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fluid with slip along the fixed wall. numerical calculations agree with
Slip is allowed by means of a gen- the linear stability results when the
eric slip equation predicting that the size of the initial perturbation is
shear stress is a non-monotonic ~ small. Large perturbations may de-
function of the velocity at the wall. stabilize a linearly stable steady
The complete one-dimensional sta- state, leading to a periodic solution.
bility analysis to one-dimensional The period and the amplitude of the
disturbances is carried out and the periodic solutions increase with
corresponding neutral stability dia- elasticity.

grams are constructed. Asymptotic
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1678 Nicosia, Cyprus instability regimes are within or — asymptotic analysis
Introduction mechanism proposed in Georgiou (1996) is different

from the constitutive instability mechanism that is

In a recent paper, Georgiou (1996) numerically solvdiised on the multi-valuedness of the stress constitutive
the time-dependent shear flow of an Oldroyd-B fluigquation (Malkus et al., 1991 and references therein).
with non-linear slip along the fixed wall, demonstratinghe instabilities are caused by the multi-valuedness of
that the combination of non-linear slip and viscoelastithe slip equation, instead, and elasticity just provides
ity results in periodic solutions. This mechanism of irthe means to sustain the oscillations by storing and
stability may be used to explain some of the instabileleasing elastic energy.
ities observed during the extrusion of polymer melts. In Georgiou (1996), the stability of the steady-state
Other mechanisms of instability have been proposedsdalutions of the problem under study was investigated
the literature, in the past few years (Larson, 1992)y means of a simple one-dimensional linear stability
Among them, the combination of slip and compressibinalysis and by finite element calculations. Certain con-
ity (Pearson, 1985; Hatzikiriakos and Dealy, 1992 a, btraints on the material parameters were imposed so as
Georgiou and Crochet, 1994a,b) and constitutive ite avoid the existence of multiple steady-state solutions.
stabilities (Malkus et al., 1991; Larson, 1992) are tHé was found that the instability regimes are always
most popular. The latter mechanism is restricted to comithin or coincide with the negative-slope regime of the
stitutive models that predict a non-monotonic shealip equation. Both the linear stability analysis and the
stress-shear rate relationship in steady shear flow.  numerical calculations showed that the Newtonian solu-

The Oldroyd-B model exhibits a monotonic steadytions are everywhere stable and that the interval of -
shear response in the absence of slip and, therefore, stability grows as one moves from the Newtonian to t&e
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upper-convected Maxwell model. Perturbing an unstaldtant speed/;. It is assumed that no slip occurs along
steady-state solution leads to periodic solutions, the athis wall and thus
plitude and the period of which increase with elasticity. _
H i - . v, (0,0) =T7. (1)
owever, the numerical instability regimes were much
broader than those predicted by the simple linear stabAifong the upper plate, which is fixed, it is assumed that
ty analysis. This is explained by the fact that, in solvinglip occurs according to the following generic slip equa-
the resulting eigenvalue problem, it was assumed thi@in:
the eigenvalues were real. In the present work, we relax _ _
this assumption and obtain improved linear stability dia- ow=—Fn) at y=*H, 2)
grams. The finite element calculations agree with th#herea, is the shear stress ang is the slip velocity
predictions of the present analysis when the size of thkthe fluid at the upper wall.
initial perturbation is small. In the case of the Oldroyd-B model, the extra stress
The governing equations and the boundary conditiot@sor is decomposed as follows (Crochet et al., 1984):

for the time-dependent shear flow of an Oldroyd-B fluid - T
with slip along the fixed wall are presented in the second T=Ti+m (V) + (W) ], 3)
section. The steady-state solutions are also given therewtmereT, is the viscoelastic part, the second term in the
the third and fourth sections, the linear stability analysi®HS of Eq. (3) is the purely viscous part of the extra
to one-dimensional disturbances is carried out and nestress tensof, #, is a material parameter and the super-
tral stability curves are constructed for various values s€ript T denotes the transpose. The ten$eris defined
the material parameters. In the fifth section, the asymptoy
tic results for large values of the elasticity number are oT, T
obtained. The linear stability results are compared with T1 + 4 [W%-V' VT —=(Vv) T =T (W)
numerical calculations in the final section. N

=0 (W) + (V)] (4)

wheren, and A are material parameters. The shear vis-
cosity is given byyi+#,. The Newtonian and the upper-
a;ﬁnvected Maxwell models are recovered by setipg

Governing equations

We consider the time-dependent shear flow of

. | to 1 and 0O, respectively.
Oldroyd-B fluid. The geometry and the boundary condZaY&! ¢ ' p Y !
tions yof the flow arg iIIustrgted in Fig. 1. Tr¥e two,_,.ocaling the lengths bid, the velocity by a character-

. : Istic velocity V, the stress components by,€#,) V/IH,
plates are separated by a distartteThe flow is as- ; . ! i
sumed to be one-dimensional and. hence. onlyﬁheand the time byH/V, leads to two dimensionless num

componentv, of the velocity vectorw is not zero. The bers, the Reynolds number
extra stress tensdr and the velocity component. are Re = pVH (5)
functions of they coordinate and the time T=T (y,t) T+

and v, = v, (y,1). The lower plate moves with a con- . . .
Ve =ve(0) P wherep is the density, and the Weissenberg number

AV
We=—.
e=" (6)
Tu==F(vy) For the one-dimensional flow problem studied here, the
A x-component of the momentum equation and the
y=H and xx-components of the constitutive Eq. (4) are writ-
ten as follows:
dvy 0T} v,
Re — = —1 — 7
€ ot ay +]72 ayz ) ( )
: T O vy
T + We—1 = - 8
‘/’] y 1 + e a[ ;71 ay Y ( )
e
y=0 T oT™ O vy :
T + We L_2-—=T1")=0. (9)
v,=V] ot ay

Fig. 1 Boundary conditions for the time-dependent shear flow witﬁ‘s pointed OUt_in Georgiou (1996), Eq. (9) fmiw is
slip at the fixed wall not coupled with Egs. (7) and (8) and thyy stress
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componentl;” is zero and remains so at all times pro- /1 4 5. Wex'\ d,
( ) —=—F'(n)i, a y=1

vided the problem remains one dimensional. All the 11:wWer ) d
variables in the above three equations are dimension- Y
less, includingy, and#, which are scaled by the shear ) ) )
viscosity (the dimensionless shear viscosjiy+ 7, is Equations (16)—(18) constitute an eigenvalue problem
equal to unity). for the eigenvalue: which might be complex, because

The steady-state solution is easily obtained. The V&€ problem is not self-adjoint. The general solution of
locity v, varies linearly withy and the shear stress i$=d- (16) is the sum of terms of the following form:

(18)

constant. i (v) = Cy sin (my) + C; cos (my) | (19)
o= Vit (v =)y, (10) where the constant€; and C, and the parametem
and might be complex. The constaf, is zero due to the

T =y, — ¥, (11) boundary condition ay=0. Imposing the other bound-

ary condition aty=1 leads to the characteristic equation

where the slip velocity,, satisfies the condition: cot m

F' (v, 20
v —Vi=—F(v,). (12) () (20)
Demanding that the velocity, — v, + F (v,) is a wherex andm are related through the expression
monotonic function ofv, or, equivalently, that the 5 Rex (1 + Wek)
steady-state solution for a given value \¢f is unique, m- = T x s Wer (21)
leads to the following constraint for the slip functién T Wek
dF (v,) The system of Egs. (20) and (21) represents the desired
F' (vy) = > (13) eigenvalue relation. For given values of the parameters
dv, (We, Re, 7,), one can calculate the values mfand m

by solving the above system.

The next step is to determine the loci of points such
that Real £)=0, i.e. the curves of neutral stability. The
critical relationship between the parameters that yields

In this section, the stability of the steady-state SOIUtiO%%e curve of neutral stability is determined by assuming

Linear stability analysis

to one-dimensional infinitestimal disturbances is studi¢}at " s imaginary, i.e.x =ix;. Equations (20) and
by means of a linear stability analysis. Let, T,”) be 1) then become

a steady-state solution given by Egs. (10) and (11), and cof m

(b, (») €, T, ") be a small one-dimensional pertur- 1Re; =
bation. The sign of the real part of determines

whether the perturbation will grow or decay over a 5 iRe, (1 +iERey)

F' (v,), (22)

finite period of time. From the time-dependent govern- m™ = — I +i7-ERer ' (23)
ing Egs. (7) and (8), one obtains: 2 k
A where
. dTy” d? v, _
Rexv, = d—Ji’ + 7, d—yz (14) Rer = Rexi, (24)
and Wek = We Ki, (25)
By m dv, . (15) andE is the elasticity number given by
! 1 + WCK dy We Wek
=—=—. 26
Combining the above two equations leads to the follow- Re  Reg (26)
ing ordinary differential equation: Let now m, and m; be the real and imaginary parts of
9 n m, respectively. After substituting into Egs. (20) and
d”9y _ Rex(1+ Wex) 5. =0. (16) (21) and equating real and imaginary parts, one obtains
dy? 1 +n,Werx the following system of four equations in six real vari-
ables:
The corresponding linearized boundary conditions are: . . ERe(1—7y)
A m - mf = (27)

be=0, ar y=0 (17) ' 1+ FRe



64 Rheologica Acta, Vol. 37, No. 1 (1998)
© Steinkopff Verlag 1998

. =1 —1 < —F/ (17”;) < Scrit < 07

08 where S.;;; is an increasing function oE. Note that
F'(v,) cannot be less than —1 due to our assumption
that /1 is a monotonic function of,, in steady state.

22 As noted in Georgiou (1996), increasing the valueyof
reduces the size of the instability regime. Moreover, the
Newtonian flow E=0 or#,=1) is always stable.

—F'(¥y)

0.1

71T

0.0
20 40 60 80 100 Asymptotic results

&
Fig. 2 Stability curves for the shear flow of an Oldroyd-B fluid with " the limit ojyzero Reynolds number, thve shear stress
slip along the fixed wall. The flow is unstable above the correspon@omponentT; and_ the_ Ve_|OC|ty gradl(?n%j} are con-
ing curve. The curves go t@, asE— oo stant and the velocity, is linear at all times. It can be
then shown that the calculated marginal stability curves

approach asymptotically the valyg (Georgiou, 1996).

2 a2 In this section, approximate solutions for large values
2mm = — Re (1 + '722E Rej) , (28) of the elasticity numbeE are derived. In what follows,
(1 -7 E' Rey) the avariablesF” (7,), Rey, and m are assumed to be
functions of E and#, and will be expanded in a pertur-
m; sinh (2m;) —m; sin(2m;) =0, (29) bation series lor larg&.
Starting with an order of magnitude analysis for
Rey sin (2m,) + F' (¥,) m; (cos (2 my) one observes that the absolute valuemdf(Eq. (21)) is
cosh (2m;)) =0. (30) Rey ﬁ P Re?
To construct the neutral stability curves, we solved the |m|* = .
system of Eqgs. (27)—(30) using AUTO, a numerical \/1+17 E? Re?

software for continuation and bifurcation in algebraic

systems and ordinary differential equations (Doedel ket the case of largd, the above equation is simplified
al.,, 1994). For a given value af, we have chosen theto
elasticity numberE as the continuation parameter. We 5 ReZE  Rey
first solved the system at a high valuel&fi.e. E=100, m|” ~ —F— = —
using the Newton-Raphson method and then traced the
solution branch for smaller values &f The neutral sta- If Rex < #,, then |m| < 1 and Eq. (21) can be ex-
bility curves for various values of, are plotted in Fig. panded in a Laurent series aboot O:

2. Our calculations verified that, changes sign across 11 )

the curves of Fig. 2, hence these are marginal stability; Re, = iReg (_ — EJF o) (m4)>

curves (Drazin and Reid, 1985) separating stable from m?* 3 45

unstable solutions. Steady-state solutions above such a =F (v,). (31)
curve are linearly unstable. Furthermore, on the calcu-

lated neutral stability curves the imaginary pajgtof « It should be pointed out that the cage= 0 is singular

is non-zero, which suggests that the time-dependent sod will be treated separately. The important step here
lution is oscillatory. This is confirmed by the numericals to reveal the dependency Bt on E. The procedure
calculations discussed below. It should be emphasizh be found in any book on singular perturbation tech-
that a small disturbance of a basic solution excites allques (i.e., Holmes, 1991). The correct expansion is of
the modes, whereas the marginal stability curves dettre form

N’?zRekE_ Up) .

cor m

mine the stability of a single mode. Numerical calcula- Re Rey 1

tions for the system of Egs. (27)—(30) and the asymptot- Re = —— + 3—/2* + (5—/2) , (32)
ic analysis results of the next section verify that this VE E E

single mode is the most dangerous. where Re;, and Rey, are functions ofy, to be deter-

As illustrated in Fig. 2, for a given,, the stability of a . ;
basic solution is determined from the valuesif(v,) g?:,r;esd' Expandingr® and 1f (Eq. (23)) for largeE

and E. If F'(v,) > 0, the solution is stable indepen- R | 1
dently of the value of the elasticity numbdt If ml= —j k2", <_>
F' (v,) < 0, the solution is unstable if mVvE mE B2




M. M. Fyrillas and G.C. Georgiou

65
Linear stability of shear flow

and

1 _i \/EJr 1 —n
m> © Re;  Ref

\/EReil
+(’72_1)(1+2Rek1Rek3>+O( 1 )

ERey, E/?

72=0.8

_FI(‘_'W)

0.5

Substituting the above expressions in Eq. (31) and se-

parating into real and imaginary parts lead to the fol-
lowing two expressions:

30 40 50
_ n, — 1 —Rey /(451 1
F' w) = — 1 O|= R
(%) T+ ERe} TO\E

(33) ~F'(Vw)
and

.(3—3172—R€ﬁ) < 1 > 0.4
i “4+0(—==)=0. 34
3VERey, E/? (34

From the latter equation it is easily found that
Reg, = /3 — 3#,. Substituting into Eq. (33) gives

50
_ (4n, + 1) 1 Fig. 3 Comparison between numerical (solid curves) and asymptotic
F (Vw) =N - Tan +0 E : (35) results (dashed curves)

This procedure can be pursued to higher orders to ob-
tain:

Cn

real number, the only possible solution of Eq. (22) is
F'(v,) = ith m=nzn/2, n=1, 2, ...
. J33m Sp2— 2+ 1 (vw) =0 with m=nn/2, n
k= -

. Numerical
and analytical results revealed that the solution with

m = 7/2 corresponds to a broader instability region and
hence dictates the stability of a steady-state solution.
294415 — 2976 13 + 2264173 + 3241, — 631

VE 14./3 =3, R B¥?

The corresponding asymptotic result is the following
15400 (3 — 37,) > A B°/ . i +o< 1 >
1 Ck = ——= W .
+0 (W) , (36) 2VE E
As before, we assume an expansionRey, of the form
. (4n, +1) 48335 — 367, +23 (32) and expand°.™ aboutm = z/2. The procedure
F'(vy)=—n— 154, E 157513 B2 for obtaining the higher order approximations is similar
2 to the one used for non-zerp but algebraicaly more
2 (499153 — 913313 + 40637, +2004)  complicated. The results are
181912573 B n 3 3447 1
1 " Rek:z\/E_4nE3/2_Etgn3E5/2)+O(W)’
o). @)
F )__L+(n2—|—12)_(7z4— 120 + 50 %)
Note that the above expression yields the asymptotic’ "~ “2E" a2 240 74 B>
value of —», as E goes to infinity, in agreement with
the analysis of Georgiou (1996).

1
o). -
The casey, = 0 is treated in a similar manner. Equa-
tion (23) simplifies to

In Fig. 3, we show a comparison between the exact so-
m’ = Ref E— i Rey,

lution of Egs. (27)—(30) versus the asymptotic solutions
(36) and (38). Generally, there is good agreement for all
and thus for largeE and small Rey,

one gets values ofE although the present theory was developed
m ~ Re, VE. Because, in this asymptotic case,is a for largeE.
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Discussion r r
Vw
The marginal stability curves of Fig. 2 lie below the B .
corresponding curves of Georgiou (1996). The pre- [\/\/\N\Nw Vo=1
dicted instability regimes are larger and agree quantita- T
tively with the finite element calculations for small i |
sizes of the initial perturbation. The numerical calcula-
tions show that perturbing a linearly unstable steady- 1 1
state solution leads to a periodic solution the amplitude 0 0.2 0.4 1
and the period of which increase with elasticity (Geor-
giou, 1996). A large perturbation may destabilize a
linearly stable solution and lead to a periodic solutlorl, ' !
In other words, the linearly stable solutions are not nec~ B 4
essarily globally stable (Joseph, 1976). Calculating the {\/\/V\/\’\NW‘ Vo— 05
radius of attraction of conditionally stable steady-state i =
solutions and constructing the global stability curves are
out of the scope of the present work. The objective is - T
to demonstrate that the combination of elasticity and \ .
nonlinear slip leads to periodic solutions as is the case 0 0.2 0.4 1
with the stick-slip instability. ) t
0.4 T T T T
vW
0.3 .
0.4 . . T 0.2 Vo=0
Vw
0.3 - 0.1 fr =
0.2 WWMMW Vo = 1.005 0 | | | |
0 0.2 0.4 0.6 0.8 1
0.1 F =
Fig. 5 Evolution of v, for V=1.01, We=0.007, Re=0.01, #,=0.1
0 L L L with various initial perturbations: (8)o=1; (b) V=0.5; (c)Vp=0
0 0.5 1 1.5 2
0.4 T T T In order to make comparisons between the linear sta-
Vw bility and the numerical results, we employ the follow-
0.3 ing dimensionless slip equation
0.2 D Vo =1.004 A
2
o1k 1 F(v,) = A (1 + T A, v%’> Vi s (39)
0 : . ' where A;=1, A,=15 and A;=100 (Georgiou, 1996).
0 0.5 1 L3 2 With the above choice of parametefs(v,,) in nonmo-
notonic as required. Consider the case \6f=1.01,
0.4 T T T Re=0.01 andy,=0.1. The linear stability analysis pre-
Ve dicts that the flow is marginally stable fake=0.0078.
0.3 7 From the value ofk; on the marginal curve, one can
0.2 Vo=0 also obtain the period with which the oscillatory insta-
) bility sets in, which is equal tor=2n/k;=0.0496. In
0.1 _ Fig. 4, we plot the evolution of, for different initial
perturbations, i.e. foWp=1.005, 1.004 and 0, whei&,
0 ) 0'5 i 1'5 ) is the initial velocity of the lower plate which is

Fig. 4 Evolution of v, for V=1.01, We=0.0078,Re=0.01, 7,=0.1
with varlous initial perturbations: (aVo=1.005; (b) V,=1.004;
(c) Vo=0

changed tdv; at timet=0. In all cases, the time-depen-

dent solution is oscillatory. For small perturbations (i.e.,
when V, is greater than 1.004) the oscillations decay
with time and the solution converges to the perturbed
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steady-state solution. Note that the calculated period a#lculations show that for values &t as small as 0.5
the decaying oscillations agrees well with the predictidhe solution converges to the steady-state solution (Figs.
of the linear stability analysis. For smaller values\gf 5a and b). However, for larger perturbations (i.e. for
(i.e., for larger perturbations), the oscillations grow and,=0, Fig. 5c), the time-dependent solution becomes
the solution becomes periodic at large times (Figs. 4leriodic. For lower values of the Weissenberg number
and c). The amplitude and the period of the period{ce. for We=0.006), the steady-state solution is stable
solutions is independent of the initial perturbation. Airespective of the size of the perturbation, i.e. it is
interesting observation is that the period of the perioditobally stable.
solution (T=0.0516) is slightly larger than that of the
decaying oscillations obtained for small perturbations.
The effect of the initial perturbation is also iIIus_Acknowled ments The authors are grateful to Prof. Marcel Crochet
trated in Fig. 5, where we show results erzl.Ol_, (Universifegatholique de Louvain) fo? his invaluable suggestions and
Re=0.01, #72=0.1 and We=0.007. The correspondinGgriticism and to Prof. J.R. Anthony Pearson (University of Cam-
steady-state solution is linearly stable. The numeridaidge) for his comments.
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