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Abstract. In this study, we investigate the application of the Method of Fundamental Solutions (MFS)

to the Dirichlet problem for Laplace’s equation in an annular domain. We examine the properties of the

resulting coefficient matrix and its eigenvalues. The convergence of the method is proved for analytic

boundary data. An efficient matrix decomposition algorithm using Fast Fourier Tranforms (FFTs) is

developed for the computation of the MFS approximation. We also tested the algorithm numerically on

several problems confirming the theoretical predictions.

1. Method of fundamental solutions formulation

We consider the boundary value problem




∆u = 0 in Ω,

u = f1 on ∂Ω1 ,

u = f2 on ∂Ω2 ,

(1.1)

where the domain Ω is the annulus of radii %1 and %2,

Ω = {x ∈ R2 : %1 < |x| < %2}, (1.2)

∆ denotes the Laplace operator and f1 and f2 are given functions. The boundary of Ω is ∂Ω = ∂Ω1∪∂Ω2

where ∂Ω1 and ∂Ω2 are the circles with radii %1 and %2, respectively. Let the function k(P,Q) be a
fundamental solution of Laplace’s equation given by

k(P, Q) = − 1
2π

log |P −Q|, (1.3)

with |P −Q| denoting the distance between the points P and Q. In the Method of Fundamental Solutions
(MFS), the solution u is approximated by

uN (c, Q; P ) =
2N∑

j=1

cj k(P,Qj), P ∈Ω, (1.4)

where c = (c1, c2, . . . , c2N )T and Q is a 4N -vector containing the coordinates of the singularities Qj ,
j = 1, . . . , 2N , which lie outside Ω. The singularities Qj are fixed on the boundary ∂Ω̃ = ∂Ω̃1 ∪ ∂Ω̃2 of
an annulus Ω̃ concentric to Ω and defined by

Ω̃ = {x ∈ R2 : R1 < |x| < R2},
where R2 > %2 > %1 > R1 . The boundary of Ω̃ comprises ∂Ω̃1 and ∂Ω̃2, the circles with radii R1 and
R2, respectively. A set of collocation points {Pi}2N

i=1 is placed on ∂Ω. If Pi = (xPi , yPi), then we take

xPi = %1 cos
2(i− 1)π

N
, yPi = %1 sin

2(i− 1)π
N

, i = 1, . . . , N, (1.5)

and

xPN+i
= %2 cos

2(i− 1)π
N

, yPN+i
= %2 sin

2(i− 1)π
N

, i = 1, . . . , N. (1.6)
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If Qj = (xQj , yQj ), then

xQj
= R1 cos

2(j − 1 + α)π
N

, yQj
= R1 sin

2(j − 1 + α)π
N

, j = 1, . . . , N, (1.7)

and

xQN+j
= R2 cos

2(j − 1 + α)π
N

, yQN+j
= R2 sin

2(j − 1 + α)π
N

, j = 1, . . . , N. (1.8)

The presence of the angular parameter α∈ [0, 1) indicates that the sources are rotated by an angle 2πα
N

from the boundary points (see [9]). In the MFS, the coefficients c are determined so that the boundary
condition is satisfied at the boundary points {Pi}2N

i=1 :

uN (c,Q; Pi) = f1(Pi), uN (c,Q;PN+i) = f2(PN+i), i = 1, . . . , N.

This yields a linear system of the form
(

A11 A12

A21 A22

)(
d1

d2

)
=

(
f1

f2

)
, (1.9)

where

f1 = (f1(P1), f1(P2), . . . , f1(PN ))T , f2 =(f2(PN+1), f2(PN+2), . . . , f2(P2N ))T ,

d1 = (c1, c2, . . . , cN )T , d2 =(cN+1, cN+2, . . . , c2N )T .

The elements of the N ×N submatrices A11, A12, A21 and A22 are given by

(A11)i,j = − 1
2π

log |Pi −Qj |, (A12)i,j = − 1
2π

log |Pi −QN+j |,

(A21)i,j = − 1
2π

log |PN+i −Qj |, (A22)i,j = − 1
2π

log |PN+i −QN+j |,

respectively, for i, j = 1, . . . , N . The matrices A11, A12, A21 and A22 are circulant. An extensive account
of the properties of circulant matrices can be found in [1]. Details on the MFS and its applications
can be found in the survey articles [2, 3, 4]. The convergence of the MFS for harmonic problems in
the disk subject to Dirichlet boundary conditions has been studied in [6, 7, 10]. The convergence of a
modified MFS for annular domains was studied by Katsurada [6] using Green’s functions instead of the
usual fundamental solutions, and considering two different circular problems. Our approach is different
as it uses the standard fundamental solutions directly in the annulus and is based on the study of the
eigenvalues of the coefficient matrix.

The paper is structured as follows: In Section 2, we formulate the matrix decomposition algorithm for
the solution of the linear system (1.9). In Section 3, we develop the properties of the eigenvalues of the
coefficient matrix and study its invertibility. An explicit expression for the MFS approximation is then
given in Section 4. The convergence of the method for analytic boundary data is proved in Section 5. Note
that the proof of the convergence is rather technical and for the sake brevity, many details are omitted
but can be found in [?]. Numerical experiments which enable us to confirm the theoretical predictions
are given in Section 6. Finally, some conclusions are presented in Section 7.

2. Matrix decomposition algorithm

In order to develop a matrix decomposition algorithm, we need the following fact [1]. If a matrix A is
circulant, written as A = circ(a1, . . . , aN ), then it can be diagonalized as A = U∗DU , where U is the
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unitary N ×N Fourier matrix with conjugate

U∗ =
1

N1/2




1 1 1 · · · 1
1 ω ω2 · · · ωN−1

1 ω2 ω4 · · · ω2(N−1)

...
...

...
...

1 ωN−1 ω2(N−1) · · · ω(N−1)(N−1)




,

where ω = e2πi/N , D = diag(λ1, . . . , λN ) , and

λj =
N∑

k=1

ak ω(k−1)(j−1), j = 1, . . . , N, (2.1)

are the eigenvalues of A. The eigenvector corresponding to λj is

ξj =
1

N1/2

(
1, ω(j−1), . . . , ω(N−1)(j−1)

)T

.

Let 〈ζ, η〉 =
∑N

k=1 ζkη̄k be the inner product of ζ, η∈CN . Since {ξj}j=1,...,N forms an orthonormal basis
of CN , any vector v∈CN can be expressed as v =

∑N
k=1〈v, ξk〉ξk and hence Av =

∑N
k=1 dk〈v, ξk〉ξk .

When A is nonsingular

A−1v =
N∑

k=1

1
dk
〈v, ξk〉ξk. (2.2)

The system (1.9) can therefore be written as
(

U 0
0 U

)(
A11 A12

A21 A22

) (
U∗ 0
0 U∗

) (
U 0
0 U

)(
d1

d2

)
=

(
U 0
0 U

)(
f1

f2

)
(2.3)

or (
UA11U

∗ UA12U
∗

UA21U
∗ UA22U

∗

)(
Ud1

Ud2

)
=

(
Uf1

Uf2

)
(2.4)

or (
D11 D12

D21 D22

)(
d̂1

d̂2

)
=

(
f̂1

f̂2

)
, (2.5)

where

d̂1 = Ud1, d̂2 = Ud2, f̂1 = Uf1, f̂2 = Uf2,

and

Dij = diag(λij
1 , . . . , λij

N ), i, j = 1, 2

is the diagonal matrix whose diagonal elements are the eigenvalues of the submatrix Aij , i, j = 1, 2. The
solution of system (2.5) can thus be reduced to the solution of the N independent 2× 2 systems

(
λ11

k λ12
k

λ21
k λ22

k

)(
d̂1

k

d̂2
k

)
=

(
f̂1

k

f̂2
k

)
, k = 1, 2, · · ·N, (2.6)

from which it follows that

d̂1
k =

λ22
k f̂1

k − λ12
k f̂2

k

λ11
k λ22

k − λ12
k λ21

k

, d̂2
k =

−λ21
k f̂1

k + λ11
k f̂2

k

λ11
k λ22

k − λ12
k λ21

k

k = 1, · · · , N.

Having obtained d̂1 and d̂2, we can determine d1 and d2 (and hence c) from

d1 = U∗d̂1, d2 = U∗d̂2. (2.7)

We thus have the following matrix decomposition algorithm for solving (1.9):
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Algorithm

Step 1. Compute f̂1 = Uf1 and f̂2 = Uf2.

Step 2. Construct the diagonal matrices Dij, i, j = 1, 2.

Step 3. Evaluate d̂1 and d̂2.

Step 4. Compute d1 = U∗d̂1, d2 = U∗d̂2.

Remarks

(i) In Step 1 and Step 4, because of the form of the matrices U and U∗, the operations can be carried
out via Fast Fourier Transforms (FFTs) at a cost of O(N log N) operations.

(ii) FFTs can also be used for the evaluation of the diagonal matrices in Step 2.

(iii) The FFT operations are performed using the NAG [8] routines C06FPF, C06FQF and C06FRF.

(iv) The same algorithm is also applicable when, instead of the boundary conditions of (1.1), we have

u = f1 on ∂Ω1 ,
∂u

∂n
= g2 on ∂Ω2 ,

or
∂u

∂n
= g1 on ∂Ω1 , u = f2 on ∂Ω2 .

3. Properties of the eigenvalues

Since our aim is to solve (1.9), we investigate the properties of the eigenvalues of the matrix

G =

(
A11 A12

A21 A22

)
.

In particular, we are interested in the cases where these eigenvalues vanish. We first consider the eigen-
values of the submatrices A11, A12, A21, A22 . In the following, we denote by A each of the matrices
Aij , i, j = 1, 2, and by λk each of the eigenvalues λij

k , i, j = 1, 2. Thus we shall denote by (a1, . . . , aN )
the vector (aij

1 , . . . , aij
N ), which generates the circulant matrix Aij , i, j = 1, 2. Since each of the Aij ’s

involves the distances between points on two concentric circles, we shall denote the radii of these circles
by R and %. The circle of radius R is part of ∂Ω̃ while the circle of radius % is part of ∂Ω.

We divide these eigenvalues into three groups:

(i) the ‘first’ eigenvalue λ1;

(ii) when N is even, the eigenvalue λN
2 +1;

(iii) the remaining eigenvalues.

3.1. The first eigenvalue. We can derive an exact expression for the first eigenvalue:

Proposition 3.1. The eigenvalue λ1 is given by

λ1 = − 1
4π

log
(
R2N − 2RN%N cos(2πα) + %2N

)
. (3.1)

Proof. Since A is circulant, from (2.1), we have

λ1 =
N∑

k=1

ak. (3.2)
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Since

ak = − 1
4π

log
(

R2 + %2 − 2R% cos
(

2π(k + α− 1)
N

))
, (3.3)

it follows that

λ1 = − 1
4π

log

{
N∏

k=1

(
R2 + %2 − 2R% cos

(
2π(k + α− 1)

N

))}
.

¿From the identity [5, p. 40]
n−1∏

k=0

{
x2 − 2xy cos

(
α +

2kπ

n

)
+ y2

}
= x2n − 2xnyn cos nα + y2n , (3.4)

(3.1) follows. ¤

We have the following corollary:

Corollary 3.2. For α = 0, the matrix A is nonsingular if and only if RN − %N = 1. ¤

3.2. The eigenvalue λN/2+1 when N is even. We next investigate the behaviour of the eigenvalue
λN/2+1 in the case N is even. In particular, we have the exact expression:

Proposition 3.3. If N is even, then

λN/2+1 = − 1
4π

log
RN − 2RN/2%N/2 cos απ + %N

RN − 2RN/2%N/2 cos(α+1)π + %N
. (3.5)

Proof. From (2.1), the eigenvalues of A are given by

λj =
N∑

k=1

akω(k−1)(j−1), j = 1, 2, . . . , N ,

and therefore

λN/2+1 = − 1
4π

N∑

k=1

(−1)k−1 log
(

R2 − 2R% cos
2π(k + α− 1)

N
+ %2

)

= − 1
4π

N/2∑
n=1

log
(

R2 − 2R% cos
(

2π
n− 1
M

+
απ

M

)
+ %2

)

+
1
4π

N/2∑
n=1

log
(

R2 − 2R% cos
(

2π
n− 1
M

+
(α + 1)π

M

)
+ %2

)
.

¿From (3.4) we obtain

λN/2+1 =− 1
4π

log
(
R2M − 2RM%M cosαπ + %2M

)

+
1
4π

log
(
R2M − 2RM%M cos(α + 1)π + %2M

)

=− 1
4π

log
RN − 2RN/2%N/2 cos απ + %N

RN − 2RN/2%N/2 cos(α+1)π + %N
.

¤

A direct application of this proposition yields the following corollary:

Corollary 3.4. For N even, the eigenvalue λN/2+1 = 0 if and only if α = 1
2 .
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Proof. Taking α = 1
2 in (3.5) yields that λN

2 +1 = 0 . For α∈ [0, 1
2 ), it is clear that cos απ > 0 whereas

cos(α + 1)π < 0, and (3.5) yields that in this case λN
2 +1 6= 0 . ¤

3.3. The eigenvalues λj , j 6= 1, N/2 + 1, when N is even. In this case we have the expression:

Proposition 3.5. For α∈ [0, 1
2 ] and j 6= 1 , we have

λj =
N

4π

∞∑
m=0

{
e−i 2π

N (mN+j−1)α%mN+j−1

(mN+j−1)RmN+j−1
+

ei 2π
N ((m+1)N−j+1)α%(m+1)N−j+1

((m + 1)N−j+1)R(m+1)N−j+1

}
. (3.6)

In particular when N is even

λN
2 +1 =

N

2π

∞∑
m=0

cos
(
(2m + 1)απ

)
%mN+N

2

(
mN+ N

2

)
RmN+N

2
. (3.7)

Proof. From [5, p. 52], we have that

F (R, %, ϑ) = − 1
4π

log(R2 − 2R% cos ϑ + %2) = − 1
2π

log R +
1
2π

∞∑
n=1

%n cosnϑ

nRn
,

where R > %. This is true in the cases where R = R2, % = %1 and R = R2, % = %2. When R < %, i.e.,
when R = R1, % = %1 and R = R1, % = %2, in a similar way, we have

F (%,R, ϑ) = − 1
4π

log(R2 − 2R% cos ϑ + %2) = − 1
2π

log % +
1
2π

∞∑
n=1

Rn cosnϑ

n%n
.

Then, from (2.1), for j = 2, . . . , N ,

λj =
N∑

k=1

ei 2π
N (j−1)(k−1)F

(
R, %,

2π

N
(k − 1 + α)

)

=
1
2π

N∑

k=1

cos
(

2π

N
(j − 1)(k − 1)

)




∞∑
n=1

%n cos
(

2π

N
n(k − 1 + α)

)

nRn





+i
1
2π

N∑

k=1

sin
(

2π

N
(j − 1)(k − 1)

)




∞∑
n=1

%n cos
(

2π

N
n(k − 1 + α)

)

nRn





=
1
2π

∞∑
n=1

%n

nRn

{
N∑

k=1

cos
(

2π

N
(j − 1)(k − 1)

)
cos

(
2π

N
n(k − 1 + α)

)}

(3.8)

+i
1
2π

∞∑
n=1

%n

nRn

{
N∑

k=1

sin
(

2π

N
(j − 1)(k − 1)

)
cos

(
2π

N
n(k − 1 + α)

)}
.

For the first sum, we have from [10],

N∑

k=1

cos
(

2π

N
k(j − 1)

)
cos

(
2π

N
n(k − 1 + α)

)
=

1
2

cos
(

2π

N
nα

) {
CN

n−j+1 + CN
n+j−1

}
, (3.9)

N∑

k=1

sin
(

2π

N
k(j − 1)

)
cos

(
2π

N
n(k − 1 + α)

)
=

1
2

sin
(

2π

N
nα

) {
CN

n−j+1 − CN
n+j−1

}
, (3.10)
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where

CN
κ =

N∑

j=1

cos
(

2π

N
κj

)
=

{
N if κ = 0 (mod N),
0 if κ 6= 0 (mod N.)

(3.11)

Combining (3.8), (3.9) and (3.10), we obtain

λj =
1
4π

∞∑
n=1

%n cos
(

2π
N nα

)

nRn

{
CN

n−j+1+CN
n+j−1

}− i

4π

∞∑
n=1

%n sin
(

2π
N nα

)

nRn

{
CN

n−j+1−CN
n+j−1

}

=
N

4π

∞∑
m=0

{
%mN+j−1e−i 2π

N (mN+j−1)α

(mN + j − 1)RmN+j−1
+

ei 2π
N (mN+N−j+1)α%mN+N−j+1

(mN + N − j + 1)RmN+N−j+1

}

which proves (3.6). Formula (3.7) is an immediate consequence of (3.6). ¤

We also have the following two corollaries when α = 0:

Corollary 3.6. For α = 0 and j 6= 1 , we have

λj =
N

4π

∞∑
m=0

(
1

j−1+mN
· %j−1+mN

Rj−1+mN
+

1
N−j+1+mN

· %N−j+1+mN

RN−j+1+mN

)
. (3.12)

In particular, for N even and j =
N

2
+ 1,

λN
2 +1 =

N

2π

∞∑
m=0

1
N
2 + mN

· %
N
2 +mN

R
N
2 +mN

. (3.13)

Also, for j = [N
2 ] + 1, . . . , N , we have λj = λN−j+2 .

Corollary 3.7. For j = 2, . . . , N , we have λj > 0 . ¤

3.4. Invertibility of the matrix G. Since

G =

(
A11 A12

A21 A22

)
=

(
U∗ 0
0 U∗

)


D11 D12

U 0
0 U


 ,

it is sufficient to examine the matrix D =

(
D11 D12

D21 D22

)
. The following lemma can be easily proved.

Lemma 3.8. If detD denotes the determinant of D, then

det D = det




λ11
1 0 0 · · · 0 λ12

1 0 0 · · · 0
0 λ11

2 0 · · · 0 0 λ12
2 0 · · · 0

0 0 λ11
3 · · · 0 0 0 λ12

3 · · · 0
...

...
...

...
...

...
...

...
0 0 0 · · · λ11

N 0 0 0 · · · λ12
N

λ21
1 0 0 · · · 0 λ22

1 0 0 · · · 0
0 λ21

2 0 · · · 0 0 λ22
2 0 · · · 0

0 0 λ21
3 · · · 0 0 0 λ22

3 · · · 0
...

...
...

...
...

...
...

...
0 0 0 · · · λ21

N 0 0 0 · · · λ22
N




=
N∏

k=1

(λ11
k λ22

k −λ12
k λ21

k ) . (3.14)

Therefore, the matrix D is nonsingular if and only if

λ11
k λ22

k −λ12
k λ21

k 6= 0, k = 1, . . . , N. ¤
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When α = 0 we have the following theorem.

Theorem 3.9. For α = 0, the matrix G is singular if and only if

λ11
1 λ22

1 − λ12
1 λ21

1 = 0 .

Proof. Let

FN,j(ω) =
N

4π

∞∑
m=0

(
ωj−1+mN

j−1+mN
+

ωN−j+1+mN

N−j+1+mN

)
.

Clearly FN,j(ω), ω ∈ (0, 1), is positive and strictly increasing. For j 6= 1, we have (see Corollary 3.6)

λ11
j = FN,j(

R1

%1
), λ12

j = FN,j(
%1

R2
), λ21

j = FN,j(
R1

%2
) and λ22

j = FN,j(
%2

R2
).

Since R1 < %1 < %2 < R2, we have

0 <
R1

%2
<

R1

%1
, so that λ21

j < λ11
j ,

and
0 <

%1

R2
<

%2

R2
, so that λ12

j < λ22
j .

Thus,
λ11

k · λ22
k − λ12

k · λ21
k > 0, k = 2, 3, ..., N.

Therefore, the only case in which the matrix G can be singular is when λ11
1 λ22

1 − λ12
1 λ21

1 = 0. ¤

4. Explicit expression for the approximate solution in terms of eigenvalues and

eigenvectors.

Denoting the approximation uN (c, Q; P ) in (1.4) by uN (P ), we have

uN (P ) =
N∑

k=1

d1
k log |P −Qk|+

N∑

k=1

d2
k log |P −QN+k| = 〈d1, l1〉+ 〈d2, l2〉 , (4.1)

where

l1 = (log |P −Q1|, . . . , log |P −QN |)T , l2 = (log |P −QN+1|, . . . , log |P −Q2N |)T

and d1, d2 satisfy (1.9). Thus

d1 =
(

A−1
12 A11 −A−1

22 A21

)−1 (
A−1

12 f1 −A−1
22 f2

)
,

d2 =
(
A−1

11 A12 −A−1
21 A22

)−1 (
A−1

11 f1 −A−1
21 f2

)
,

so that

〈d2, l2〉 =
〈(

A−1
11 A12 −A−1

21 A22

)−1
(

A−1
11

N∑

k=1

〈f1, ξk〉ξk −A−1
21

N∑

k=1

〈f2, ξk〉ξk

)
, l2

〉

=
N∑

k=1

λ11
k

∆k
〈f2, ξk〉〈l2, ξk〉 −

N∑

k=1

λ21
k

∆k
〈f1, ξk〉〈l2, ξk〉

where ∆k = λ11
k λ22

k − λ12
k λ21

k . We assume that the matrix inverses appearing in the above equations
exist. Analogously,

〈d1, l1〉 =
N∑

k=1

λ22
k

∆k
〈f1, ξk〉〈l1, ξk〉 −

N∑

k=1

λ12
k

∆k
〈f2, ξk〉〈l1, ξk〉.
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Therefore, we obtain the explicit expression for the MFS approximation,

uN (P ) =
N∑

k=1

λ11
k

∆k
〈f2, ξk〉〈l2, ξk〉 −

N∑

k=1

λ21
k

∆k
〈f1, ξk〉〈l2, ξk〉

(4.2)

−
N∑

k=1

λ12
k

∆k
〈f2, ξk〉〈l1, ξk〉+

N∑

k=1

λ22
k

∆k
〈f1, ξk〉〈l1, ξk〉 .

Note that the evaluation of the approximate solution via equation (4.2) is equivalent to applying the
matrix decomposition algorithm described in Section 2.

5. Convergence of the MFS for analytic boundary data

In this section, we show that the MFS approximation uN converges exponentially with respect to N to
the exact solution u of (1.1) in the || · ||∞−norm, provided the boundary data f1, f2 are analytic, or,
equivalently, u can be extended as a harmonic function in an open region V containing the annulus.

The analyticity of the boundary data yields that there exists a constant β > 0, such that

Ωβ =
{
x∈R2 | %1 − β ≤ |x| ≤ %2 + β

} ⊂ V. (5.1)

The analytic solution u, expressed in polar coordinates, is of the form [12]

u(r, ϑ) =
∑

k∈Z
ck rk eikϑ +

∑

k∈Z
k 6=0

dk rk e−ikϑ + d0 log r . (5.2)

Thus (5.2) implies that the boundary data can be expressed as

fj(ϑ) =
∑

k∈Z
ck %k

j eikϑ +
∑

k∈Z
k 6=0

dk %k
j e−ikϑ + d0 log %j , j = 1, 2 .

The analyticity assumption also implies that there exists a positive constant Mβ such that

|ck|, |dk| ≤ Mβ (%2 + β)−k for k ≥ 0, (5.3)

|ck|, |dk| ≤ Mβ (%1 − β)k for k < 0. (5.4)

For simplicity, we prove the convergence of the MFS approximation to the exact solution in the case
when α = 0.

5.1. The discrete Fourier interpolant. We assume that N is even. (The case when N is odd can be
treated analogously.) We define the discrete Fourier interpolant ũN , to be

ũN (r, ϑ) =
N/2∑

k=−N/2+1

µk rk eikϑ +
N/2∑

k=−N/2+1
k 6=0

νk r−k eikϑ + ν0 log r . (5.5)

We also define

fN
1 (ϑ) = ũN (%1, ϑ), fN

2 (ϑ) = ũN (%2, ϑ).

The coefficients µk, νk ∈C, k = −N
2 + 1, . . . , N

2 , are chosen so that ũN agrees with the boundary data
f1, f2 at the points %1 eiϑj , %2 eiϑj , where ϑj = 2π(j − 1)/N j = 1, . . . , N . Thus for k = −N

2 + 1, ..., N
2
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with k 6= 0, the µk, νk satisfy

µk%k
1 + νk%−k

1 =
∑

m∈Z

(
ck+mN%k+mN

1 + d−k−mN%−k−mN
1

)
,

µk%k
2 + νk%−k

2 =
∑

m∈Z

(
ck+mN%k+mN

2 + d−k−mN%−k−mN
2

)
,

from which it follows that, with δk = %k
1%−k

2 − %−k
1 %k

2 ,

µk =

%−k
2

∑

m∈Z

(
ck+mN%k+mN

1 +d−k−mN%−k−mN
1

)

%k
1%−k

2 −%−k
1 %k

2

−
%−k
1

∑

m∈Z

(
ck+mN%k+mN

2 +d−k−mN%−k−mN
2

)

δk
, (5.6)

νk =

%k
1

∑

m∈Z

(
ck+mN%k+mN

2 + d−k−mN%−k−mN
2

)

δk
−

%k
2

∑

m∈Z

(
ck+mN%k+mN

1 + d−k−mN%−k−mN
1

)

δk
. (5.7)

For k = 0, we have

µ0 + ν0 log %1 =
∑

m∈Z
cmN%mN

1 +
∑

m∈Z,m 6=0

dmN%mN
1 + d0 log %1 ,

µ0 + ν0 log %2 =
∑

m∈Z
cmN%mN

2 +
∑

m∈Z,m 6=0

dmN%mN
2 + d0 log %2,

and therefore

µ0 =
1

log %2/%1



log %2


∑

m∈Z
cmN%mN

1 +
∑

m∈Z,m6=0

dmN%mN
1




− log %1


∑

m∈Z
cmN%mN

2 +
∑

m∈Z,m 6=0

dmN%mN
2






 , (5.8)

ν0 =
1

log %2/%1





∑

m∈Z
cmN%mN

2 +
∑

m∈Z,m6=0

dmN%mN
2

−

∑

m∈Z
cmN%mN

1 +
∑

m∈Z,m6=0

dmN%mN
1






 + d0. (5.9)

Next we bound the coefficients µk, k = −N
2 + 1, ..., N

2 . We consider three cases: Case I: k > 0, Case II:
k < 0 and Case III: k = 0.

Case I. k > 0 . First∣∣∣∣
∑

m∈Z
ck+mN%k+mN

1

∣∣∣∣ ≤
∑

m≥0

|ck+mN |%k+mN
1 +

∑
m<0

|ck+mN |%k+mN
1

≤
∑

m≥0

Mβ (%2 + β)−(k+mN)
%k+mN
1 +

∑
m<0

Mβ (%1 − β)−(k+mN)
%k+mN
1

from (5.3) and(5.4), and by taking γ1 = max
{

%1
%2+β , %1−β

%1

}
< 1, we get

∣∣∣∣
∑

m∈Z
ck+mN%k+mN

1

∣∣∣∣ ≤ Mβ γk
1

∑

m≥0

γmN
1 + Mβ γN−k

1

∑

m≥0

γNm
1
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by observing that k ≤ N − k, since k ≤ N/2, we finally have
∣∣∣∣
∑

m∈Z
ck+mN%k+mN

1

∣∣∣∣ ≤ 2Mβ γk
1

∑

m≥0

γmN
1 = 2Mβγk

1 (1− γN
1 )−1 ≤ M1 γk

1 ,

where M1 = 2Mβ

1−γ1
. Following an identical argument, we get

∣∣∣∣
∑

m∈Z
k 6=0

dk+mN%k+mN
1

∣∣∣∣ ≤ M1 γk
1 .

Similarly, taking γ2 = max
{

%2
%2+β , %1−β

%2

}
< 1, and using the fact that γk

2 < γN−k
2 , we obtain

∣∣∣∣
∑

m∈Z
ck+mN%k+mN

2

∣∣∣∣ ,

∣∣∣∣
∑

m∈Z
k 6=0

dk+mN%k+mN
2

∣∣∣∣ ≤ M2 γk
2 ,

where M2 = 2Mβ γk
2 (1− γ2)−1.

Case II. k < 0. Following arguments similar to those used in Case I, we obtain
∣∣∣∣
∑

m∈Z
ck+mN%k+mN

i

∣∣∣∣ ,

∣∣∣∣
∑

m∈Z
dk+mN%k+mN

i

∣∣∣∣ ≤ Mi γ−k
i , i = 1, 2

Case III. k = 0 . Finally, following similar arguments to cases I and II, we obtain
∣∣∣∣
∑

m∈Z
cmN%mN

1

∣∣∣∣ ,

∣∣∣∣
∑

m∈Z
d−mN%−mN

1

∣∣∣∣ ≤Mi , i = 1, 2

We define γ3 such that γ1, γ2 ≤ γ3 = max
{

%2

%2 + β
,
%1 − β

%1

}
< 1, and we take M3 = max {M1, M2}.

Therefore, for k ∈ Z, we have

|µk| ≤
2M3 γ

|k|
3

(
%−k
2 + %−k

1

)

|δk| .

In particular, when k > 0 we have that

|µk| ≤ 2M3γ
k
3

%k
2

(
1−

(
%1

%2

)k
)−1

≤ 2M3γ
k
3

%k
2

(
1− %1

%2

)−1

≤ M4 γk
3

%k
2

,

where M4 = 2M3

(
1− %1

%2

)−1

. When k < 0,

|µk| ≤ M4 γ−k
3 %−k

1 , (5.10)

and, when k = 0, we have that

|µ0| < log %2 (2M3 + M3 log %1) + log %1 (2M3 + M3 log %2)
log (%2/%1)

≤2M3 (log %2 + log %1 + log %2 log %1)
log (%2/%1)

.

Similarly, for the coefficients νk, k > 0, we have that |νk| ≤ M4γ
k
3%k

1 , for k < 0, |νk| ≤ M4γ
−k
3 %k

2 , and for

k = 0, |ν0| ≤ M3 (4 + log %2 + log %1)
log (%2/%1)

. If we take

M = max
{

M4,
2M3 (log %2 + log %1 + log %2 log %1)

log (%2/%1)
,
M3 (4 + log %2 + log %1)

log (%2/%1)

}
,
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then

|µk| ≤




Mγk
3%−k

2 , k > 0,

Mγ−k
3 %−k

1 , k < 0,

M, k = 0,

|νk| ≤




Mγk
3%k

1 , k > 0,

Mγ−k
3 %k

2 , k < 0,

M, k = 0.

This leads to the following theorem with a uniform bound.

Lemma 5.1. The coefficients µk,νk in (5.5) are bounded by:

|µk|, |νk| ≤ Mγ
|k|
4 , (5.11)

where γ4 = max
{

γ3%1,
γ3
%2

}
.

¤

5.2. The error bound. Let us denote by u(·; h) the solution of the boundary value problem




∆u = 0 in Ω,

u = h1 on ∂Ω1,

u = h2 on ∂Ω2,

where h = (h1, h2)T and by uN (·; h) its MFS approximation. Note that uN depends also on R1, R2.
Since both u(·; h) and uN (·;h) depend linearly on h1 and h2 we have, with fN = (fN

1 , fN
2 ),

||uN (·; f)−u(·;f)||∞ ≤ ||u(·; f−fN )||∞+||uN (·;f−fN )||∞+||uN (·; fN )−u(·; fN )||∞

= ||u(·; f−fN )||∞+||uN (·;fN )−u(·; fN )||∞, (5.12)

since f and fN agree at the boundary points. In the following we show that, each term on the right
hand side of (5.12) decays exponentially fast as N →∞.

5.2.1. The term ‖u (·, f − fN )‖∞. From (5.2) and (5.5), we have

u− ũN =
∑

k≤−N
2

(
ckrkeikϑ + dkrke−ikϑ

)
+

∑

k> N
2

(
ckrkeikϑ + dkrke−ikϑ

)

+
∑

−N
2 +1≤k≤N

2

(µk − ck) rkeikϑ +
∑

−N
2 +1≤k<0

(dk − νk) r−keikϑ

+
∑

0<k≤N
2

(dk − νk) r−keikϑ + (d0 − ν0) log r.

(5.13)

By observing that the term corresponding to m = 0 in (5.6) vanishes, i.e.

%−k
2

(
ck%k

1 + d−k%−k
1

)− %−k
1

(
ck%k

2 + d−k%−k
2

)

δk
− ck = 0,

we have that (5.6) reduces to

µk − ck =
1
δk



%−k

2

∑

m∈Z,m6=0

(
ck+mN%k+mN

1 + d−k−mN%−k−mN
1

)

−%−k
1

∑

m∈Z,m6=0

(
ck+mN%k+mN

2 + d−k−mN%−k−mN
2

)


 .
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Thus,

|µk − ck| ≤%−k
2

|δk|

{∑
m>0

|ck+mN |%k+mN
1 +

∑
m>0

|d−k−mN |%−k−mN
1 +

∑
m<0

|ck+mN |%k+mN
1

+
∑
m<0

|d−k−mN |%−k−mN
1

}

+
%−k
1

|δk|

{∑
m>0

|ck+mN |%k+mN
2 +

∑
m>0

|d−k−mN |%−k−mN
2 +

∑
m<0

|ck+mN |%k+mN
2

+
∑
m<0

|d−k−mN |%−k−mN
2

}

≤%−k
2

|δk|

{∑
m>0

Mβ (%2 + β)−(k+mN)
%k+mN
1 +

∑
m<0

Mβ (%1 − β)−(k+mN)
%k+mN
1

+
∑
m>0

Mβ (%1 − β)k+mN
%
−(k+mN)
1 +

∑
m<0

Mβ (%2 + β)k+mN
%
−(k+mN)
1

}

+
%−k
1

|δk|

{∑
m>0

Mβ (%2 + β)−(k+mN)
%k+mN
2 +

∑
m<0

Mβ (%1 − β)−(k+mN)
%k+mN
2

+
∑
m>0

Mβ (%1 − β)k+mN
%
−(k+mN)
2 +

∑
m<0

Mβ (%2 + β)k+mN
%
−(k+mN)
2

}

≤Mβ %−k
2

|δk|

{
γk+N
3

∞∑
m=0

γNm
3 + γN−k

3

∞∑
m=0

γNm
3 + γN+k

3

∞∑
m=0

γNm
3 + γN−k

3

∞∑
m=0

γNm
3

}

+
Mβ %−k

1

|δk|

{
γk+N
3

∞∑
m=0

γNm
3 + γN−k

3

∞∑
m=0

γNm
3 + γN+k

3

∞∑
m=0

γNm
3 + γN−k

3

∞∑
m=0

γNm
3

}
,

If k > 0, then k + N > N − k, therefore

|µk − ck| ≤ 8Mβ %k
2γN−k

3

%2k
2 − %2k

1

∞∑
m=0

γNm
3 ≤ 8MβγN−k

3

%k
2

(
1− %2

1
%2
2

)
(1− γ3)

≤ M5 γN−k
3

%k
2

where M5 = 8Mβ

(1−γ3)

(
1− %2

1
%2
2

)−1

. If k < 0 then k + N < N − k, therefore

|µk − ck| ≤4Mβ%−k
2 γk+N

3

|δk|
∞∑

m=0

γNm
3 +

4Mβ%−k
1 γk+N

3

|δk|
∞∑

m=0

γNm
3

≤ 8Mβ%−k
1 γk+N

3(
1− %2

1
%2
2

)
(1− γ3)

≤ M5 γN+k
3 %−k

1 .

When k = 0, from (5.8) and by observing that

log %2 c0 − log %1 c0

log %2/%1
− c0 = 0,

we have

µ0 − c0 =
1

log %2/%1



log %2


∑

m∈Z
cmN%mN

1 +
∑

m∈Z,m6=0

d−mN%−mN
1 + d0 log %1




− log %1


∑

m∈Z
cmN%mN

2 +
∑

m∈Z,m 6=0

d−mN%−mN
2 + d0 log %2






− c0.
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Thus,

|µ0 − c0| = 1
log %2/%1

∣∣∣∣ log %2

∑

m 6=0

(
cmN%mN

1 + d−mN%−mN
1

)

− log %1

∑

m 6=0

(
cmN%mN

2 + d−mN%−mN
2

) ∣∣∣∣

=
1

log %2/%1

∣∣∣∣∣

{
log %2

[∑
m>0

(
cmN%mN

1 + d−mN%−mN
1

)
+

∑
m<0

(
cmN%mN

1 + d−mN%−mN
1

)
]

+ log %1

[∑
m>0

(
cmN%mN

2 + d−mN%−mN
2

)
+

∑
m<0

(
cmN%mN

2 + d−mN%−mN
2

)
]}∣∣∣∣∣

≤ log %2

log %2/%1

{∑
m>0

Mβ (%2 + β)−mN
%mN
1 +

∑
m<0

Mβ (%1 − β)−mN
%mN
1

+
∑
m>0

Mβ (%1 − β)mN
%−mN
1 +

∑
m<0

Mβ (%2 + β)mN
%−mN
1

}

+
1

log %2/%1

{∑
m>0

Mβ (%2 + β)−mN
%mN
2 +

∑
m<0

Mβ (%1 − β)−mN
%mN
2

+
∑
m>0

Mβ (%1 − β)mN
%−mN
2 +

∑
m<0

Mβ (%2 + β)mN
%−mN
2

}

≤8Mβ log %2

log %2/%1
γN
3

∞∑
m=0

γNm
3 ≤ 8Mβ log %2

log %2/%1

γN
3

1− γ3
= M6 γN

3 ,

where M6 =
8Mβ log %2

(1− γ3) log %2/%1
. Following similar arguments we have that

|νk − dk| ≤





M5 γN−k
3 %k

1 , k > 0

M5 γN+k
3 %k

2 , k < 0

M6 γN
3 k = 0.

If we take M7 = max {M5,M6} we obtain the lemma

Lemma 5.2. The terms µk − ck and νk − dk in equation (5.13) are bounded by:

|µk − ck| ≤





M7 γN−k
3 %−k

2 , k > 0,

M7 γN+k
3 %−k

1 , k < 0,

M7 γN
3 , k = 0,

|νk − dk| ≤





M7 γN−k
3 %k

1 , k > 0,

M7 γN+k
3 %k

2 , k < 0,

M7 γN
3 , k = 0.

¤

We are now in a position to bound

N
2∑

k=−N
2 +1

(µk − ck) rkeikϑ +
−1∑

k=−N
2 +1

(νk − dk) r−keikϑ +

N
2∑

k=1

(νk − dk) r−keikϑ + (ν0 − d0) log r.
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In the case when the error attains its maximum value on the inner circle r = %1, we have, using Lemma
5.2,

∣∣∣∣
N
2∑

k=−N
2 +1

(µk − ck) %k
1eikϑ +

−1∑

k=−N
2 +1

(νk − dk) %−k
1 eikϑ +

N
2∑

k=1

(νk − dk) %−k
1 eikϑ + (ν0 − d0) log %1

∣∣∣∣

≤
N
2∑

k=1

|µk − ck|%k
1 +

−1∑

k=−N
2 +1

|µk − ck|%k
1 + |µ0 − c0|

+

N
2∑

k=1

|νk − dk|%−k
1 +

−1∑

k=−N
2 +1

|νk − dk|%−k
1 + |ν0 − d0| log %1

≤ M8

{ N
2∑

k=1

γN−k
3

(
%1

%2

)k

+
−1∑

k=−N
2 +1

γN+k
3 %−k

1 %k
1 + γN

3 +

N
2∑

k=1

γN−k
3 %k

1%−k
1 +

−1∑

k=−N
2 +1

γN+k
3

(
%1

%2

)−k

+ γN
3

}

≤ M8

{ N
2∑

k=1

γN−k
3 +

N
2∑

k=1

γN−k
3 + γN

3 +

N
2∑

k=1

γN−k
3 +

N
2∑

k=1

γN−k
3 + γN

3

}

≤ 4M8

{
γ

N
2

3 + γN
3

}
≤ 8M8 γ

N
2

3 , (5.14)

where M8 = max {M7, log %1, log %2}. Similarly, when the maximum is attained on the outer circle r = %2,
we have

∣∣∣∣
−1∑

k=−N
2 +1

(ck − µk) %k
2eikϑ +

−1∑

k=−N
2 +1

(dk − νk) %−k
2 eikϑ +

N
2∑

k=1

(dk − νk) %−k
2 eikϑ + (d0 − ν0) log %2

∣∣∣∣

≤ 4M8

{
γ

N
2

3 + γN
3

}
≤ 8M8 γ

N
2

3 . (5.15)

The remaining term in (5.13) can be bounded in the following way:

∣∣∣∣
∑

k> N
2

(
ckrkeikϑ + dkrke−ikϑ

)
+

∑

k≤N
2

(
ckrkeikϑ + dkrke−ikϑ

) ∣∣∣∣

≤
∑

k> N
2

|ck|rk +
∑

k> N
2

|dk|rk +
∑

k≤−N
2

|ck|rk +
∑

k≤−N
2

|dk|rk

≤
∞∑

k= N
2 +1

Mβ

(
r

%2 + β

)k

+
∞∑

k= N
2 +1

Mβ

(
r

%2 + β

)k

+
∑

k≤−N
2

Mβ

(
r

%1 − β

)k

+
∑

k≤−N
2

Mβ

(
r

%1 − β

)k

≤2Mβ





∞∑

k= N
2 +1

(
r

%2 + β

)k

+
∞∑

k= N
2

(
%1 − β

r

)k




≤2Mβ





∞∑

k= N
2

(
r

%2 + β

)k

+
∞∑

k= N
2

(
%1 − β

r

)k




=2Mβ

{(
r

%2 + β

)N
2 ∞∑

k=0

(
r

%2 + β

)k

+
(

%1 − β

r

)N
2 ∞∑

k=0

(
%1 − β

r

)k
}

=2Mβ

{(
r

%2 + β

)N
2

(
1− r

%2 + β

)−1

+
(

%1 − β

r

)N
2

(
1− %1 − β

r

)−1
}

.
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Therefore, when the maximum is attained on the inner circle r = %1, we have∣∣∣∣
∑

k> N
2

(
ck%k

1eikϑ + dk%k
1e−ikϑ

)
+

∑

k≤N
2

(
ck%k

1eikϑ + dk%k
1e−ikϑ

) ∣∣∣∣

≤ 2Mβ

{(
1− %1

%2 + β

)−1

+
(

1− %1 − β

%1

)−1
}

γ
N
2

3 = M1γ
N
2

3 ≤ M8 γ
N
2

3 . (5.16)

Similarly, when the maximum is obtained on the external circle r = %2, we have
∣∣∣∣

∑

k> N
2

(
ck%k

2eikϑ + dk%k
2e−ikϑ

)
+

∑

k≤N
2

(
ck%k

2eikϑ + dk%k
2e−ikϑ

) ∣∣∣∣

≤ 2M1

{(
1− %2

%2 + β

)−1

+
(

1− %1 − β

%2

)−1
}

γ
N
2

3 = M2γ
N
2

3 ≤ M8 γ
N
2

3 . (5.17)

Therefore, we have the following theorem:

Theorem 5.3.

‖uN (·, f− fN )‖∞ ≤ 9M8 γ
N
2

3 . (5.18)

¤

5.2.2. The term ||uN (·; fN )−u(·; fN )||∞. To bound this term, we need to investigate how well the MFS
approximates problems corresponding to exact solutions of the form zk, k = −N

2 , . . . , N
2 , and log |z|

which in polar coordinates take the form rkeikϕ, log r , r ∈ [%1, %2] and ϕ ∈ [0, 2π] . For simplicity we
denote this exact solution by u(·; rkeikϕ) and its MFS approximation by uN (·; rkeikϕ) . Thus we need
to bound

||uN (·; rkeikϕ)− u(·; rkeikϕ)||∞, k = −N/2 + 1, . . . , N/2, and

||uN (·; log r)− u(·; log r)||∞.

Without loss of generality, we assume that %1 = 1 . We shall prove the following lemma:

Lemma 5.4. We have the following estimates:

||uN (· ; rkeikϕ)− u(· ; rkeikϕ)||∞ ≤ CN4ωN−2|k| , (5.19)

where k = −N/2 + 1, . . . , N/2, ω = max
{

R1,
1

R2

}
< 1 and C is a constant independent of k and N .

Proof. Since u and uN are harmonic in the annulus, from the maximum principle

||uN − u||∞ = max{ sup
r=%1

|uN − u|, sup
r=%2

|uN − u|} .

First, we bound the term uN (·; rkeikϕ)− u(·; rkeikϕ) on the circle r = %1 = 1 .

Case I. k = 0.

In this case, the exact solution is u ≡ 1, i.e., f1, f2 ≡ 1, and thus f1 = f2 = (1, 1, . . . , 1), and

〈f1, ξj〉 =
{ √

N if j = 1,
0 otherwise,

〈f2, ξj〉 =
{ √

N if j = 1
0 otherwise.

Thus, from expression (4.2), we have

uN (·; 1) =

√
N

λ11
1 λ22

1 − λ12
1 λ21

1

{(λ11
1 − λ21

1 )〈l2, ξ1〉+ (λ22
1 − λ12

1 )〈l1, ξ1〉},
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where

λ11
1 =

N

2π

∞∑
m=1

1
mN

RmN
1 , λ12

1 =
N

2π

{ ∞∑
m=1

1
mN

(
1

R2

)mN

− log R2

}
,

λ21
1 =

N

2π

{ ∞∑
m=1

1
mN

(
R1

%2

)mN

− log %2

}
, λ22

1 =
N

2π

{ ∞∑
m=1

1
mN

(
%2

R2

)mN

− log R2

}
,

and

〈l1, ξ1〉 =
√

N

2π

∞∑
m=1

1
mN

RmN
1 cos(mNϑ), 〈l2, ξ1〉 =

√
N

2π

{ ∞∑
m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

}
.

Therefore,

||uN (·, ; 1)− u(·; , ; 1)||∞ = max
ϑ∈[0,2π]

|uN (cos ϑ, sin ϑ ; 1)− 1| = |A−B

B
|

where

A =
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑
m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )
∞∑

m=1

1
mN

RmN
1 cos(mNϑ)

}
,

and B = λ11
1 λ22

1 − λ12
1 λ21

1 . We thus have

|B| = 1
4π2

∞∑
m=1

1
m

RmN
1

{
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
}

+

{
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
}{

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
}
≥ N2 log R2 log %2 ,

and

|A−B| =
∣∣∣∣
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑
m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )
∞∑

m=1

1
mN

RmN
1 cos(mNϑ)

}
− (λ11

1 λ22
1 − λ12

1 λ21
1 )

∣∣∣∣

=
∣∣∣∣
N

2π

{(
1
2π

∞∑
m=1

1
m

RmN
1 +

1
2π

[
N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
])

×
( ∞∑

m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

)

+

(
1
2π

[ ∞∑
m=1

1
m

(
%2

R2

)mN

−N log R2

]
− 1

2π

[ ∞∑
m=1

1
m

(
1

R2

)mN

−N log R2

])

×
∞∑

m=1

1
mN

R1
mN cos(mNϑ)

}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
] [

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣
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=
∣∣∣∣

N

4π2

{( ∞∑
m=1

1
m

RmN
1 + N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
)( ∞∑

m=1

1
mN

1
RmN

2

cos(mNϑ)

)

+

( ∞∑
m=1

1
m

(
%2

R2

)mN

−
∞∑

m=1

1
m

1
RmN

2

) ∞∑
m=1

1
mN

RmN
1 cos(mNϑ)

}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]
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+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
] [

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣

=
1

4π2

∣∣∣∣
{

N

∞∑
m=1

1
m

RmN
1

∞∑
m=1

1
mN

1
RmN

2

cos(mNϑ)−N log R2

∞∑
m=1

1
m

RmN
1

+ N2 log %2

∞∑
m=1

1
mN

1
RmN

2

cos(mNϑ)−N2 log %2 log R2

−
∞∑

m=1

1
m

(
R1

%2

)mN ∞∑
m=1

1
m

1
RmN

2

cos(mNϑ) + N

∞∑
m=1

1
m

(
R1

%2

)mN

log R2

+ N

∞∑
m=1

1
m

(
%2

R2

)mN ∞∑
m=1

1
mN

RmN
1 cos(mNϑ)

−N

∞∑
m=1

1
m

1
RmN

2

∞∑
m=1

1
mN

RmN
1 cos(mNϑ)

+ N log R2

∞∑
m=1

1
m

RmN
1 −

∞∑
m=1

1
m

RmN
1

∞∑
m=1

1
m

(
%2

R2

)mN

+ N2 log %2 log R2 −N log R2

∞∑
m=1

1
m

(
R1

%2

)mN

−N log %2

∞∑
m=1

1
m

1
RmN

2

+
∞∑

m=1

1
m

1
RmN

2

∞∑
m=1

1
m

(
R1

%2

)mN
}∣∣∣∣

≤
∞∑

m=1

RmN
1

∞∑
m=1

1
RmN

2

+ N log R2

∞∑
m=1

RmN
1 + N2 log %2

∞∑
m=1

1
RmN

2

+
∞∑

m=1

(
R1

%2

)mN ∞∑
m=1

1
RmN

2

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+
∞∑

m=1

(
%2

R2

)mN ∞∑
m=1

RmN
1 +

∞∑
m=1

1
RmN

2

∞∑
m=1

RmN
1 +

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

1
RmN

2

+
∞∑

m=1

1
RmN

2

∞∑
m=1

(
R1

%2

)mN

≤2RN
1

2
RN

2

+ N log R22RN
1 + N2 log %2

2
RN

2

+ 2
(

R1

%2

)N 2
RN

2

+ N log R22
(

R1

%2

)N

+ 4
(

%2

R2

)N

RN
1 +

2
RN

2

2RN
1

+ 2N log R2R
N
1 + 4RN

1

(
%2

R2

)N

+ 2N log R2

(
R1

%2

)N

+ 2N log %2
1

RN
2

+ 4
1

RN
2

(
R1

%2

)N

.
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We take ω = max
{

R1,
%2
R2

}
< 1 and therefore:

|A−B| ≤ 4ω2N + 2N log R2ω
N + 2N2 log %2ω

N + 4ω2N + 2N log R2ω
2N + 4ω2N

+ 4ω2N + 2N log R2ω
N + 4ω2N + 2N log R2ω

N + 2N log R2ω
N + 4ω2N

≤4ωN + 2N log R2ω
N + 2N2 log R2ω

N + 4ωN + 2N log R2ω
N + 4ωN + 4ωN + 2N log R2ω

N + 4ωN

+ 2N log R2ω
N + 2N log R2ω

N + 4ωN ≤ 24ωN + 12N2 log R2ω
N .

Thus if log R2 > 1 we have:

|A−B|
|B| ≤ 24ωN + 12N2 log R2ω

N

N2 log R2 log %2
≤ 24N2 log R2ω

N + 12N2 log R2ω
N

N2 log R2 log %2
≤ 36N2 log R2ω

N

N2 log R2 log %2

=
36ωN

log %2

If log R2 < 1 we have:

|A−B|
|B| ≤ 24ωN + 12N2 log R2ω

N

N2 log R2 log %2
≤ 24N2ωN + 12N2ωN

N2 log R2 log %2
=

36ωN

log R2 log %2
=

36ωN

log %2 log R2

Case II, 0 < k ≤ N/2: From (4.2) we have:

uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉,

where

〈f1, ξj〉 =
{ √

N if j = k + 1
0 otherwise .

and 〈f2, ξj〉 =
{ √

N%k
2 if j = k + 1

0 otherwise .

Thus,

uN =
√

N

λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉}

We can therefore write

|A
B
− eikθ| = |A− eikθB|

|B|
where

A =
√

N{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉}
and

B = λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1 .

Since %1 = 1, we have

λ11
k+1 =

N

4π

∞∑
m=0

{
Rk+mN

1

1
k + mN

+ RN−k+mN
1

1
N − k + mN

}

λ12
k+1 =

N

4π

∞∑
m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

λ21
k+1 =

N

4π

∞∑
m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

λ22
k+1 =

N

4π

∞∑
m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}
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and

〈l1, ξk+1〉 =
√

N

4π

∞∑
m=1

{
Rk+mN

1

ei(k+mN)ϑ

k + mN
+ RN−k+mN

1

e−i(N−k+mN)ϑ

N − k + mN

}

〈l2, ξk+1〉 =
√

N

4π

∞∑
m=1

{(
1

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
1

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}
.

Next, we obtain a lower bound for |B|.

B =
∞∑

m=0

{
Rk+mN

1

k + mN
+

RN−k+mN
1

N − k + mN

} ∞∑
m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

−
∞∑

m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

=

{
R1

k
+

RN−k
1

N − k
+

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

}

×
{

1
k

(
%2

R2

)k

+
1

N − k

(
%2

R2

)N−k

+
∞∑

m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{

1
kRk

2

+
1

(N − k)RN−k
2

+
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
1

R2

)N−k+mN 1
N − k + mN

}

×
{

1
k

(
R1

%2

)k

+
1

N − k

(
R1

%2

)N−k

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

}

=
1
k2

Rk
1%k

2

Rk
2

+
1

k(N − k)
Rk

1%N−k
2

RN−k
2

+
Rk

1

k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
Rk

1

k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

+
1

k(N − k)
RN−k

1 %k
2

Rk
2

+
1

(N − k)2

(
R1%2

R2

)N−k

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

+
1
k

(
%2

R2

)k ∞∑
m=1

Rk+mN
1

k + mN
+

1
N − k

(
%2

R2

)N−k ∞∑
m=1

Rk+mN
1

k + mN
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+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2
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Since each term is positive we have that
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On the other hand we have:



24 T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS
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N − k + mN

}

−
{(

R1

%2R2

)N−k
e−i(N−k)ϑ

(N − k)2
+

(
R1

%2

)N−k 1
N − k

∞∑
m=1

(
1

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
(

R1

%2

)N−k 1
N − k

∞∑
m=1

(
1

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

−
{

1
RN−k

2

e−i(N−k)ϑ

N − k

∞∑
m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

∞∑
m=1

(
1

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

∞∑
m=1

(
1

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

−
{

1
RN−k

2

e−i(N−k)ϑ

N − k

∞∑
m=1

(
R1

%2

)N−k+mN 1
N − k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

∞∑
m=1

(
1

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

∞∑
m=1

(
1

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+

{
RN−k

1 %k
2

Rk
2

e−i(N−k)ϑ

k(N − k)
+

(
R1%2

R2

)N−K
e−i(N−k)ϑ

(N − k)2
+ RN−k

1

e−i(N−k)ϑ

N − k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+ RN−k
1

e−i(N−k)ϑ

N − k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

+

{(
%2

R2

)k 1
k

∞∑
m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN

+
∞∑

m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

+

{(
%2

R2

)k 1
k

∞∑
m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

N − k + mN

+
∞∑

m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}
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−
{

RN−k
1 %k

2

Rk
2

eikϑ

k(N − k)
+

(
R1%2

R2

)N−K
eikϑ

(N − k)2
+ RN−k

1

eikϑ

N − k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+ RN−k
1

eikϑ

N − k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{(

%2

R2

)k 1
k

∞∑
m=1

Rk+mN
1

eikϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

Rk+mN
1

eikϑ

k + mN

+
∞∑

m=1

Rk+mN
1

eikϑ

k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

Rk+mN
1

eikϑ

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{(

%2

R2

)k 1
k

∞∑
m=1

RN−k+mN
1

eikϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

RN−k+mN
1

eikϑ

N − k + mN

+
∞∑

m=1

RN−k+mN
1

eikϑ

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

RN−k+mN
1

eikϑ

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 29

≤ 2N2

16π2

{
%k
2

{
Rk

1

RN−k
2

+ Rk
1

∞∑
m=1

(
1

R2

)k+mN

+ Rk
1

∞∑
m=1

(
1

R2

)N−k+mN

+
RN−k

1

Rk
2

+
(

R1

R2

)N−k

+ RN−k
1

∞∑
m=1

(
1

R2

)k+mN

+ RN−k
1

∞∑
m=1

(
1

R2

)N−k+mN

+
1

Rk
2

∞∑
m=1

Rk+mN
1 +

1
RN−k

2

∞∑
m=1

Rk+mN
1

+
∞∑

m=1

Rk+mN
1

∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

Rk+mN
1

∞∑
m=1

(
1

R2

)N−k+mN

+
1

Rk
2

∞∑
m=1

RN−k+mN
1

+
1

RN−k
2

∞∑
m=1

RN−k+mN
1 +

∞∑
m=1

RN−k+mN
1

∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

RN−k+mN
1

∞∑
m=1

(
1

R2

)N−k+mN
}

+
Rk

1

%k
2RN−k

2

+
(

R1

%2

)k ∞∑
m=1

(
1

R2

)k+mN

+
(

R1

%2

)k ∞∑
m=1

(
1

R2

)N−k+mN

+
(

R1

%2R2

)N−k

+
(

R1

%2

)N−k ∞∑
m=1

(
1

R2

)k+mN

+
(

R1

%2

)N−k ∞∑
m=1

(
1

R2

)N−k+mN

+
1

RN−k
2

∞∑
m=1

(
R1

%2

)k+mN

+
∞∑

m=1

(
R1

%2

)k+mN ∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

(
R1

%2

)k+mN ∞∑
m=1

(
1

R2

)N−k+mN

+
1

RN−k
2

∞∑
m=1

(
R1

%2

)N−k+mN

+
∞∑

m=1

(
R1

%2

)N−k+mN ∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

(
R1

%2

)N−k+mN ∞∑
m=1

(
1

R2

)N−k+mN

+
RN−k

1 %k
2

Rk
2

+
(

R1%2

R2

)N−k

+ RN−k
1

∞∑
m=1

(
%2

R2

)k+mN

+ RN−k
1

∞∑
m=1

(
%2

R2

)N−k+mN

+
(

%2

R2

)k ∞∑
m=1

Rk+mN
1 +

(
%2

R2

)N−k ∞∑
m=1

Rk+mN
1 +

∞∑
m=1

Rk+mN
1

∞∑
m=1

(
%2

R2

)k+mN

+
∞∑

m=1

Rk+mN
1

∞∑
m=1

(
%2

R2

)N−k+mN

+
(

%2

R2

)k ∞∑
m=1

RN−k+mN
1 +

(
%2

R2

)N−k ∞∑
m=1

RN−k+mN
1

+
∞∑

m=1

RN−k+mN
1

∞∑
m=1

(
%2

R2

)k+mN

+
∞∑

m=1

RN−k+mN
1

∞∑
m=1

(
%2

R2

)N−k+mN
}

≤ 2N2

16π2

{
%k
2

{
Rk

1

RN−k
2

+ 2Rk
1

(
1

R2

)k+N

+ 2Rk
1

(
1

R2

)2N−k

+
RN−k

1

Rk
2

+
(

R1

R2

)N−k

+ 2RN−k
1

(
1

R2

)k+N

+ 2RN−k
1

(
1

R2

)2N−k

+ 2
1

Rk
2

Rk+N
1 + 2

1
RN−k

2

Rk+N
1 + 4

(
R1

R2

)k+N

+ 4Rk+N
1

(
1

R2

)2N−k

+2
1

Rk
2

R2N−k
1 + 2

1
RN−k

2

R2N−k
1 + 4R2N−k

1

(
1

R2

)k+N

+ 4
(

R1

R2

)2N−k
}

+

+
Rk

1

%k
2RN−k

2

+ 2
(

R1

%2

)k (
1

R2

)k+N

+ 2
(

R1

%2

)k (
1

R2

)2N−k

+
(

R1

%2R2

)N−k

+ 2
(

R1

%2

)N−k (
1

R2

)k+N

+ 2
(

R1

%2

)N−k (
1

R2

)2N−k

+ 2
(

R1

%2

)k+N (
1

R2

)N−k

+ 4
(

R1

%2

)k+N (
1

R2

)k+N

+ 4
(

R1

%2

)k+N (
1

R2

)2N−k

+ 2
(

R1

%2

)2N−k (
1

R2

)N−k

+ 4
(

R1

%2

)2N−k (
1

R2

)k+N

+ 4
(

R1

%2

)2N−k (
1

R2

)2N−k
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+
RN−k

1 %k
2

Rk
2

+
(

R1%2

R2

)N−k

+ 2RN−k
1

(
%2

R2

)k+N

+ 2RN−k
1

(
%2

R2

)2N−k

+ 2Rk+N
1

(
%2

R2

)k

+ 2Rk+N
1

(
%2

R2

)N−k

+ 4Rk+N
1

(
%2

R2

)k+N

+ 4Rk+N
1

(
%2

R2

)2N−k

+ 2R2N−k
1

(
%2

R2

)k

+ 2R2N−k
1

(
%2

R2

)N−k

+ 4R2N−k
1

(
%2

R2

)k+N

+ 4R2N−k
1

(
%2

R2

)2N−k

,

for sufficiently large N. Therefore

|A− eikϑB| ≤2N2

{
%k
2

{
5Rk

1

(
1

R2

)N−k

+ 10RN−k
1

(
1

R2

)k

+ 22RN−k
1

(
1

R2

)k
}

+28
(

R1

R2

)k (
1

R2

)N−k

+ 27Rk
1

(
%2

R2

)N−k

+ 5RN−k
1

(
%2

R2

)k
}

=2N2

{
%k
2

{
5Rk

1

(
1

R2

)N−k

+ 32RN−k
1

(
1

R2

)k
}

+28
(

R1

R2

)k (
1

R2

)N−k

+ 27Rk
1

(
%2

R2

)N−k

+ 5RN−k
1

(
%2

R2

)k
}

.

Since

|B| ≥ 1
k2

Rk
1

Rk
2

(
%k
2 −

1
%k
2

)
=

1
k2

Rk
1

Rk
2

β%k
2

where 1 > β > 1− 1
%2

, we have

|A− eikϑB|
|B| ≤2N2k2

β





5%k
2Rk

1

RN−k
2

%k
2Rk

1
Rk

2

+

32%k
2RN−k

1

RN−k
2

%k
2Rk

1
Rk

2

+

28Rk
1

Rk
2RN−k

2

%k
2Rk

1
Rk

2

+

27%N−k
2 Rk

1

RN−k
2

%k
2Rk

1
Rk

2

+

5%k
2RN−k

1
Rk

2

%k
2Rk

1
Rk

2





=
2N2k2

β

{
5

RN−2k
2

+ 32RN−2k
1 +

28
%k
2RN−k

2

+ 27
(

%2

R2

)N−2k

+ 5RN−2k
1

}

If we take ω = max
{

R1,
1

R2
, %2

R2

}
= max

{
R1,

%2
R2

}
< 1, we have

|A− eikϑB|
|B| ≤2N2k2

β

{
5ωN−2k + 32ωN−2k + 28ωN−2k + 27ωN−2k + 5ωN−2k

}

=
2N2k2

β
97ωN−2k =

194N2k2

β
ωN−2k,

where 1 > β > 1− 1
%2

.

Case III, −N/2 ≤ k < 0: From 4.2 we have

uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉,
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〈f1, ξj〉 =
{ √

N if j = k + 1
0 otherwise .

and 〈f2, ξj〉 =

{ √
N 1

%
|k|
2

if j = k + 1

0 otherwise .

Thus

uN =
√

N

λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

{( 1

%
|k|
2

λ11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 −

1

%
|k|
2

λ12
k+1)〈l1, ξk+1〉}

Therefore, since u(·; h̄) = u(·; h) and uN (·; h̄) = uN (·;h) , we have
∥∥∥uN (· ; e−i|k|ϕ)− u(· ; e−i|k|ϕ)

∥∥∥
∞

= max
ϑ∈[0,2π]

∣∣∣∣
A

B
− e−i|k|ϑ

∣∣∣∣ = max
ϑ∈[0,2π]

∣∣A− e−i|k|ϑB
∣∣

|B|
where

A =
√

N{( 1

%
|k|
2

λ11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 −

1

%
|k|
2

λ12
k+1)〈l1, ξk+1〉}

and
B = λ11

k+1λ
22
k+1 − λ12

k+1λ
21
k+1

Following a similar proof as in case II with the following differences in |A− ei|k|θB|:
• The coefficient %

|k|
2 in equation (5.21) is replaced by 1

%
|k|
2

,

• The angles in (5.22) have opposite signs.

We obtain
|A− e−i|k|θB|

|B| ≤ 194N2k2

β
ωN−2|k|

where 1 > β > 1− 1
%2

.

Next, we bound the term uN (·; rkeikϕ)− u(·; rkeikϕ) on the circle r = %2 .

Case I. k = 0 . In this case, f1 = f2 = 1, f1 = f2 = (1, 1, . . . , 1), u ≡ 1 and

〈f1, ξj〉 =
{ √

N if j = 1
0 otherwise .

and 〈f2, ξj〉 =
{ √

N if j = 1
0 otherwise .

Thus from expression (4.2) we have

uN (·; 1) =
√

N

λ11
1 λ22

1 − λ12
1 λ21

1

{(λ11
1 − λ21

1 )〈l2, ξ1〉+ (λ22
1 − λ12

1 )〈l1, ξ1〉}

where the eigenvalues take the form:

λ11
1 =

N

2π

∞∑
m=1

1
mN

RmN
1 , λ12

1 =
N

2π

{ ∞∑
m=1

1
mN

(
1

R2

)mN

− log R2

}

λ21
1 =

N

2π

{ ∞∑
m=1

1
mN

(
R1

%2

)mN

− log %2

}
, λ22

1 =
N

2π

{ ∞∑
m=1

1
mN

(
%2

R2

)mN

− log R2

}

and

〈l1, ξ1〉 =
√

N

2π

{ ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

}
,

〈l2, ξ1〉 =
√

N

2π

{ ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

}
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Therefore

||uN (· ; 1)− u(· ; 1)||∞ = max
ϑ∈[0,2π]

|uN (cos ϑ, sin ϑ ; 1)− 1| = max
ϑ∈[0,2π]

|A−B|
|B| ,

where

A =
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )

{ ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

}}

and B = λ11
1 λ22

1 − λ12
1 λ21

1 . We thus have

|B| =
1

4π2

∞∑
m=1

1
m

RmN
1

{
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
}

+

{
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
}{

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
}

> N2 log R2 log %2

and

|A−B| =
∣∣∣∣
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )

{ ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

}}
− (λ11

1 λ22
1 − λ12

1 λ21
1 )

∣∣∣∣

=
∣∣∣∣
N

2π

{(
1
2π

∞∑
m=1

1
m

RmN
1 +

1
2π

[
N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
])

( ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

)

+

(
1
2π

[ ∞∑
m=1

1
m

(
%2

R2

)mN

−N log R2

]
− 1

2π

[ ∞∑
m=1

1
m

(
1

R2

)mN

−N log R2

])

( ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

)}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
][

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 33

=
N

4π2

∣∣∣∣
{( ∞∑

m=1

1
m

RmN
1 + N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
)( ∞∑

m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

)

+

( ∞∑
m=1

1
m

(
%2

R2

)mN

−
∞∑

m=1

1
m

1
RmN

2

)

( ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

)}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
][

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣

=
1

4π2

∣∣∣∣
{

N

∞∑
m=1

1
m

RmN
1

∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)−N log R2

∞∑
m=1

1
m

RmN
1

+ N2 log %2

∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)−N2 log %2 log R2

−
∞∑

m=1

1
m

(
R1

%2

)mN ∞∑
m=1

1
m

(
%2

R2

)mN

cos(mNϑ)

+ N

∞∑
m=1

1
m

(
R1

%2

)mN

log R2

+ N

∞∑
m=1

1
m

(
%2

R2

)mN ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)

−N

∞∑
m=1

1
m

(
%2

R2

)mN

log %2

−N

∞∑
m=1

1
m

(
1

R2

)mN ∞∑
m=1

1
mN

RmN
1 cos(mNϑ)−N

∞∑
m=1

1
m

(
1

R2

)mN

log %2

+ N log R2

∞∑
m=1

1
m

RmN
1 −

∞∑
m=1

1
m

RmN
1

∞∑
m=1

1
m

(
%2

R2

)mN

+ N2 log %2 log R2 −N log R2

∞∑
m=1

1
m

(
R1

%2

)mN

−N log %2

∞∑
m=1

1
m

1
RmN

2

+
∞∑

m=1

1
m

1
RmN

2

∞∑
m=1

1
m

(
R1

%2

)mN
}∣∣∣∣
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≤
∞∑

m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

RmN
1 + N2 log %2

∞∑
m=1

(
%2

R2

)mN

+
∞∑

m=1

(
R1

%2

)mN ∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+
∞∑

m=1

(
%2

R2

)mN ∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

(
%2

R2

)mN

+
∞∑

m=1

1
RmN

2

∞∑
m=1

RmN
1 + N log %2

∞∑
m=1

1
RmN

2

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

1
RmN

2

+
∞∑

m=1

1
RmN

2

∞∑
m=1

(
R1

%2

)mN

≤2RN
1 2

(
%2

R2

)N

+ N log R22RN
1 + N2 log %22

(
%2

R2

)N

+

2
(

R1

%2

)N 2
RN

2

2
(

%2

R2

)N

+ N log R22
(

R1

%2

)N

+ 4
(

%2

R2

)N

RN
1 + 2N log %2

(
%2

R2

)N

+
2

RN
2

2RN
1 + N log %2

2
RN

2

+ 2N log R2R
N
1 + 4RN

1

(
%2

R2

)N

+ 2N log R2

(
R1

%2

)N

+ 2N log R2
1

RN
2

+ 4
1

RN
2

(
R1

%2

)N

.

We take ω = max
{

R1,
%2
R2

}
< 1 and therefore:

|A−B| ≤ 4ω2N + 2N log R2ω
N + 2N2 log R2ω

N + 4ω2N + 2N log R2ω
N + 4ω2N + 2N log %2ω

N

+ 4ω2N + 2N log %2ω
N + 2N log R2ω

N + 4ω2N + 2N log R2ω
N + 4N log R2ω

N + 4ω2N

≤4ωN + 2N log R2ω
N + 2N2 log R2ω

N + 4ωN + 2N log R2ω
N + 4ωN + 2N log R2ω

N + 4ωN

+ 2N log R2ω
N + 4ωN + 2N log R2ω

N + 4ωN + 4N log %2ω
N

≤24ωN + 18N2 log R2ω
N .

Thus if log R2 > 1 we have,

|A−B|
|B| ≤24ωN + 18N2 log R2ω

N

N2 log R2 log %2
≤ 24N log R2ω

N + 18N2 log R2ω
N

N2 log R2 log %2
≤ 42N2 log R2ω

N

N2 log R2 log %2

=
42ωN

log %2
.

If log R2 < 1 we have:

|A−B|
|B| ≤24ωN + 18N2 log R2ω

N

N2 log R2 log %2
≤ 24NωN + 18N2ωN

N2 log R2 log %2
=

42ωN

log R2 log %2

=
42ωN

log %2 log R2
.

Case II, 0 < k ≤ N/2: From (4.2) we have:
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uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉

where

〈f1, ξj〉 =
{ √

N if j = k + 1
0 otherwise .

and 〈f2, ξj〉 =
{ √

N%k
2 if j = k + 1

0 otherwise .

Thus

uN =
√

N

λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉}.

We can therefore write

|uN − %k
2eikθ| = |A

B
− %k

2eikθ| = |A− %k
2eikθB|
|B| (5.23)

where

A =
√

N{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉}

and

B = λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1.

Since %1 = 1, we have

λ11
k+1 =

N

4π

∞∑
m=0

{
Rk+mN

1

1
k + mN

+ RN−k+mN
1

1
N − k + mN

}

λ12
k+1 =

N

4π

∞∑
m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

λ21
k+1 =

N

4π

∞∑
m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

λ22
k+1 =

N

4π

∞∑
m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}
.

¿From equation (5.20) we have that

B >
1
k2

Rk
1

Rk
2

(
%k
2 −

1
%k
2

)
.

On the other hand we have
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|A− %k
2eikθB|

=
∣∣∣∣
√

N{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉} − %k
2eikϑ(λ11

k+1λ
22
k+1 − λ12

k+1λ
21
k+1)

∣∣∣∣

=
N2

16π2

∣∣∣∣%k
2

∞∑
m=0

{
Rk+mN

1

k + mN
+

RN−k+mN
1

N − k + mN

}

×
∞∑

m=0

{(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

−
∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+
∞∑

m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2

∞∑
m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2eikϑ

∞∑
m=0

{
Rk+mN

1

k + mN
+

RN−k+mN
1

N − k + mN

}

×
∞∑

m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

+ %k
2eikϑ

∞∑
m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}∣∣∣∣
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=
N2

16π2

∣∣∣∣%k
2

{
Rk

1

k
+

RN−k
1

N − k
+

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

}

×
{(

%2

R2

)k
eikϑ

k
+

(
%2

R2

)N−k
e−i(N−k)ϑ

N − k

+
∞∑

m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2

{
Rk

1

k
+

RN−k
1

N − k
+

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

}

×
{(

%2

R2

)k
eikϑ

k
+

(
%2

R2

)N−k
eikϑ

N − k

+
∞∑

m=1

(
%2

R2

)k+mN
eikϑ

k + mN
+

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}

+

{(
%2

R2

)k 1
k

+
(

%2

R2

)N−k 1
N − k

+
∞∑

m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

×
{(

R1

%2

)k
eikϑ

k
+

(
R1

%2

)N−k
e−i(N−k)ϑ

N − k
+

∞∑
m=1

(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN
+

∞∑
m=1

(
R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

−
{(

%2

R2

)k
eikϑ

k
+

(
%2

R2

)N−k
e−i(N−k)ϑ

N − k
+

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

×
{(

R1

%2

)k 1
k

+
(

R1

%2

)N−k 1
N − k

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

}

+ %k
2eikϑ

{
1

kRk
2

+
1

(N − k)RN−k
2

+
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
1

R2

)N−k+mN 1
N − k + mN

}

×
{(

R1

%2

)k 1
k

+
(

R1

%2

)N−k 1
N − k

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

}

− %k
2

{
1

kRk
2

+
1

(N − k)RN−k
2

+
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
1

R2

)N−k+mN 1
N − k + mN

}

×
{(

R1

%2

)k
eikϑ

k
+

(
R1

%2

)N−k
e−i(N−k)ϑ

N − k
+

∞∑
m=1

(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN
ei(N−k+mN)ϑ

N − k + mN

} ∣∣∣∣
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=
N2

16π2

∣∣∣∣%k
2

{
Rk

1%N−k
2

RN−k
2

e−i(N−k)ϑ

k(N − k)
+

Rk
1

k

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
Rk

1

k

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+ %k
2

{
RN−k

1 %N−k
2

RN−k
2

e−i(N−k)ϑ

(N − k)2
+

RN−k
1

N − k

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+ %k
2

{(
%2

R2

)N−k
e−i(N−k)ϑ

N − k

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+ %k
2

{(
%2

R2

)N−k
e−i(N−k)ϑ

N − k

∞∑
m=1

RN−k+mN
1

N − k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2

{
Rk

1%N−k
2

RN−k
2

eikϑ

k(N − k)
+

Rk
1

k

∞∑
m=1

(
%2

R2

)k+mN
eikϑ

k + mN

+
Rk

1

k

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}

− %k
2

{
RN−k

1 %N−k
2

RN−k
2

eikϑ

(N − k)2
+

RN−k
1

N − k

∞∑
m=1

(
%2

R2

)k+mN
eikϑ

k + mN

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}

− %k
2

{(
%2

R2

)N−k
eikϑ

N − k

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)k+mN
eikϑ

k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}

− %k
2

{(
%2

R2

)N−k
eikϑ

N − k

∞∑
m=1

RN−k+mN
1

N − k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN
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Rk

1

(
R1

%2
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%k
2

(
%2

R2

)N−2k
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%k
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1
RN−2k

2

+
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Rk
1

(
R1

%2

)N−k
}

≤2N2k2

β
99Rk

2

(
%2

R2

)N−k

=
198N2k2

β
Rk

2

(
%2

R2

)N−k

where 1 > β > 1− 1
%2

.
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Case III, −N/2 ≤ k < 0:

The proof is analogous to the proof of case II in the case when the maximum is obtained on the external
circle %2. As in (5.23) we now have:

∣∣∣∣uN − 1

%
|k|
2

e−i|k|ϑ
∣∣∣∣ =

∣∣∣∣uN

(
1

%
|k|
2

e−i|k|ϑ
)
− 1

%
|k|
2

e−i|k|ϑ
∣∣∣∣ =

∣∣∣∣uN

(
1

%
|k|
2

ei|k|ϑ
)
− 1

%
|k|
2

e−i|k|ϑ
∣∣∣∣

=
∣∣∣∣
A

B
− 1

%
|k|
2

e−i|k|ϑ
∣∣∣∣ =

∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
|B| ,

where

A =
√

N

{
(

1

%
|k|
2

λ11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 −

1

%
|k|
2

λ12
k+1)〈l1, ξk+1〉

}

and
B = λ11

k+1λ
22
k+1 − λ12

k+1λ
21
k+1.

Thus ∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
|B| ≤

∣∣∣∣A− 1
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|k|
2

e−i|k|ϑB
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1
|k|2

R
|k|
1

R
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2
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|k|
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%k
2
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2
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1
|k|2

R
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1

R
|k|
2

β%
|k|
2

where 1 > β > 1− 1
%2

. Therefore
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(
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By taking ω = max
{

%2
R2

, 1
R2

, R1
%2

, R1
R2

}
= max

{
%2
R2

, R1
%2

}
< 1, we have that

∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
∣∣∣∣B
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≤ 198N2k2

β
ωN−2|k|

where 1 > β > 1− 1
%2

.

We now find a bound for the term uN ( ; log r)− u(· ; log r) :
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Lemma 5.5. We have the following estimates:

|uN (·, log r)− u(·, log r)|∞ ≤ c

N
ωN (5.24)

where ω = max
{

R1,
1

R2

}
< 1 and c is a constant independent of N.

Proof. Case I: When the maximum is obtained on the inner circle r = %1 = 1, from expression (4.2) we
have:
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j λ22
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Thus we have
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and therefore
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for sufficiently large N. In the case log R2 > 1, we have
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log %2 log R2
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8NRN
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N2 log %2 log R2
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12RN
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,

whereas in the case log R2 < 1, we have
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|A|
|B| ≤

log %2

(
8NRN

1 + 4NRN
1

)

N2 log %2 log R2
=

12RN
1

N log R2

Case II: When the maximum is obtained on the external circle r = %2 we have

|uN − log %2| =
∣∣∣∣
A

B
− log %2

∣∣∣∣ =
|A− log %2B|

|B| ,

where
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|A− log %2B| = N2
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for sufficient large N and taking ω = max{R1, %2/R2} . In the case log R2 > 1, we have

|A− log %2B|
|B| ≤ 28 log %2 log R2NωN

N2 log %2 log R2
=

28ωN

N
.

whereas when log R2 < 1, we have

|A− log %2B|
|B| ≤ 28 log %2NωN

N2 log %2 log R2
=

28ωN

N log R2
.

We are now in a position to obtain a bound for uN (., fN )−u (., fN ) by summing the bounds we have
obtained so far.

‖uN (., fN )− u (., fN )‖∞ ≤
N
2∑

k=−N
2 +1

|µk|
∥∥uN
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, rkeikϑ
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N
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∥∥uN

(
, r−keikϑ

)− u
(
, r−keikϑ

)∥∥
∞

+ |ν0| ‖uN (·, log r)− u (·, log r)‖∞ .

Using Theorem (5.11) and Lemmata (5.19) ,(5.24) we obtain

‖uN (., fN )− u (., fN )‖∞ ≤
N
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N
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ω2

)N
2
}

=cMN5
(
ωN + γ

N
2

4

)

5.2.3. The desired bound. We take γ = max {γ3, γ4} < 1. From the bounds on ‖u(·; f − fN )‖ and
‖uN (· ; fN )−u(· ; fN )‖ and inequality (5.12) given by (5.18) and (5.2.2), respectively, we get the de-
sired bound

Theorem 5.6.

‖uN (· ; f)− u (· ; f)‖∞ ≤ CMN5
(
ωN + γ

N
2

)
. (5.25)

6. Numerical results

We considered the following numerical examples corresponding to the Dirichlet problem (1.1) in the
annulus defined by %1 = 1, %2 = 2:

Example 1. Problem corresponding to the exact solution u = ex cos y. We varied the angle of α and
examined how this affected the accuracy of the solution for various values of N for different ε = %1−R1 =
R2− %2 (Figures 1, 2). We also varied the radii R1 and R2 of the inner and external circle and examined
how this affected the accuracy of the solution for various values of N (Figure 7). In addition, we varied
the radius R2 of the external circle and examined how this affected the accuracy of the solution for various
values of N (Figure 10).

Example 2. Problem corresponding to the exact solution u =
x

x2 + y2
. We varied the angle α and

examined how this affected the accuracy of the solution for various values of N for different ε = %1−R1 =
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R2− %2 (Figures 3, 4). We also varied the radii R1 and R2 of the inner and external circle and examined
how this affected the accuracy of the solution for various values of N (Figure 8).

Example 3. Problem corresponding to the exact solution u = x2 − y2. We varied the angle of α and
examined how this affected the accuracy of the solution for various values of N for different ε = %1−R1 =
R2− %2 (Figures 5, 6). We also varied the radii R1 and R2 of the inner and external circle and examined
how this affected the accuracy of the solution for various values of N (Figure 9).

The maximum relative error in these examples was calculated on a uniform grid of m points on the
boundary (since all the functions involved are harmonic and the maximum principle applies) defined by

(%1 cos ϑj , %1 sin ϑj), ϑj =
2π(j − 1)

m
, j = 1, ..., m

(%2 cos ϑj , %2 sin ϑj), ϑj =
2π(j − 1)

m
, j = 1, ..., m

The parameter m is taken to be equal to 500.

The numerical results indicate that for small ε the accuracy of the solution is dependent on the angular
parameter α. As ε grows this dependence disappears. Further, the accuracy for a certain range of values
of ε reaches an optimal value for α = 0.25 . This phenomenon was also been observed in [9, 10] and is
valid for all the examples considered in this paper (Figures 1-6). Also, we observed that as ε increases
for α = 0 , the accuracy of the method improves (Figures 7-9) according to the theoretical predictions
developed in this study. However, for larger values of ε the accuracy deteriorates due to ill-conditioning.
This is more evident in Figure 10, when we kept the inner pseudoboundary fixed and equal to 0.5 and
increased only the outer pseudoboundary.

From Figures 7, 8 and 9 it is evident that as R1 decreases, R2 increases and N increases the MFS solution
converges exponentially fast to the exact solution for all the test problems. The same phenomenon can be
observed for Figure 10, where R1 is fixed and R2 increases. However in all cases, there is a deterioration
of accuracy for large values of R2 and N due to ill-conditioning.

Note. We have also considered the case when the two pseudoboundaries are rotated independently. In
particular, we take the coordinates of the points Qj = (xQj , yQj ) on the internal pseudo–boundary to be

xQj = R1 cos
2(j − 1 + α1)π

N
, yQj = R1 sin

2(j − 1 + α1)π
N

, j = 1, . . . , N

and the coordinates of the points QN+j = (xQN+j
, yQN+j

) on the external pseudo–boundary to be

xQN+j = R2 cos
2(j − 1 + α2)π

N
, yQN+j = R2 sin

2(j − 1 + α2)π
N

, j = 1, . . . , N .

The independent rotation produced little difference in the numerical results.

7. Conclusions

In this study we examine the application of the MFS to harmonic problems in annular domains subject to
Dirichlet boundary conditions. The properties of the coefficient matrix are investigated, and an efficient
algorithm for the numerical solution of the problem is proposed. It is shown that, for analytic boundary
data, the MFS approximation converges exponentially to the exact solution. The results of the current
investigation can be also applied to other second order elliptic operators such as the Helmholtz operator
for problems in annular domains. Further, the application of the algorithm proposed in this paper to
the biharmonic equation in angular domains is being examined. The extension of the ideas developed in



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 49

this study to the solution of harmonic and biharmonic problems in shell type axisymmetric domains (see
[11]), is currently under investigation.
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Figure 1. Log–plot of error versus angular parameter α for ε = 10−4, 10−3, 10−2 in
Example 1 for different values of N
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Figure 2. Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2 in Example
1 for different values of N
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Figure 3. Log–plot of error versus angular parameter α for ε = 10−4, 10−3, 10−2 in
Example 2 for different values of N
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Figure 4. Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2 in Example
2 for different values of N
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Figure 5. Log–plot of error versus angular parameter α for ε = 10−4, 10−3, 10−2 in
Example 3 for different values of N
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Figure 6. Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2 in Example
3 for different values of N
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Figure 7. Log-log plot of maximum relative error versus ε in Example 1
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Figure 8. Log-log plot of maximum relative error versus ε in Example 2
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Figure 9. Log-log plot of maximum relative error versus ε in Example 3
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Figure 10. Log-log plot of maximum relative error versus ε in Example 1


