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We analyse the circular Couette flow of Herschel-Bulkley fluids to investigate the validity of the assumption that
the rate of strain distributions across the gap share a common point. It is demonstrated that this is true only with
fully-yielded Bingham -plastic flow. In other cases, e.g., in partially-yielded Bingham-plastic flow or fully-yielded
Herschel-Bulkley flow, the common point for the fully-yielded Bingham case provides a good approximation
for determining material constants only if the gap is sufficiently small. We also revisit the important issue of

determining material properties of viscoplastic fluids by using “true values” for the rate of strain and demonstrate
that the material properties can be very different from those obtained using “apparent’ values for the rate of strain.

1. Introduction

The main objective in viscometry is to determine objectively fluid
material constants independent of experimental and analysis errors. In
principle, these material constants are determined by curve fitting using
the measured values of stress and the rate of strain. However, in complex
fluids, the rate of strain depends on both the velocity distribution and
the material constants whose values of course are unknown and they
are the objective of the analysis. Unfortunately, only in very few cases
the velocity distribution is both known a priori and independent of the
material constants. Traditionally then the velocity distribution is taken
from the analytical solution of an a priori assumed constitutive model,
such as the Newtonian or the power-law models. It turns out however
that the rate of strain calculated using the predicted material constants
is usually different from the initially assumed rate. This is because the
initially assumed constitutive model for an arbitrary fluid is not nec-
essarily the same as that determined by the experiments. For example,
one can assume initially a Newtonian behavior to end up predicting a
Herschel-Bulkley flow curve! Therefore, analyses where the rheology is
assumed a priori can only yield “apparent” and not “true” material con-
stants. As shown in [1] the introduced error in viscoplastic fluids can
be significant. In the present work, by using data for typical viscoplas-
tic fluids we demonstrate this fact and explain in detail of how “true”
material parameters can be obtained.

* Corresponding author.

In the following sections, we summarize already available analytical
solutions for the circular Couette flow of Herschel-Bulkley materials and
discuss the existence of common intersection points. Then, we analyze
the flow in the general case and propose a systematic method for the
determination of the material constants of Herschel-Bulkley fluids. We
focus on an interesting approach proposed by Schummer and Worthoff
[3] where in viscometric flows flow curves can intersect at a common
point within the rheometer whose location is independent of the rheol-
ogy of the fluids. Schummer and Worthoff [3] demonstrated this concept
for a number of flows and found approximate locations where the result-
ing experimental error is minimum. Obviously, this is a profound result
because one can experimentally get “true” material constants without
iteration or other corrections. We investigate this concept for the case
of Herschel-Bulkley fluids in a rotational rheometer whose basic flow
is represented by the classical circular-Couette flow. The general prob-
lem of the rate of strain being a function of the material constants can be
resolved by proper iteration between the experimental data and the pre-
dicted model parameters [2]. Finally, the method is applied to available
data for a cosmetic emulsion and a coal-water mixture. To our knowl-
edge, this is the first time that comparisons between true and apparent
values of the rheological parameters are made. For the particular exper-
imental data, the relative errors in the consistency index, the power-law
exponent, and the yield stress are found to be high, moderate, and very
small, respectively.
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Fig. 1. Schematic of the geometry of the flow.

2. Theoretical framework

Let us consider the steady flow of a viscoplastic material between two
co-axial, infinitely long cylinders of radii R} and R}, where R} > R]. It
should be noted that throughout this work the stars denote dimensional
quantities. Symbols without stars will denote dimensionless variables
and parameters. The inner cylinder is rotating at a constant speed Q*
while the outer cylinder is fixed, as illustrated in Fig. 1. The solution of
this flow can be found in the literature (see, e.g., [1]). It is thus conve-
niently summarized here in order to provide the theoretical basis for the
determination of “real” material constants and to illustrate the range of
validity of the assumption that there is a common point independent of
the fluid rheology.

Under the assumption of axisymmetric flow only in the azimuthal
direction, the conservation of linear momentum for any fluid yields

=5 M
and the rate of strain is given by
. d (Y d (Y
Y*=r* ar <r—* =—F*F r—* (2)

The constitutive equation for a Herschel-Bulkley fluid may be written
in scalar form as follows:

=0,
{r* =15+ k7,
where t* = |77 |, 7; is the yield stress, n is the power-law exponent, and
k* is the consistency index. The above model is a combination of the
Bingham-plastic model (n=1) and the power-law model (zj = 0). The
Newtonian fluid corresponds to n=1 and 7; = 0.
In what follows, we will work with non-dimensionalized equations.

The dimensionless variables are defined by

* < *
Lo h 3)

* *
T>TO

s

_ % 7 .
“Eare TR TTe TRE @
1 1 0

With the above scalings, the dimensionless form of the constitutive
equation (3) is

y =0, <1 5)
T=1+ BLn;'/", T>1 (
where
T*
_ 0
Bn= o (6)

is the Bingham number. Combining Egs. (1) and (5), the non-
dimensional rate of strain in the yielded regime (z > 1) is given by

p=matin(G 1) ™
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where ¢ = ¢* /R*l‘zrg. To obtain the velocity uj; one simply needs to inte-
grate and apply the boundary conditions. Below a certain critical Bing-
ham number, Bn,;, the fluid is yielded everywhere in the gap 1 <r<R,.
In this case the boundary conditions are u,(1) =1 and u o (Ry) =0 (no-slip

boundary conditions), which lead to the following expression for the ve-

locity
"1( ¢ 1/
u(r):rl—Bn'/"/ -<——1> dél, 1<r<R ®)
? [ AN ?
where the constant c is calculated by demanding that
Ry 1 1/n
Bnl/"/ —<i—1> dé=1 ©
1 E\&

Above the critical value Bn,;, the fluid is yielded only partially in the
range 1 <r<ry, where ry <R, is the radial distance from the inner cylin-
der to the point where 7 = |z,4| = 1. From Eq. (7) it is deduced that

c= rg (10)

and therefore

! 2 I/n
Bnl/" L -1) , 1
r

- ST an
0, ro<r<R,
and
1
r|1—Bnl/nfIL 5 /nd.f l<r<r
up(r) = Iele i =7=70 (12)
0, rg<r<R,
where 1y is a root of
1/n
ro 2
Bn‘/"/ é<€_2_1> de=1 (13)
1

3. Special solutions when 1/n is an integer

For selected values of n, i.e. n=1, 1/2, 1/3 etc., the equations used
in the general case can be integrated analytically [1].

3.1. The Bingham plastic case (n=1)

For a Bingham plastic (n=1) it turns out that for Bn> Bn;,

2
uy(r)=r|1-Bn —°(1—i)—1nr L l<r<r (14)
2 2

and

. 0

y = Bn r_z_l , 1<r<n (15)
where ry is a root of

S (16)

r(2)—2lnr0—1

Obviously, the critical Bingham number Bn,,; above which the flow is
partially yielded is:

2

B, =——
T RZ-2InR, -1

arn
It is instructive to plot Bng; versus the outer radius R,, as in Fig. 2.
The critical Bingham number increases exponentially with the rheome-
ter gap (R, — 1). When the dimensionless gap is 0.01 (R, = 1.01) the
critical Bingham number is so high (Bn,,;, = 10033) that one can safely
assume that the flow is fully yielded for all non-exotic viscoplastic mate-
rials. However, if the gap is big the critical Bingham number is low and
the possibility of having partially yielded flow cannot be excluded. For
example, Bn,,;; = 103.2 and 26.54 when R, = 1.1 and 1.2, respectively.

crit
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Fig. 2. Variation of the critical Bingham Bn,,;, beyond which the flow is partially
yielded with the dimensionless rheometer gap (R, — 1).

For Bn <Bn,;, (fully-yielded flow) the velocity is given by

1+ BnlnR, 1
ug(r)=r 1+Bnlnr——<1——) » 1SrsRy (18)
(1-1/R3) r
Hence, the shear rate is
1+ BnlnR
7:ri(“_9) =2 T2 By 1<r<R, (19)
drir (1-1/R)r?

It is easily verified that the critical radius r, at which dy/dBn =0 is

R [2InR,
re =1y P
R -1

By substituting into Eq. (19) one finds that the corresponding rate of
strain is
!
" InR,

(20)

Te @n
At this point the shear rate is independent of the Bingham number. By
setting Bn=0 in Eqs. (18) and (19) the Newtonian expressions are re-
covered. It should be noted, however, that in this case a scaling different
from that of Eq. (4) should be used for the shear stress.

The variation of r, with the dimensionless gap (R, — 1) is illustrated
in Fig. 3. For very small gap sizes, i.e. (R, — 1) < 0.1 this point essen-
tially coincides with the mean radius in the gap, r,. As the gap size is
increased, the common point moves closer to the rotating inner cylinder.

3.2. The case forn=1/2

Even though the solutions for n=1/2 and 1/3 are provided in [1],
we repeat the former here for convenience. When n=1/2, the critical
Bingham number is found to be given by

2

Bncrit = (22)
\/Rg—4R§+41nR2+3
For Bn> Bn,,;, (partially-yielded flow),
1 ’3 1
- 2 2
ue(r)—r[l — Bn {lnr—ro(l _r_2>+1<1 —g)}], 1<r<r
(23)
and
YUY
7= Bn —2—1 , 1<r<n (24)
r
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Fig. 3. Variation of r, with the dimensionless rheometer gap (R, — 1): (a) loga-
rithmic plot; (b) linear plot; r,, is the radius corresponding to the middle of the

gap.

where ry is a root of

4

B”ZZ#
ro—4rg+4lnrg+3

(25)

For Bn<Bn,,;, (fully-yielded flow), the velocity and the shear rate
are respectively given by

2
_ 2 Iy, <L
u(,(r)_r[l—Bn {1nr—c(1—r2)+4(1 r4>}], 1<r<R, (26)
and
2 € 2
jx:Bn(——l), 1<r<n @7
72
where
2R2 1+R2 1
c= 1+4|14+ <1nR2——> (28)
1+R3 1-R3 Bn?

4. Discussion of common intersection points

As already mentioned, in the case of a Bingham plastic (n=1), the
rate of strain distributions within the rheometer gap share a common
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Fig. 4. Angular velocities and rates of strain for various Bingham plastics (n=1) for various radii ratios: (a) R, = 1.01 (Bn,

R2 =12 (BnCI‘ll
legend, the reader is referred to the web version of this article.)

point that is independent of the Bingham number as long as the ma-
terial within the rheometer is fully yielded, i.e. there are no solid-like
regions (Bn < Bn,;,). Fig. 4 shows velocity and rate of strain distributions
for three different gap sizes, i.e. R, = 1.01, 1.1 and 1.2. As the outer ra-
dius is increased, the fixed point moves from the mid-radius towards the
inner cylinder. For example, r. =1.00498, 1.04802 and 1.09242 when
R, =1.01, 1.1 and 1.2, respectively. The corresponding values of y, are
100.5, 10.49, and 5.485. It should be noted that when Bn> Bn,,;; the
yield point r eventually becomes less than r,. In other words, there
may not be even flow at the “common” point.

The results obtained for a representative Herschel-Bulkley fluid with
n=0.5 and R, =1.01, 1.1 and 1.2 are shown in Fig. 5. The results are
similar to those for the Bingham case (n=1), the only difference being
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103.2);

i = 10033); (b) R, = 1.1 (Bn,,,, =

= 26.54). The red circle corresponds to the common point that exists for 0 <Bn <Bn,,;. (For interpretation of the references to colour in this figure

that the rate of strain distributions do not share a common point. This
is illustrated in Fig. 6 for the case R, =1.1.

Let us now consider the relative error when using the common point
r. for calculating the rate of strain rate. This is defined as

error = 100 u 29)

Ya

where 7, is the actual the rate of strain, and 7, is the rate of strain eval-
uated at r,. In the case of a Bingham fluid (n=1) the relative error is
obviously zero when Bn < Bn,,;, and non-zero when Bn > Bn,;, i.e. when
the flow is partially yielded. Moreover, for Bingham numbers greater
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reader is referred to the web version of this article.)

than a second critical value,

Bn' 2

= ———— > Bn
ot 2 —2Inr, -1

crit (30)
the flow is unyielded at r, and therefore the relative error defined above
becomes infinite. The effects of Bn and R, on the relative error are il-
lustrated in Figs. 7 and 8. In Fig. 7, the relative errors for R, =1.01,
1.1 and 1.2 are plotted versus the Bingham number in the intervals
[Bn,., Bném) =[10,033,40,401), [103.2, 440.6), and [26.54, 120.6), re-
spectively. When Bn < Bn,,;; the error is, of course, zero. As already men-
tioned, Bn,,; is a decreasing function of R, For Bn> Bn,,; the error in-
creases rapidly becoming infinite as the Bingham number tends to Br/ .
In Fig. 8, the relative errors for Bn=1, 10, and 100 are plotted versus
the gap (Ry-1). For relatively small Bn and R} the error can be very
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Fig. 5. Angular velocities and rates of strain for various Herschel-Bulkley fluids with n= 0.5 for various radii ratios: (a) R, = 1.01; (b) R, = 1.1; R, = 1.2. The red
circle corresponds to the common point that exists in the case of fully-yielded Bingham flow. (For interpretation of the references to colour in this figure legend, the
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small, well below other experimental errors. R, appears to have a more
pronounced effect: for small values of R, the error is rather small, even
for large values of Bn.

The relative error becomes bigger for different values of the power-
law exponent. For example, when for n= 0.5, the second critical Bing-
ham number is given by

Br' £

crit =
\/rA—4r2+4Inr, +3

and the corresponding intervals for the Bingham number for R, =1.01,
1.1 and 1.2 are [Bn,,, Bn,)=[866.0,2465), [27.37,82.30), and
[9.658,30.81), respectively. In this case, there is no common point

€1V
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Fig. 6. Angular velocities (a) and rates of strain (b) in the fully-yielded regime
for various Herschel-Bulkley fluids withn=0.5and Bn=0, 5, 10, 15, 20, 25, and
27.37 when R, = 1.1. The red circle corresponds to the common point that exists
in the case of fully-yielded Bingham flow. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

when the flow is fully yielded and hence the error is non-zero even for
Bn <Bn,,;. In general, the relative error increases as n is reduced.

In an actual experiment then in order to use the concept of a common
point we must first use Eq. (1) to get ¢* = sz/r:)] where 77 is the
shear stress at the inner cylinder, obtained from the measured toque, as
explained below. Therefore, the local stress at the common point r is
calculated as

R*Z
* * 1

T
c wl r*z
c

(32)

The significance of having a common intersection point is that the
local rate of strain 7* can be calculated using the Bingham plastic con-
stitutive relation. The flow curve (z},7}) can be constructed by varying
the rotational speed on the inner cylinder. The rheological parameters
can then be obtained by means of nonlinear regression. As long as the
material is Bingham plastic and the corresponding flow is fully yielded,
the evaluated constants are the “true” material constants and no addi-
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Fig. 7. Calculated error versus the Bingham number for n=1 (Bingham fluid)
and (a) R, =1.01; (b) R, =1.1; (c) R, =1.2. The first vertical line corresponds
to the critical Bingham number Bn_;, below which the flow is fully yielded. The
second vertical line corresponds to the critical Bingham number at which the
radius of the yielded region coincides with r.

tional corrections are needed. In all other cases, the relative error in 7,
is of course, non-zero and additional corrections may be needed.

5. The general case

In the general case, such as when the theory is used to analyze
actual experimental data, where the exponent 1/n is not an integer,
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radius R, for which the material is fully yielded for each Bingham number
(2.1226, 1.3313, and 1.1016, respectively).

Egs. (8) and (9) or Egs. (12) and (13) in the case of partial yielding,
must be integrated numerically (there is no closed-form analytical solu-
tion when 1/n is not an integer).

The procedure to determine “true” material constants consistent with
the theory involves four obvious major steps: (i) the solution of the
boundary condition Eq. (9) (or Eq. (13) when we have partial yield-
ing) in order to compute the unknown constant c or ry; (ii) the evalua-
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Table 1
Comparison between raw and corrected data.

Corrected data Raw data Relative % error
7, (Pa) 50.34 50.69 0.690
k* (Pas") 37.10 50.08 34.99
N 0.308 0.278 9.74

tion/update of the rate of strain at the surface of the rotating cylinder
for each rotational speed using Eq. (7); (iii) the evaluation of the yield
stress z; by extrapolating linearly to the zero rate of strain; and (iv)
the curve fitting using the yield stress z;, the measured stress and the
constructed rate of strain for each value of Q* to obtain new values for
the material constants, k* and n. The four steps are repeated until all
material constants converge up to eight significant digits.

In principle, all four steps are straightforward to complete and one
can use a number of different numerical schemes. Here, step (i) was im-
plemented using a combination of Simpson’s integration and a Newton-
Raphson iteration procedure for fast convergence of the non-linear equa-
tion. During this step care must be exercised to integrate the correct
condition (Eq. (13) when partial yielding occurs). The curve fitting
(step (iv)) was implemented using least squares either by solving the
non-linear equation with the bi-section method or by solving directly
the linearized form of the equation obtained by taking the log of the
model equation. Below we apply and compare the results using both
approaches.

The above procedure was tested on a number of different samples ex-
hibiting viscoplastic behavior. Here we have chosen data on a cosmetic
emulsion (dm, Balea Bodycremeocos sold by GmbH + Co. KG), obtained
using a Searle-type rotational rheometer MCR501 by Anton Paar. The
cup and rotational bob was made up with stainless steel. Reverting back
to dimensional quantities, the radius of the bob was R} =11mm and
that of the cup R} =13 mm, while the length of the concentric cylinders
was L *=20 mm.

The experiments were conducted at a sample temperature of 25°C. A
volume of 9 ml from the sample was filled into the cup, the bob was im-
mersed into the sample until the tip reached a distance of 3 mm from the
bottom. A conditioning period of 300s was conducted with rotational
speed of 5 1/s. After this, the torque was continuously increased from 0
to 1.5 Nm over 120s.

Conventionally the rate of strain is evaluated using the results of
Schiimmer and Worthoff [3] who have suggested that there is a repre-
sentative point r; between R} and R}, where the shear stress and the
shear rate for a pseudoplastic material are equal to those for a Newto-
nian fluid with only a small error. This method was used here to evaluate
the stress and the strain rate from torque and rotational speed data. In
the result shown below these data are referred to as raw data. The shear
rate and the stress are calculated by means of
2

2o (R

_ el 33
le=1-5 ( = (33)
and
"= i 69

2rL*risc;
where M* is the measured torque,
2
p= <R_T> =L (35)
R} R%

and ¢} is a correction factor for end effects [4]. The iterative solution
for the true material constants employed here uses the stress z;" at the
inner cylinder and the angular velocity Q* as input.

Fig. 9 shows a comparison between the raw data and the data once
the rate of strain has been corrected using the actual rheological param-
eters obtained from the curve fitting applied to the linear version of the
least square equation. Table 1 shows the parameters and the relative
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upper curve (in red) was obtained using the traditional apparent values for the
rate of strain while the lower curve (in blue) was obtained using the true (i.e.
corrected) values. The green line, which essentially coincides with the blue line,
corresponds to the Herschel-Bulkley model with fitted rheological parameters.
(For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

error when using respectively the corrected and the raw data. The com-
parison shows a big difference between the apparent values and the true
values for the consistency index and the exponent. These results are, of
course, consistent with the theoretical predictions of [1].
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As a final check, we consider rheological data for a coal-water sus-
pension (with particle diameter 100 um and mass solid fraction approxi-
mately 50%) at a temperature of 20°C, obtained with the same rheome-
ter with a larger gap (R’l‘ 10 mm, R; =13mm, and L* =20 mm). To
avoid slip, the inner cylinder was grooved. Fig. 10 shows the difference
between the results obtained from the rheometer (red line) using the tra-
ditional apparent values for the rate of strain and those obtained using
the true values; the blue line corresponds to the experimental data and
the green line to the data obtained using the Herschel-Bulkley model
equation (Eq. (3)) with the parameters obtained using the true values of
the rate of strain. Fig. 10 shows clearly the large deviation between the
experimental data when the apparent values are used. Here, the curve
fitting is obtained using non-linear least square analysis for the parame-
ters k and n. Again, the yield stress is obtained independently by linear
extrapolation of the lowest two values of the stress. As mentioned above
the curve fitting for Fig. 10 was obtained using least square fit and solv-
ing the linearized form of the Herschel-Bulkley model by taking the
log of the model equation. By comparison we clearly conclude that the
non-linear curve fitting yields better results.

For both cases of experimental data considered here, i.e. for the cos-
metic emulsion and the coal-water suspension, the rheological param-
eter that is affected most is the consistency index; the power-law ex-
ponent is affected to a less extent, while the yield stress is essentially
unaffected.

6. Conclusions

The circular Couette flow used to determine material constants of
Herschel-Bulkley fluids has been revisited. It has been established that
in order to determine the material constants from rheological data it is
of crucial importance to use “true” values for the rate of strain using the
constitutive model used to describe the rheology and not Newtonian ap-
proximations. It has been also demonstrated that the rate-of-strain distri-
butions across the gap share a common point only in fully-yielded Bing-
ham plastic flows. However, if the gap is sufficiently small the common
point for the fully-yielded Bingham case provides a good approximation
for determining the material constants in other cases, e.g., for partially-
yielded Bingham plastics or fully-yielded Herschel-Bulkley materials.
This justifies the common-point concept originally presented by Schiim-
mer and Worthoff [3].

As pointed out by an anonymous referee, since the calibration of a
Couette rheometer is based on "standard fluids", as is the case in most
experimental processes, the experimental values of the rheological pa-
rameters are useful on a relative basis and this relative information is
accurate. Finally, it should be underlined that the present analysis does
not apply (i.e., it is not necessary) in other rheometric set-ups, e.g. in
cone-and-plate rheometry, where the rate of strain is constant.
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