in particular, that the latter expands
when f*>a*, contracts when g* <a*, and is cylindrical when g* = a*,
in agreement with the aforementioned analytical solution of Ioannou
and Georgiou [7]. Finally, the conclusions of this work are summarized
in Section 5.

2. Lubrication approximation

We consider the steady-state, pressure-driven flow of an incompress-
ible Bingham plastic obeying constitutive Eq. (6) in a long tube of length
L* and constant radius R*, as illustrated in Fig. 1. A uniform pressure
p;, is applied at the inlet of the tube (z* = 0) while the pressure at the
exit plane (z* = L¥) is p} , < p;,, i.e. the imposed pressure difference is
AP* = p; - p},. Without loss of generality, p}, is taken equal to the
reference pressure pj that appears in Eq. (6), p; = p},,. Assuming that
the azimuthal velocity component is zero (v; =0) and the flow is ax-
isymmetric (derivatives with respect to 0* are zero), the velocity vector
in cylindrical coordinates is of the form v* = v*(r*, z")e, + v} (r*, z%)e,.
In the flow of interest (see Fig. 1), the yielded and the unyielded re-
gions are separated by the yield surface r* = ¢*(z*) for 0 <z* <L* where
0<o*(z*) <R*. Hence, the unyielded region extends from the inlet to
the outlet, i.e. the plug is not broken. Note that if ¢*(z}) = R* at a point
z%, there is no flow since the unyielded region touches the wall and thus
the velocity of the unyielded core is zero due to the no-slip boundary
condition. For brevity, the symbols ¢}, = ¢*(0) and o}, = ¢*(L*) will be
used hereafter.

In the yielded region, D*={(z*, r*, 6):2*€[0, L*],r* € [c*, R*],
0 € [0, 2x]}, the continuity equation and the z- and r-components of the
momentum equation in the absence of external forces, are simplified as
follows:

1 o0r*vr)  o(})

— + =0 7
re o or* az* M
of 60 0 ap* 1007T)) 0T,
P\ or* tU; az* = T oz + o orr az* ®

ov* ov* ap* 1 0t. ot T.-—T,

[ p* r +0* r - _ + = rr rz + rr 06 9
’ < " or¥ Zoz* ar¥ ¥ or* 0z* r* ©

where p* is the constant mass density. The non-zero components of the
rate-of-deformation tensor in the yielded regime are the following:

» ovy . ov;  dv; » ov’; . vy
T =250 =gt o T =250 T =2 (10)
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The non-trivial extra-stress components are given by:

75 =0, <7 (p")
\ o | 1A (0" —-p) \ \ , ij=rr,rz,zz,00
Tf,:{ n[ ﬁp Po] +y(’;[1+a*(p* _pz)]}}»,;, > T;(p*) ij=rr,rz,zz
(11
where
v\ 2 v\ 2 v\ 2 ot ov\?
Sk r z r 4 r
7=42 <Br*> +<0z*> +<r_*> +<6r*+dz*> a2
and
T = \/% ('rr"r2 + T;‘zz + T;g) + T;"zz (13)

The unyielded region Q*={(z*, r*, 0):2* € [0, L*],r* € [0, ¢*], 6 €0,
27]} moves in the z-direction as a solid, i.e. at a constant axial velocity
v%. Therefore, in Q*:

v;=v; and vr=0v;=0 for 0<r" <o"(z") (14)

In the absence of body forces, the integral balance of linear momentum
in Q* yields the following equation [11]:

IR

where n is the outward unit normal vector to the boundary 0Q* of Q*.
Since the core is moving as a solid, the flux of linear momentum through
0Q* is zero and thus one gets:

P VRS = / (15)

(=p* I+ 1) -ndS*
0Q*

/ (=p* I+1*) - ndS* =0 (16)
a0

As shown in Fig. 1, the boundary 0Q*consists of three parts, 0Q* = 0Q} U
0Q3 U 0Q;, with the corresponding unit normal vectors given by
e. —ore,

, I =e¢e,
%2
v 09tod

where ¢} = do*/dz*. Substituting into Eq. (16) and simplifying one gets
the following integral equation:

n = n, = —e, 17

%2k
OoutPour = 0

2 [ 0 [(oip + )+ ez + 00 - as)
0

2.1. Non-dimensional formulation

The governing equations are rendered dimensionless by scaling z*
by L*, r* and ¢* by R*, (p* — p}) by r(’)‘L*/R*, v by ‘r(’)‘R*/M(’;, v¥ by
r(’)‘ R/ (L*y(’)“), and the extra-stress components by z*. With these scales,
the continuity equation and the two components of the momentum
equation become:

1 Ja(rv,) + Jdv,

20 19

r or 0z 19

Jv Jv dp 10(rt,;) at.

R L 4o, == )=+ - —E e 20
¢ e<v, or "oz > oz r or 0z @0)
and

Jav Jav ap ot o, T, — T

3 r r rr 2%z rr 06
R — +tv,— | =—— +e— — te— 21
¢ e<”* or Tz az) o or T oz v @D
where
R*
€= 13 (22)
is the aspect ratio and
P* R*ng

Re= ——— (23)

Ho

is the Reynolds number.
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The components of the dimensionless rate-of-deformation tensor
(Eq. (10)) are as follows:

. Jv, . ov, v, . v, . v,
A P G P
As for the non-zero components of the stress tensor we now have
7 =0, t<l+pp 5

rij:<%+l+ap)j/[j, >1+pp’ ij =rr, rz, 22, 60 25
where
a= o = 0 (26)
are the dimensionless plastic-viscosity and yield-stress growth parame-
ters,

v, \?2 v, \? v,\2 ov v, \?2
=422 =) + (=2 +(—’) +| == +e—— 27
4 \jg[<0r> oz v or oz @7
and
1

T= \/ 3 (7 72+ 15 + 72 (28)

The above equations hold in the yielded domain D = {(z,r,0) : 0 <z <

1, 6(z) <r <1, 0 <0 < 2x}. The dimensionless form of Eq. (18) is
1

2/0 0'[{—61(—p +er,,)+ T,z}]rm(z)dz + O'iznpm - osmpau, =0 (29)

The system of Egs. (19)—(21) and (29) is closed by appropriate bound-

ary conditions. At the wall, no-slip and no-penetration conditions are
imposed, i.e.

v,=v,=0 atr=1, 0<z<1 (30)
Along the yield surface, the constant core velocity is imposed:
v, =0, v,=v, atr=o0(z),0<z<1 3D
and all components of the rate-of-deformation tensor vanish:
V=V =Voo=V;z=0 atr=o0(z),0<z<1 32)

Regarding the total pressure, this is zero at the exit of the tube (z=1),
and equal to the dimensionless pressure difference driving the flow at
the tube entrance (z=0):

p(r,1)=0
where AP = (p], - p:m)R*/(L*rg).

p(r,0) = AP, 33)

2.2. The zero-order approximation

For long tubes, the geometrical aspect ratio € is a small parameter
and if the remaining dimensionless numbers and parameters are of order
unity with respect to ¢ (or smaller) then a lubrication type approxima-
tion can be utilized to simplify the governing equations and accompa-
nying auxiliary conditions. Thus, a leading order problem can be formu-
lated provided that:

0<e<x1l, Reap,AP<0(1) 34)

For the sake of simplicity, we avoid introducing new symbols for the
zero-order variables; hence, hereafter all variables are the zero-order
ones. In the yielded region, i.e. for 6(z) <r<1, all the governing equa-
tions and auxiliary conditions at zero-order are simply obtained by set-
ting € =0. Hence, at zero order the continuity and momentum Egs. (19)-
(21) become:

l oa(rv,)
r or

Jdv,

=0
0z

+

(35)

@ + 1 o(rr,,) _

- 0 36
dz r or (36)
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and
7}
P _,
ar
It turns out that only the rz-components of the rate-of-deformation and
viscous stress tensor are non-zero, i.e.

(37

. aUZ
Vrz = ? (38)
with
ov, Jov,

p=|—|=-== 39
4 or or @9
(the velocity decreases with r) and

av

== =0, <1+

or ov i ﬂp (40)

TrZ:—(l+ﬂp)+(l+ap)—rz, T>1+pp

The zero-order boundary conditions that accompany the above equa-
tions are the same as Egs. (30)—(33). Finally, the integral Eq. (29) at
zero-order becomes:
1
2/ o(z,, + a’p),:‘,(z)dz + O'iznAP =0 41
0

where hereafter the prime denotes differentiation with respect to z.
Given that 7,, = —(1 + fp) at the yield surface (r = 6(2)), we get

1
2/ o[-+ pp)+o'pldz + 62 AP =0 (42)
0
Integrating by parts the second term of the integrand gives:
1 /
/ 0<1+ﬂp+%>d2=0 43)
0

From Eq. (37), it is deduced that the pressure depends only on z, i.e. p =
p(2), and so do the yield-stress 7, and the plastic viscosity u. Integrating

Eq. (36) with respect to r and demanding that 7,, = —7, = —(1 + fip) at
the yield surface, we find that
/ 2
rrz=‘i(r—"—> ~(+p2 (44)
2 r r

Combining Egs. (44) and (40), integrating once again and applying the
no-slip boundary condition at the wall (v,(r = 1, z) = 0), we obtain the
following expression for the axial velocity component:

/
—L (2 -26Ilnr-1)- 1+hp
4(1 + ap) 1+ap

Therefore, the constant velocity of the unyielded core is

v,(r,z) = (1-r+oclnr) 45)

/
1
p—(az—Zazlna—l)— +br
4(1 + ap) 1+ap

v, =0,(0,2) = (l1-0c+0clno) (46)

As for the radial velocity component, this can be found by integra-
tion of the continuity Eq. (35) with respect to r and applying the no-
penetration boundary condition (v,.(r = 1,z) = 0):

1
=1 [ Lo o)z

U, = —
rJr

“47

Substituting the axial velocity from Eq. (45) in Eq. (47) and integrating
gives an expression for v, which contains p”. However, we exploit the
fact that v, is constant and take the derivative of Eq. (46) with respect
to z. The resulting expression is used to eliminate p” from the expression
for v, yielding the following expression for the radial velocity:

(FPn¢?) = D+ 1)1 = 62) + (1 - )’ In(o)

Ur(rs Z) = 4,.([ + ap)(l + 0'2(111(0-2) - 1)>
_ /
X (1+ﬂp+p'a)‘7'+f(hz)%’a(z)Srs1 “
(1+ ap)
where
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1 P o(r*(1=In(r?)) - 1)
L T
(A=) +262 (01 = 1nG) = 1) )1 + olIne) = 1)
. (49)

4r(1 + 6% (In(c?) - 1))

Eq. (48) reveals a very interesting feature of the flow. For a = g the
last term in Eq. (48) is zero. Moreover, because v,(r =o(z),z) =0,
Eq. (48) gives ¢/ = 0, which implies that the shape of the interface &
is constant, as indicated also by the numerical results below.

One approach to proceed is by exploiting the fact that v, is con-
stant, i.e. dv,/dz = 0. Hence, the z-derivative of Eq. (46) is zero which
leads to a second-order ODE which contains p, p’, p”, ¢ and ¢’. This ODE
should be solved together with v,.(r = 6(2), z) = 0 which is a first-order
ODE which contains p, p’, 6 and ¢’. Thus, three auxiliary conditions are
required to obtain a unique solution. These are the integral Eq. (43) and
the two boundary conditions (33):

1 /
p(0) = AP, p(1)=0, / o‘<1+ﬂp+ %)dz=0 (50)
0

However, the problem can be further simplified as follows.

Eq. (47) evaluated at r = ¢(z) and multiplied by 2, gives

1
7]
2/ —(rv,(r,2))dr =0
a’(z)az( z )

Since v,(r, z) = v, = constant for 0 <r <o(z) the above equation can be
rewritten as:

1 F) o(z) 9 d 1
2 — ,z))d 2 — ,z))dr=—1 2 dr | =0
/U(Z) 32 (ro (r,2))dr+ /0 5 (rv.(r,2))dr = /0 v rdr

The quantity inside the parenthesis is simply the dimensionless volu-
metric flow-rate Q and therefore the above equation implies that Q is
constant along the tube (as it should be expected since the fluid is con-
sidered incompressible). Since v, has been found, we can evaluate Q:

1 o 1 1
Q=2/0 rvzdr=2/0 rvcdr+2/ rvzdr=azvc+2/ rv,dr (51)
o [

Carrying out the integration we find Q as a function of ¢, p, p’ and v,,
i.e. 0 = O(o,p,p',v.). Eliminating p’ by means of Eq. (46) leads to the
following algebraic equation:

_ (1-0)
¢= 4[1+022Ins - 1)]
2 1+pp _ 2 2
X {(o‘+1) %t 3 ap) [(1+20)(1-6*)+6Inc(3+20+0 )]}

(52)

Egs. (46) and (52) constitute a system of two equations, the first of which
is a first-order ordinary differential equation, which contains p, p’, ¢ and
v., and the second one is an algebraic equation, with unknowns o, p, Q,
and v,. Since the ODE is of first order, only one boundary condition
is required, but due to the presence of v, and Q in the equations, two
additional auxiliary conditions are needed. Thus, the same boundary
conditions given above by Eq. (50) are used.

Solving the system of (46), (52) and (50) gives directly v., Q, and
p = p(z), 6 = o(z). Then, the velocity components v, and v, are readily
calculated by means of Egs. (45) and (48), respectively. In the next sec-
tion, the above system of equations is solved using two different meth-
ods, an analytical technique and a numerical method, which are dis-
cussed next.

3. Methods of solution
Before proceeding with the general solution of the system of

Egs. (43), (48) and (49), recall that an analytical solution of the gen-
eral flow (without the use of the lubrication approximation) exists when
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the two growth coefficients « and g are equal [7]. This is also the case
with the lubrication-approximation solution derived above. Indeed, for
p =a>0, one finds from Egs. (46) and (48) that the radial velocity
vanishes and thus the radius of the unyielded core is constant while
v, = v,(r) only. More specifically,

o 2a G- o 1 1,8
=hni+arry " 2% 0 9T st: 63
while the pressure and the velocity are given by:

. (I+aAP)'=-1 T+r\ . _
p=m— n=0-D(1- ). 5=0 (54)

We point out that the above solution is simply the first term of the Taylor
expansion of the analytical solution derived by Ioannou and Georgiou
[7] in terms of the aspect ratio €. The critical pressure gradient, AP,
below which no flow occurs can be found from Eq. (50) as the pressure
at which 6 = 1:

¢ (55)

For f = a — 0, the solution reduces to:

2 AP 1 ~ AP 1 1
j,==——-1+—, O= - —
3(AP)?

AP ¢ 4 AP 16 6 (56)

o=

5=(-2)AP, ﬁz=(r—1)(1—AP11’), 5, (57)
and the critical pressure difference is AP, = 2. The above special solu-
tions are the base state for the perturbation solution. Moreover, they are
useful in testing the numerical method described below.

3.1. Numerical method

We solve the system of (46), (52) and (50) using a pseudospectral
method with Chebyshev orthogonal polynomials. The method is stan-
dard, and details can be found in any textbook on spectral methods (see
for instance [12]). Briefly, first we map the dimensionless physical do-
main [0, 1] into the computational domain [—1, 1] by introducing a new
independent variableyas y =2z — 1 & z = (1 + y)/2. Then, the pressure
and the shape of yield surface are represented as:

M M
PO) = Y BT, o) = Y & Ti() (58)

k=0 k=0

where p, and 6, are the spectral coefficients of p and o, respectively,
M is the total number of coefficients, and T(y) = cos(k cos™(y)) are
the Chebyshev polynomials. This representation generates 2M + 2 un-
knowns which, along with v, and Q, require 2M + 4 equations. Since the
governing equations are strongly non-linear, the computational domain
is discretized in M + 1 nodes and the discretized form of Eq. (46) at all
nodes except from the first one, the discretized form of Eq. (52) at all
nodes, and the three auxiliary conditions of Eq. (50), provide 2M + 4
algebraic equations. This system of non-linear equations is solved us-
ing a Newton iterative scheme with an absolute convergence criterion
10712, The values of M were chosen in the range between 8 and 14 (de-
pending on the magnitude of the parameters); in all cases both p and
o were resolved down to machine accuracy. Before presenting the re-
sults, however, we also describe a perturbation method which allows
the derivation of an asymptotic solution of the system of interest.

3.2. Asymptotic solution

In order to find an approximate analytical solution of the flow, a
perturbation method is employed with the small parameter being the
difference between the two growth parameters 6 = f — a. Then all un-
known variables are expanded in standard power series in terms of §:
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X=x0+8x+8m+.. asé— 0, where y =p,0,v,,0 (59)

The zero-order terms have been already derived above; these are given
by Egs. (50) and (51) for a = # > 0 and by Egs. (53) and (54) fora = g =
0:

Po =D, 0y=0
Substituting expressions (56) and (57) into Egs. (46), (52) and (50),
expanding all quantities suitably, and collecting all terms of the same
powers in §, results in sequence of perturbation problems. We solve ana-
lytically the equations at O(5) and 0(52). Hence, the asymptotic solution
for all variables is found in series form with three terms:

00 =6, Uy=10, (60)

Kasym = X +5/Yl +52){2’ X =D0, UC’Q (61)

However, the analytical solutions at first and second order in 6 are
too long to be given here. Thus, expressions (61) are mainly used to
check and validate the numerical results. In fact, these approximate so-
lutions can also be processed further using series-convergence accelera-
tion techniques, such as Shanks’ non-linear transformation [13]. Indeed,
an improved approximate solution for all variables is the following:

2
on
X1 —6xn

Comparisons of yq. With ygm, are performed in the next subsection.

Xace =X + s X =D0,U, (62)

3.3. Code verification

First, we verified the correctness of the pseudospectral method by
comparing the numerical results with the analytical solution given by
Egs. (53) and (54). As a test-case we set AP =30 and a = # =0.1, 0.15
and 0.2. In all cases, the calculated solutions with M =10 were accurate
up to 10 significant digits. As a second test-case, we set a = 0.1, § = 0.15,
and AP = 30 to run the pseudospectral code and get the numerical re-
sults y,,m; both the pressure and the yield surface were resolved down
to machine accuracy using only M =12 spectral coefficients. This indi-
cates that for typical values of the dimensionless parameters the maxi-
mum accuracy for all variables is achieved with the pseudospectral code;
as such, the solution is considered exact. We also used the analytical
asymptotic and improved solutions (¥ gem, Xacc» T€Spectively) and cal-
culated the per cent absolute relative errors:

Xasym(2)
Hum(2)

_ Xace(2)
um(2)

where y = o, p. The calculated errors for the yield surface and the pres-
sure are plotted in Fig. 2. We observe that the error for the asymptotic
solution is very low and that its maximum error values (2% for ¢, and
less than 0.1% for p) are observed at the exit of tube (z=1). This clearly
indicates that the perturbation scheme is reliable and that the three-term
solutions are excellent approximate solutions to the exact (calculated
numerically) solutions.

We also see in Fig. 2 that the improved (accelerated-convergence) so-
lution is slightly more accurate than the asymptotic solution throughout
the tube. This indicates that the Shanks transformation for the acceler-
ation of convergence of the three-term asymptotic solution works quite
well. The fact that the two solutions are very close confirms the conver-
gence of the results (as already indicated by the low relative errors). It
should be emphasized however, that if « is large and § = # — a < 0.1 (ap-
proximately) the asymptotic and improved solutions do not give phys-
ically accepted solutions. Thus, we derive the results using the pseu-
dospectral code and use the asymptotic/improved solutions as an inde-
pendent check of the numerical results.

€ asym(2) = 1001 — (63)

s Egacc(2) = 100'1

4. Results and discussion

Since the fluid is viscoplastic, flow occurs only above a critical value
AP, of the imposed pressure difference. As mentioned above, this critical
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Fig. 2. Absolute relative error for: (a) the shape of the interface and (b) the
pressure when a =0.1, f=0.15 and AP =30. The dotted lines correspond to the
asymptotic solution and the solid ones to the improved (accelerated) solution.
The error is calculated based on the numerical solution which is resolved down
to machine accuracy.

pressure difference is found as the highest pressure at which the yield
surface touches the wall, i.e. ¢ = 1 anywhere in the tube. In the previous
section, AP, has been derived analytically for the special case where

a=pf:

e2a_] _
APE={ - ,a=p>0
2,a=§=0

Obtaining an analytical expression of AP, when a# f is out of the
question. This is thus determined either numerically or asymptotically
(see Egs. (61) or (62), respectively). Representative results are provided
in Figs. 3 and 4. It should be noted that in the range of the parame-
ters for which the asymptotic series solution is physically admissible,
the agreement between the asymptotic and numerical solutions is ex-
cellent. Fig. 3 shows AP, versus the yield-stress growth parameter g for
various values of the plastic-viscosity growth parameter, a. In Fig. 4,
AP, is plotted versus a for various values of f. The growth parame-
ters a, f should be small, but in order to exaggerate the differences
and the effects of the two parameters, we also used values as large as
unity.

In Fig. 3, we observe that AP, increases monotonically with g for
all values of a. This is expected, since the yield stress increases with g
(recall that 0 <p < AP). If now f is fixed, an increase in a enhances the
plastic viscosity of the fluid. Even though intuitively the critical pres-
sure difference for a more viscous fluid is expected to be higher, this
is not true at high values of p. For fixed values of # higher than 0.3,

(64)
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Fig. 3. Effect of the yield-stress growth parameter # on the critical pressure
difference, AP, for different values of the plastic-viscosity growth parameter a.
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Fig. 4. Effect of the plastic-viscosity growth parameter a on the critical pres-
sure difference, AP, for (a) small and (b) large values of the yield-stress growth
parameter f.

AP, decreases with a. The effect of a on AP, is more clearly seen in
Fig. 4 where results for low and high values of f are presented. In the
former case (Fig. 4(a)), the dependence of AP, on a is weak and AP,
passes through a minimum. At higher values of g the variation of AP,
with a becomes more significant and the minimum is shifted farther to
the right so that AP, appears to decrease monotonically in the range of
interest.
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Table 1
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Indicative values of « and f corresponding to the B34 oil-based drilling fluid studied by Hermoso et al. [2].

T (°C) Calculated material constants Dimensionless numbers when & = 107
uy (Pas) 7y 7o (Pa) a* (Pal) p* (Pal) a B
40 0.152 0.144 5.68E-08 1.02E-7 8.18 10 1.47 104
80 0.028 0.061 2.93E-08 5.41E-8 1.79 10° 3.30 10
100 0.017 0.075 1.65E-08 3.08E-8 1.24 10° 2.31 10°
120 0.011 0.022 1.80E-08 1.61E-8 3.96 10 3.54 10
140 0.01 0.141 2.59E-08 1.27E-8 3.6510° 1.79 10
T T T T T 1.0 T T T T
p=0.75 (v.~0.0564)
084 £=0.6 (v=0.181)
0.6 4 p=0.4(v=0471) |
>° S
=0.2 (v=0.929
04 B (v, ) i
£=0.1(v=1.23)
=0 (v=1.6
02 B (v=1.6)
01 £=0.15 T =0, AP=10
T T T T T 00 T T T T
5 10 15 20 25 30 35 40 45 50 55 60 0.0 0.2 0.4 0.6 0.8 1.0
AP z
(a) (a)
1.50 T T T T T
0.0
1.25 1
-0.2
1.00 |
% -0.4
0.75 - N
] a
Y -0.6
0.50 - <
-0.8
0.25
109 4=0, 4P=10
0.00 T T T T T T T T T
5 10 15 20 25 30 35 40 45 50 55 60 0.0 0.2 0.4 0.6 0.8 1.0
AP z
(b) (b)

Fig. 5. Variation of (a) the plug-core velocity, v, and (b) the volumetric flow-
rate, Q, with the applied pressure difference AP for #=0.15 and various values
of the plastic-viscosity growth parameter a.

It is instructive to resort to available experimental data in order to get
a feeling of the magnitudes of « and p. Ioannou and Georgiou [7] deter-
mined the values of the rheological parameters corresponding to the B34
oil-based drilling fluid studied at different temperatures and pressures
by Hermoso and co-workers [2]. In Table 1, we tabulate the values of «
and g at different temperatures, calculated assuming that a representa-
tive aspect ratio in oil-drilling is € = 0.0001. We observe the following:
(a) the values of both parameters are of about the same order and well
below unity but it should also be noted these would increase if ¢ is re-
duced further; (b) at low temperatures a < # and at higher temperatures
a> f. In the discussion of the results we intentionally consider higher
values of « and g because these may be encountered in other applica-
tions and also in order to exaggerate the effects of these two parameters.

82

Fig. 6. The effect of the of the yield-stress growth parameter f on (a) the shape
of the yield surface, ¢, and (b) the modified pressure, p, for a = 0 (constant plastic
viscosity) and AP=10.

In Fig. 5, the velocity of the unyielded core, v, and the volumetric
flow rate, Q, for g = 0.15 and various values of a are plotted as functions
of the applied pressure difference AP in the range 5 < AP <60, which is
above the critical values of AP_. The results for a = § = 0.15 were calcu-
lated using Egs. (50) and (51). In all cases, both v, and Q increase mono-
tonically as the imposed pressure difference AP is increased. When a < g,
there exists always a solution, at least for the range of AP examined here.
When a > #, however, solutions exist only up to a critical value of AP,
which decreases with the plastic-viscosity growth parameter a (recall
that a higher value of a corresponds to a more viscous fluid). A similar
observation for the existence of solutions has been reported previously
for Newtonian [14] and viscoelastic [15] fluids with pressure-dependent
viscosity.
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Fig. 7. The effect of the of the plastic-viscosity growth parameter a on (a) the
shape of the yield surface, ¢, and (b) the modified pressure, p, for # =0 (constant
yield stress) and AP=5.

We proceed with the effects on the pressure distribution along the
tube and the shape of the yield surface ¢. In order to focus on the relative
changes which may be small, we consider the modified pressure

p=p—(1-2)AP (65)

which is actually the deviation from the linear pressure distribution cor-
responding to the flow of Bingham plastic with constant rheological pa-
rameters (a = f = 0). In Fig. 6, the effect of the yield-stress growth pa-
rameter is illustrated for a fluid of constant plastic viscosity (« =0) and
AP = 10. The values of § were chosen in the range from 0 up to 0.75.
Thus, the yield-stress decreases from 7, =1+ 10§ at the entrance to
7, = 1 at the exit of the tube. For =0, the radius of the unyielded core
is constant, given by ¢ =2/AP = 0.2. In all the other cases, a slight in-
crease of ¢ is observed. The velocity of the unyielded region decreases
fast, from v, ~1.60 for f =0 down to v, ~0.0564 for g =0.75; a sub-
stantial increase of § is then required in order to reduce further the core
velocity and to move the yield surface close to the wall. Finally, the cor-
responding modified pressures are plotted in Fig. 6(b). When a = g =0,
the modified pressure is zero, as expected from Eq. (57). When f#0, p
is negative, exhibiting a minimum close to the middle of the tube; thus
P'(z,) = 0 which implies that p’(z,) = —AP where z, is slightly less than
0.5. As expected, p increases in magnitude as f is increased but its shape
remains similar.

The effect of the plastic-viscosity growth parameter a for a fluid of
constant yield-stress (f=0) and AP =5 is illustrated in Fig. 7. As men-
tioned above, for a = § = 0 the unyielded core is cylindrical of radius
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Fig. 8. The effect of the of the yield-stress growth parameter g on (a) the shape
of the yield surface, ¢, and (b) the modified pressure, j, for « =0.05 and AP=10.

o =2/AP = 0.4, and the modified pressure is zero, i.e. the pressure dis-
tribution is linear. In all other cases (a > f = 0), the radius of the core
is not constant, exhibiting a monotonic decrease. It is also interesting
to notice that all the yield surface profiles cross at the same distance
from the entrance of the tube, slightly before the middle of the tube. As
far as the modified pressure is concerned we observe similar patterns as
in Fig. 6. It is zero at the entrance and the exit of the tube, and nega-
tive elsewhere, showing a minimum, which appears shortly before the
middle of the tube at the same position where the yield surfaces cross.

Fig. 8 shows the yield surface and the modified pressure for « =0.05,
AP =10 and values of # from 0 up to 0.7. We observe that the shape
of the yield surface depends on the relative values of the growth pa-
rameters. The radius of the unyielded core decreases monotonically for
p < a, remains constant for f = a, and increases monotonically for g > a.
The modified pressure profiles are qualitatively the same as those in
Figs. 6 and 7.

In Fig. 9 we plotted the yield surfaces for various values of the ap-
plied pressure difference, starting from AP~ AP, (in which case o~ 1)
and increasing AP in order to obtain a yield surface as close as possible
to the axis of the symmetry of the tube. First, in Fig. 9(a), the results
are presented for a = = 0 for which AP, = 2; in this case, the radius of
the unyielded core is constant, ¢ = 2/AP. In Fig. 9(b), results are shown
for a=02,p =0, i.e. for a fluid with constant yield stress, for which
AP, =2 too. Since f <a, the radius of the unyielded core is decreas-
ing downstream. In Fig. 9(c), the plastic viscosity is constant, i.e. a = 0,
while the yield stress varies with the pressure with g = 0.2; these pa-
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Fig. 9. Yield surfaces for various values of the imposed pressure difference AP: (a) a=$=0; (b) a=0.2, =0; (c) a=0, f=0.2; (d) a =p=0.2. The radius o of the

plug core is constant when « =, decreasing when « > # and increasing when a < .

rameters give AP, ~2.48. Since f > a, the radius of the unyielded core
is increasing downstream. Last, in Fig. 9(d) the results are shown for
a = f = 0.2 which give AP, ~2.46.

Finally, in Fig. 10, we plotted the axial velocity profiles in the middle
of the tube (z=0.5) that correspond to all the cases shown in Fig. 9. For
a=p=0(Fig. 10(a)) and a = g = 0.2 (Fig. 10(d)) the velocity profile is
independent of z but not for a = 0.2, # = 0 (Fig. 10(b)) and a = 0,8 = 0.2
(Fig. 10(c)). For the lowest applied pressure difference, the radius of the
unyielded core tends to unity, i.e. ¢ = 2/AP, and the magnitude of the
velocity tends to zero. As AP increases the velocity increases and the
radius of the unyielded core moves towards the axis of symmetry, as
expected.

4.1. The skin friction coefficient

The skin friction coefficient, Cf, usually referred to as Fanning fric-
tion factor [16], is a dimensionless shear stress at the wall of the tube,
ie.

C, = “ 66
i ]2 (66)
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where uj is the velocity scale, which in the present work is u} = 7j R*/ ;.
Substituting and dedimensionalizing z;, by 7 gives:
Ho

—2—<Ty—ﬂ >
0 r=1

In the second equality above, we have used that 7, = 7,,(r = 1), as well
as that 7,, and y are positive and dv,/dr|,-, is negative. The dimension-
less group in Eq. (67) is merely the inverse of the Reynolds number
(defined in Eq. (23)). Substituting Ty and y and evaluating the velocity

derivative give:

*2

2
Hy 5

Jdu,

or €7

2 op;
Y

/7 Re ° 2

Since Cy varies with the axial distance, the average skin friction coef-

ficient along the tube is considered. By means of Eq. (50), it turns out
that

1
¢ E/O Crdz=

It is interesting to note that € '+ is independent of the growth parameters
a and B.

(68)

o)

AP

Re ©)
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(d)

Fig. 10. The axial velocity in the middle of the cylindrical tube (z=0.5) for various values of the imposed pressure difference AP: (a) a=f=0; (b) a=0.2, f=0; (c)

=0, $=0.2; (d) a=f=0.2.

5. Conclusions

The axisymmetric Poiseuille flow of a Bingham plastic with
pressure-dependent rheological parameters has been studied using the
lubrication-approximation method of Fusi and Farina [11], which has
the advantage of predicting the correct shape of the yield surface at
zero order. Both the plastic viscosity and the yield stress have been as-
sumed to vary linearly with the pressure, thus attaining higher values
upstream. The perturbation method leads to explicit expressions for the
two velocity components in terms of the radius of the unyielded core
o(2) and the pressure distribution p(z). These two variables are calcu-
lated by solving a system of a first-order ODE and an algebraic equation.
This is solved both numerically using a pseudospectral method and by
means of simple perturbation method which allows the derivation of
some asymptotic results. It is also solved analytically for the special
case where the yield-stress growth parameter § is equal to the plastic-
viscosity growth parameter a. The effects of these two parameters on
the critical pressure AP, required to drive the flow have been studied.
While it increases monotonically with g for any value of a, AP, decreases
with the plastic-viscosity growth coefficient « at least initially. When f
is low, this reduction is weak and AP, passes through a minimum, and
then starts increasing with «; for higher values of g, AP, appears to de-
crease monotonically for the wide range of values considered and the
initial reduction is more pronounced. It has also been demonstrated that
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the shape of the central unyielded core depends on the relative values
of a and p. This is contracting when f < «, expanding when > «, and
cylindrical when g = a.

The method of Fusi and Farina [11], exploited here in order to tackle
steady-state viscoplastic flow in a cylindrical tube, is more general and
can be applied to tubes of non-constant radius, e.g. expanding or con-
tracting tubes, or tubes with a stenosis, or even with oscillating walls.
We are thus planning to extend the present work to flows more relevant
to industrial applications.
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