NUMERICAL ANALYSIS OF THE MFS
FOR HARMONIC PROBLEMS IN ANNULAR DOMAINS

T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

ABSTRACT. In this study, we investigate the application of the Method of Fundamental Solutions (MFS)
to the Dirichlet problem for Laplace’s equation in an annular domain. We examine the properties of the
resulting coefficient matrix and its eigenvalues. The convergence of the method is proved for analytic
boundary data. An efficient matrix decomposition algorithm using Fast Fourier Tranforms (FFTs) is
developed for the computation of the MFS approximation. We also tested the algorithm numerically on
several problems confirming the theoretical predictions.

1. METHOD OF FUNDAMENTAL SOLUTIONS FORMULATION

We consider the boundary value problem

Au=0 in
u=fr on 0, (1.1)
u = fg on 3Q2 y

where the domain 2 is the annulus of radii o1 and o9,
Q={xcR?: g < x| < 02}, (1.2)

A denotes the Laplace operator and f; and f> are given functions. The boundary of 2 is 9Q2 = 92y U0
where 91 and 9y are the circles with radii g1 and g9, respectively. Let the function k(P, Q) be a
fundamental solution of Laplace’s equation given by

K(P.Q) = 5 log|P ~ Q) (13)

with |P — Q)| denoting the distance between the points P and Q. In the Method of Fundamental Solutions
(MFS), the solution w is approximated by

2N
un(e,Q:P) =Y ¢;k(P.Q;), PeQ, (1.4)

j=1
where ¢ = (c1,¢a,...,con)? and Q is a 4N-vector containing the coordinates of the singularities Qj,

j =1,...,2N, which lie outside . The singularities Q); are fixed on the boundary o0 = 0, U 00, of
an annulus ) concentric to €2 and defined by

Q = {xeR?: R, < |z| < Ry},
where Ry > p2 > 01 > R;. The boundary of Q comprises 09, and 8@2, the circles with radii R; and
Rs, respectively. A set of collocation points {P;}2%, is placed on 99Q. If P; = (xp,,yp,), then we take

2(i — 1) 20— )7

Tp, = Q1€08 ————, Yp, = Q18I0 ————,

i=1,...,N, (1.5)
and
TPy4: = 02€08 — ypNH:ggsinT, i=1,...,N. (1.6)
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If Q; = (zq,,yq,), then

20 —1 2(5—1
ij:Rlcos(‘]#ﬁ_a)w, yQ].:Rlsinw7 j=1,...,N, (1.7)
and
20— 1+ a)m C20—-14a)m .
xQN_*_j:RQCOS%, yQNﬂ.:RQsm%, j=1,...,N. (1.8)

The presence of the angular parameter «€[0,1) indicates that the sources are rotated by an angle %TO‘

from the boundary points (see [9]). In the MFS, the coefficients ¢ are determined so that the boundary
condition is satisfied at the boundary points {P;}22 :

un(c,Q; P) = fi(F;), un(c,Q; Pnyi) = fa(Pn4s), i=1,...,N.

This yields a linear system of the form
Ay ‘ Aio dy 1
- , 1.9
( Ap | Az d J2 (1.9)

f1=(A), fil(P),.... A(PN)T, f2 =(fo(Pns1), fo(Pnia), .-, fo(Pon))T,

) )"

where

d1 = (01,62, ...,CN 5 dg Z(CN+1,CN+2, ...,CoN

The elements of the N x N submatrices A1y, A12, Ao1 and Agg are given by

1 1
(A11>i,j = —glog [P — Qjl, (A12)i,j = —%log [P — QN+l
1 1
(A21); ;= —5,- 108 |Pnyi — Qs (A22),; = —5- 108 |PN+i — Qn+jl,
respectively, for i,5 = 1,..., N. The matrices A1y, A12, Ao1 and Ass are circulant. An extensive account

of the properties of circulant matrices can be found in [1]. Details on the MFS and its applications
can be found in the survey articles [2, 3, 4]. The convergence of the MFS for harmonic problems in
the disk subject to Dirichlet boundary conditions has been studied in [6, 7, 10]. The convergence of a
modified MFS for annular domains was studied by Katsurada [6] using Green’s functions instead of the
usual fundamental solutions, and considering two different circular problems. Our approach is different
as it uses the standard fundamental solutions directly in the annulus and is based on the study of the
eigenvalues of the coefficient matrix.

The paper is structured as follows: In Section 2, we formulate the matrix decomposition algorithm for
the solution of the linear system (1.9). In Section 3, we develop the properties of the eigenvalues of the
coefficient matrix and study its invertibility. An explicit expression for the MFS approximation is then
given in Section 4. The convergence of the method for analytic boundary data is proved in Section 5. Note
that the proof of the convergence is rather technical and for the sake brevity, many details are omitted
but can be found in [?]. Numerical experiments which enable us to confirm the theoretical predictions
are given in Section 6. Finally, some conclusions are presented in Section 7.

2. MATRIX DECOMPOSITION ALGORITHM

In order to develop a matrix decomposition algorithm, we need the following fact [1]. If a matrix A is
circulant, written as A = circ(ay,...,an), then it can be diagonalized as A = U*DU, where U is the
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unitary N x N Fourier matrix with conjugate

1 1 1 1
1 w w? whN-1
1 2 4 2(N-1)
U w73 | w w w ’
1 WwN-1 L2(N=1) . (N-1)(N-1)

where w = e2™/N D = diag(\1,...,\y), and

N
A=Y apwTHETN =1 N, (2.1)
k=1
are the eigenvalues of A. The eigenvector corresponding to A; is
1 . L NT
¢ = W(qu D NG 1)) _

~ forms an orthonormal basis

.....

Let ({,n) = Zgzl Cefr be the inner product of ¢, n€CY . Since {&}i=1.....
of CV, any vector v€CY can be expressed as v = ch\[d(v,ﬁ,c)‘ﬁk and hence Av = Zgzl di(v,&,)E; -
When A is nonsingular

— Yk

N
AN = 3 (0,606, (2.2)
k

The system (1.9) can therefore be written as

Ulo An | A U] o Ulo d\ (U]|o f1 03
01U Aoy | Ags 0o |Ur 01U d )\ 0o|U f2 23)

or
UALU* | UAU* Ud, \ _( Uf (2.4)
UAnU* | UAxnU* Udy Ufa '
or R R
D11 D12 dAl _ .fAl ’ (25)
Doy | Do do 2
where
di =Udy, dy=Uds, f1=Uf1, fo=Ufa,
and

Dij = diag(\Y, ..., \%), 0,5 =1,2

is the diagonal matrix whose diagonal elements are the eigenvalues of the submatrix A;;, ¢,7 = 1,2. The
solution of system (2.5) can thus be reduced to the solution of the N independent 2 x 2 systems

AR () (A
i) () = () e 20

from which it follows that

g BRSNS
k )\I1€1A%2 _)\}f)\il » Yk )\]161)\i2_)\]1€2)\%1 ’ ’

Having obtained cil and clAz7 we can determine d; and da (and hence ¢) from
dy =U*dy, dy=U%d,. (2.7)

We thus have the following matrix decomposition algorithm for solving (1.9):
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Algorithm

Step 1. Compute fl =Uf, and fg =Ufa.

Step 2. Construct the diagonal matrices D;;, 7,57 =1,2.
Step 3. Evaluate (il and d;.

Step 4. Compute d; = U*cil, dy = U*ds.

Remarks

(i) In Step 1 and Step 4, because of the form of the matrices U and U*, the operations can be carried
out via Fast Fourier Transforms (FFTs) at a cost of O(N log N) operations.

(ii) FFTs can also be used for the evaluation of the diagonal matrices in Step 2.
(iii) The FFT operations are performed using the NAG [8] routines CO6FPF, CO6FQF and CO6FRF.

(iv) The same algorithm is also applicable when, instead of the boundary conditions of (1.1), we have

U:fl on an, %:gg on 892,

or

%:gl on 004, u=fo on 0Qs.

3. PROPERTIES OF THE EIGENVALUES
Since our aim is to solve (1.9), we investigate the properties of the eigenvalues of the matrix
A A
G — 11 12 )
Agy | Az

In particular, we are interested in the cases where these eigenvalues vanish. We first consider the eigen-
values of the submatrices A1, A12, Aa1, Aso. In the following, we denote by A each of the matrices
Aij, 1,5 = 1,2, and by Ay each of the eigenvalues /\Zj, i, = 1,2. Thus we shall denote by (ai,...,an)
the vector (aij, .. .,a%), which generates the circulant matrix A;;, 4,7 = 1,2. Since each of the A;;’s
involves the distances between points on two concentric circles, we shall denote the radii of these circles
by R and o. The circle of radius R is part of € while the circle of radius o is part of 9.

We divide these eigenvalues into three groups:
(¢) the ‘first’ eigenvalue Ag;

(#i) when N is even, the eigenvalue AN 5
(#i7) the remaining eigenvalues.

3.1. The first eigenvalue. We can derive an exact expression for the first eigenvalue:
Proposition 3.1. The eigenvalue A1 is given by
1

AL = g log (R*N — 2RN o™ cos(2ma) + 0*IV) . (3.1)

Proof. Since A is circulant, from (2.1), we have

N
)\1 = Zak. (32)
k=1
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Since

1 2 —1
ap = —— log | R? + 0®> — 2Rocos M , (3.3)
41 N

N
1 5 o 2n(k+a —1)
AL = i log {kl_ll (R + 0° —2Rpcos ( N .

(From the identity [5, p. 40]
n—1

2k
H {x2 — 2xy cos (a + W) + yz} = 22 — 22"y" cos na + Yy, (3.4)
n
k=0

(3.1) follows. O

it follows that

We have the following corollary:

Corollary 3.2. For a = 0, the matriz A is nonsingular if and only if RN — oV = 1. g

3.2. The eigenvalue Ay, when N is even. We next investigate the behaviour of the eigenvalue
AN/2+41 in the case N is even. In particular, we have the exact expression:
Proposition 3.3. If N is even, then

ilo RN — 2RN/2pN/2 cos aur + o™V
47 gRN*ZRN/QQN/QCOS(Q+1)7T+QN.

ANj241 = —

Proof. From (2.1), the eigenvalues of A are given by

N
A=Y a®OUTD =12 N,
k=1
and therefore

ANj2+1 = T in

(—=1)Ftlog <R2 — 2Rpcos MLNQ_” + 92>

H
z 1M

1 Z n—1 am
4 o8 (R Focos < M M) ¢ >

1 9 n—1 (a+1rw 9
+47T210g(R 2Rgcos<27r i + i >+Q .

(From (3.4) we obtain

1
ANj241 = — P log (RzM — 2RM oM cos am + gzM)

1
+ o log (R*M — 2RM oM cos(ar + 1) + o)

RN — 2RN/2pN/2 cos aur + o
RN — 2RN/29N/2 cos(a+1)m + oN

11
=——1Ilo
47 &

A direct application of this proposition yields the following corollary:

Corollary 3.4. For N even, the eigenvalue Anjo11 =0 if and only if o = %
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Proof. Taking a = 1 in (3.5) yields that Axyy =0. For ae [0, 1), it is clear that cosam > 0 whereas
cos(a + 1) < 0, and (3.5) yields that in this case Axgq #0. O

3.3. The eigenvalues \;, j #1,N/2+ 1, when N is even. In this case we have the expression:

Proposition 3.5. For a€(0,3] and j # 1, we have

N e efizﬁ(mN+j71)a mN+j—1 6i2W"((m+1)N7j+1)a (m+1)N—j+1
A= Z ; £N+"—1 + - Q(m+1)N— 1 (C (3.6)
Ar £= | (mN+j-1)R J (m+1)N—j+1)R J
In particular when N is even
N & cos ((2m + 1)ar) o™V
Ay = 2y conl@mt Dam)on 6.7
2 m = (mN+5) RV

Proof. From [5, p. 52], we have that
1 1 1 <= 0" cosnd
F = —— 1 2 — 2 S 2 = —71 _ -
(R, 0,9) o og(R Rocos? + 0%) 5 og R+ o ngzl R

where R > p. This is true in the cases where R = Rs,0 = 91 and R = Ry,0 = 92. When R < p, i.e.,
when R = Ry, 0= 01 and R = Ry, 0 = g2, in a similar way, we have
1 2 oy 1 1 = R"cosnd
F(o,R,0) = Elog(R 2Rpcos? + 0%) = %logg—l—%zi.

nom
n=1 0

Then, from (2.1), for j =2,..., N,

N
- 2
A = }:a%U”N“UF<&gU3w—1+aO

2
0o 0" cos (]zfrn(k: -1+ a))

- ;icos(%(jl)(klo > nR®

k=1 n=1
T
N o oo 0" cos (n(k -1+ a))
— N sin (= —1)(k—1
+1 - kz::lsm (N (j )( )> 2 o

n=1 k=1
(3.8)
1 oo Qn N
+ o o {;sm <N(j 1)(k1)> cos (n(k1+a)>}.
For the first sum, we have from [10],
N
2 2m 1 2m
;cos <Nk(] - 1)> cos <Nn(k -1+ a)) = cos (Nna) {C’f:[_jH + C,]L\'+j_1} ) (3.9)

N
Zsin (i\jk(] - 1)) cos <3\7]Tn(k -1+ a)> = %sin <?\7;na) {C’fl\[_j_s_1 - Cév+j_1} ) (3.10)
k=1
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where
ZC% 7’%. _ [ N if k=0(modN),
7) =0 0 it k+#0(modN.)
Combining (3.8), (3.9) and (3.10) we obtain
1 & Q"cos( ) o" sm( )
A= g; nR" { ]+1+C n+j— 1}_52 nR» { —j+17

N 0o {gmN+j—le—i2]\’]'(mN+j—l)a eiN(mN+N j+1)anN+N Jj+1 }

Em:O (mN+] - 1)RmN+j*1 T (mN—|—N —j + 1)RmN+N7]+1

which proves (3.6). Formula (3.7) is an immediate consequence of (3.6).

We also have the following two corollaries when o = 0:

Corollary 3.6. For a =0 and j # 1, we have

N & 1 gi—1H+mN 1 oN—iHIHmN
7 EMZ:O (j—1+mN " Ri—iEmN T N—j+1+mN RN—j+1+mN>'

N
In particular, for N even and j = — + 1,

2
N & 1 oz tmN
A =
S+ 2wég+m]\f RY+mN

Also, for j = [%] +1,...,N, we have \j = An_j42.

Corollary 3.7. For j =2,...,N, we have \; > 0.

3.4. Invertibility of the matrix G. Since
D D
oo (AunlAz ) _ (U0 o
AQl ‘ A22 0 ‘ U _ ]’

Dy | Dy
Doy | Do

it is sufficient to examine the matrix D = (

Lemma 3.8. If det D denotes the determinant of D, then

Mo 0 - 0 M2 0 0 - 0

0 M0 - 0] 0 M2 0 - 0

0 0 M - 00 0 M .. 0

0 0 0 Ao 0 o AL

det D = det N
¢ YN0 o 0 22 0 0 0
0 A0 00 A2 0 0

0 0 A% 00 0 A 0

0 0 0 - A|0 0 0 ... A

Therefore, the matrixz D is nonsingular if and only if

A2 A2 L) k=1, N,

(3.11)

+J 1}

(3.12)

(3.13)

> . The following lemma can be easily proved.

N
= [T A=A - (3.14)
k=1
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When a = 0 we have the following theorem.
Theorem 3.9. For a =0, the matrix G is singular if and only if
AP = APAT = 0.

Proof. Let

N s wjflerN wajJrlerN
Frs@)= 3 3 (3 i )
™= j—1+mN N—j+14+mN
Clearly F j(w), w € (0,1), is positive and strictly increasing. For j # 1, we have (see Corollary 3.6)

Ry 01 Ry 02
AN =F AP =F . A2 = Fy (=) and A2 = Fy (==).
NJ(Ql) N, (Rg) j N,J(QQ) and Aj; N;](RQ)
Since Ry < 01 < 02 < Ry, we have
R R
0< < —1, so that A?l < )\;1,
02 01
and
o1 02 12 22
O<R—2<R—27 so that  A;7 < A%
Thus,
MNEAEZ A2 >0, k=23,..,N.
Therefore, the only case in which the matrix G' can be singular is when A}1A#2 — A\12)\31 = (. a

4. EXPLICIT EXPRESSION FOR THE APPROXIMATE SOLUTION IN TERMS OF EIGENVALUES AND
EIGENVECTORS.

Denoting the approximation uy (e, @Q; P) in (1.4) by ux(P), we have

N N
= dplog|P— Qx|+ Y dilog|P — Qnix| = (di,l1) + (da, I2), (4.1)
k=1 k=1

where

ll = (log |P - Q1|7 s alog ‘P - QNDTv l2 = (log |P - QN+1|a s 710g |P - Q2N|)T
and dq, ds satisfy (1.9). Thus

d,

—1
(A121A11 - A221A21> (AL f1— A5, f2)

dy = (A1_11A12 - /12_111422)71 (Al_llfl - A2_11f2) )
so that
N

N
(d2,l2) = <(A11 Aip — A21 A22 o (A 11 Z J1,66)€k — A21

k=1 k=1

<.f27£k>£k),l2>

N N A2

1 1
A—’“fa,gk ({12, €&1) — Z ~(f1:€0) 2 €4)

k=1 k=1
where Ay = A,lvl )\%2 — )\}f)\%l . We assume that the matrix inverses appearing in the above equations
exist. Analogously,
N

)\12
(di,11) Z flaEk (11, &) Z f2a€k (11, &)

k=
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Therefore, we obtain the explicit expression for the MFS approximation,

N

11
uN<P>fZ%<f2,sk> 2 &) ZA (1602, &)

22

Z fz,ék l1,£k+Z (1,6 0 &)

Note that the evaluation of the approximate solution via equation (4.2) is equivalent to applying the
matrix decomposition algorithm described in Section 2.

5. CONVERGENCE OF THE MFS FOR ANALYTIC BOUNDARY DATA

In this section, we show that the MFS approximation uy converges exponentially with respect to N to
the exact solution u of (1.1) in the || - ||o—norm, provided the boundary data fi, fo are analytic, or,
equivalently, u can be extended as a harmonic function in an open region V containing the annulus.

The analyticity of the boundary data yields that there exists a constant 3 > 0, such that
= {zeR? | g —B<|z| <02+ 8} C V. (5.1)

The analytic solution u, expressed in polar coordinates, is of the form [12]

u(r,d) = Z cprt et 4 Z dy 7% e 1 dy logr. (5.2)
keZ keZ
k70

Thus (5.2) implies that the boundary data can be expressed as

Zc Qk iko +de9§e_ikﬁ +dologo;, j=1,2.
kEZ kEZ
E#0

The analyticity assumption also implies that there exists a positive constant Mg such that

lekl, |de] < Mg (02 4+ B)~F for k >0,

lewl, |di] < Mg (o1 — B)F for k <0.

For simplicity, we prove the convergence of the MFS approximation to the exact solution in the case
when o = 0.

5.1. The discrete Fourier interpolant. We assume that N is even. (The case when N is odd can be
treated analogously.) We define the discrete Fourier interpolant @y, to be

N/2 N/2
an(r,9) = Z o mF e 4 Z ver * e 4y logr. (5.5)
k=—N/2+1 k=—N/2+1
k#£0

We also define

AN0) =an(e,9), 2 (9) = an(e2,9).

The coefficients g, vy E C k= J;’ +1,..., %, are chosen so that uy agrees with the boundary data

f1, f2 at the points g1 e, gy €', where ¥; = 2w(j —1)/N j=1,...,N. Thus fork;:—%—i—l,...,%
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with k # 0, the ug, v satisfy

et +vkor = (ehamn et +d g mnor FYY)
meZ

pu: 05 + vy ¥ = Z (Chpmnos ™™
meZ

from which it follows that, with &, = o¥oy

+d_j_mnoy ")

)

- QIkQIQQa
Q;kz Ck+mN:Q]1€+mN+d k—mnN 01 o mN) Q;kz(ck+mNQ§+mN+d k—mnN Q9 . mN)
(Y ez
0102 —01 03 k
Qlf Z(Ck+mNQ§+mN +d_ mNQQ_k mN) QIQC Z(ck-#mNQ]lH_mN +d_, m.NQl_k mN)
meZ meZ
. . (BT
. - - (57)
For k = 0, we have
Ho + 1] log 01 = Z CmNanN + Z dmNQTN + dO IOg 01,
meZ

meZ,m#0

Z CmN anN + Z dmN anN + dO log 02,

meZ meZ,m#0

po + o log o2 =

and therefore

1
- 1 m N dm N
Ho log 92/91 0g 02 E CmNO] T g NOy

meZ meEZ,m#0

—log 01 ZcmNQQ + Z dmn 05"

, (5.8)
meZ meZ,m#0
> emnes™+ > dmnod™
log 92/Q1 mez MmeZ,m#0
D eanei™+ D dunel™| p +do. (5.9)
meZ meZ,m#0
Next we bound the coefficients pg, k= —% +1,..., % We consider three cases: Case I: k£ > 0, Case II:
k < 0 and Case III: £ = 0.

Case I. k£ > 0. First

k4+mN k+mN k+mN
‘ Z Ck+mN 07 " ‘ < Z |Ck+mN|91 4 Z |Ck+mN‘Ql "

mEZ m>0 m<0
< Z M,@ (QQ + ﬁ)f(k:erN) Qllq+mN + Z M,B (Ql . ﬂ)f(kerN) glchrmN
m>0

m<0

01—p
Q2+5’ o1 } <1, we get

from (5.3) and(5.4), and by taking v, = max{

mEeEZ

‘ch—i-mNQ]f-‘_mN’SMﬁszv +M[371 kzry

m>0 m>0
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by observing that £ < N — k, since k < N/2, we finally have

‘ > Ck+mN9'f+mN’ <2Mp A Y AN =2Mpy (1 —4Y) T < My,

meZ m>0
where My = % Following an identical argument, we get
’ > dk+mNg’f+mN‘ < MyAf.
mEeZ
k0
imilarly, taking 2 = max , =21 < 1, and using the fac at v5 <, ", we obtain
Similarly, taki g2 ey <1, and the fact that 75 < AN~k bt
‘ D cramnes TN D dk+mwg’5+’”N‘ < My o,
meZ meZ

k#0

where My = 2Mp 75 (1 — )~ 1.

Case II. k < 0. Following arguments similar to those used in Case I, we obtain

k- mN k+mN ko
‘ 7 hrmne TN 1D dipmnf ‘ <My, i=1,2
meZ meZ

Case III. k£ = 0. Finally, following similar arguments to cases I and II, we obtain

‘ > emne™| | D dmNzQ1mN‘ <M;, i=1,2
meZ meZ

02 01— f
02+ 8 o

We define 3 such that v1,72 < 73 = max{ } < 1, and we take M3 = max{M;, Ms}.

Therefore, for k € Z, we have

M; 5 (05 + 01*)

|0k

lue| <

In particular, when k > 0 we have that

k K\ k -1 k
o < 2208 (1 (91) < 2 (1 - 91) < Mg
05 02 02 02 02

1
where M, = 2Ms (1 . %) . When k < 0,

|k < My v3*or®, (5.10)
and, when k£ = 0, we have that

o) <10g 02 (2M3 + M3log o1) + log o1 (2M3 + M3 log 02)
log (02/01)

~2M3 (log 02 + log 01 + log 02 log 01)

- log (02/01) '

Similarly, for the coefficients v, k > 0, we have that |v| < Myyhoh, for k <0, || < M4'y3_kQ’2“, and for
M3 (4 + log 02 + log 01)

k=0, |w| < . If we take
o log (02/01)
2Ms3 (1 1 I 1 Ms(4+1 1
M:max{M4, 3 (log 02 + log 01 + log 02 0g91)7 3 (4 +log o2 + oggl)}7
log (02/01) log (02/01)
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then
M~kor®, k>0, M~kok, k>0,
Ikl <8 Mrs¥or®, k<o, luk| <4 Mrz %ok, k<0,
M> kZOa M, ]f:O

This leads to the following theorem with a uniform bound.
Lemma 5.1. The coefficients py, vy in (5.5) are bounded by:

k
k], || < M, (5.11)

where 4 = max {"}’3@1, %} .

5.2. The error bound. Let us denote by u(-; h) the solution of the boundary value problem

Au=0 in Q,
u=n"hy on 0,
u=nhy on 0,

where h = (h1,h2)? and by un(-;h) its MFS approximation. Note that uy depends also on Ry, Ra.
Since both u(-;h) and uy(-; k) depend linearly on h; and hy we have, with £ = (f{, f),

lun (5 F) —=uls Flloo < Muls = Fn)lloctlun (5 F = Fa)llootlun (5 Fa) —uls Fa)lloo

= s = F oot lfun (5 F n) —uls Fn)lloos (5.12)

since f and f agree at the boundary points. In the following we show that, each term on the right
hand side of (5.12) decays exponentially fast as N — oc.

5.2.1. The term ||u (-, f — f5)|o - From (5.2) and (5.5), we have

lloo

w—iin = 3 (crrte®? 4 dprfem®?) 4 3 (prhe? 4 dyrkemik?)
k<-X k>3
k ik9 —k iky
+ Z (e — cx) e + Z (dp —vi) 1™ "e (5.13)
—Ni<k< — & +1<k<0

+ Z (di, — vi) r e 4+ (dy — vp) log .
o<k<Z

By observing that the term corresponding to m = 0 in (5.6) vanishes, i.e.

05" (enoh +d_ror ™) — 07" (kb + d_ros") -

= O7
Ok
we have that (5.6) reduces to
1 _ ke
me—ck =590 Y (ermney ™ +dopomyer )
k
meZ,m7#0

—o" Z (chpmn 05T +d oz ¥ ™)
meEZ,m#0
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Thus,
05"
e — ekl < m {Z lekpmn TN+ Ak or TN 4 Y ek gm0 TN
kIl Um>o0 m>0 m<0
+ Z |dkmN|91kmN}
m<0

|6k‘ m>0 m>0 m<0

+> |d—k—mN|02_k_mN}

m<0

+ — {Z |Ck+mN‘92+mN + Z |d_k— mN|QQk mi 4 Z |Ck+mN|92+mN

<|§k| {Z Mﬁ 02+ﬁ) (k+mN) k+mN+ ZMﬁ 01 — ﬁ)*(kerN) QllermN

m>0 m<0

+ Z Mg (01 — ﬂ)kerN Ql—(k+mN) + Z Mp (02 + B)kerN Ql—(k+mN)}

m>0 m<0

k

k N —(k N

+|6{§ MBQ+6)(+m)k+mN+§:M591 ﬂ)(+m)gg+7rnN
m>0 m<0

+ Z M,G k+mN f(kerN + Z MB 05 +ﬁ)k+mN (k+mN)}

m>0 m<0

M Qik oo %) o
<55|2{7§+N27évm+7§v'“27 +73+k27 +W§Vk2v§m}
k m=0 m=0 m=0
M Q_k oo o %)
P2t Lo St S ot Syt $ e
m=0 m=0

m=0

If K >0, then K+ N > N — k, therefore

s ﬁmN ¢ f: o SMgd My
s E(1-8)(1—ny) O
05 o 3

Ik — c| <

-1
where Mz = M8 1—9—§ . If k<0 then k+ N < N — k, therefore
(1—7s) 05

k_k+N ©© k_k+N 0
|k — ci §74Mﬁgf5 73 7"+ 74MM:5 73 7
| | m=0 | | m=0
8Mpzo —k k:+N
< B < M; ,YN+kQ

- ( - g) (1 —7s)
When k = 0, from (5.8) and by observing that
log 02 ¢o —log 01 co

— Cy = 0
log 02/ 01 7
we have
1 _
N logoa [ Y emnol™ + Y domnoi™ +dologor
§02/01 meZ meZ,m#0
—logor | Y emnod™ + > domnoy™ +dologoz| p — co

mez MEZL,m#0

b

13
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Thus,

IOg 02 Z (CmNQTN + dmeQ;mN)
m#0

lpo — col =

1
log 02/ 01

—logor Y (covoy™ +d_mnoy ™) ’
m#0

~logo2/01

{IOg 02 [Z (cmNQ;’[nN + dmeQ;mN + Z (CmNQ;anN + dmNglmN)]
m>0

m<0

+10g 01 lz (CmNQ;nN + d_mNQQ_mN) 4 Z (C'mNQQ + d_mNQ—'mN)‘| }‘

m>0 m<0

log 02 —mN mN —-mN mN
<——— Mg (02 + ) o7 + Mg (01 — o1
g oofor | 2, 2 1

+> Mg(or—B)"™ 7™ + > Mg (02 +B™ @1mN}

m>0 m<0

1 N N
+ oz 0 or ] E Mg (o2 +08)"" mN—I— E Mg (o1 —pB)" " anN
08 02/01 | ;.50 m<0

+> Mg(or =B g™ + > Mg (02 +B™ mN}

m>0 m<0

SM,@ log 02 N Z 8M,8 log 02 '7:%\[
~ log 92/01 logoa/01 1—1y3

:MG’YéV7

8Mp log 02

h Mg =
where Mo (1 —~3)logo2/01

. Following similar arguments we have that

Ms 7N Kok k>0
vk —di] < Ms vy TFok, k<0
Mg ~¥ k=0.
If we take M7 = max { M5, Mg} we obtain the lemma

Lemma 5.2. The terms pux — ¢ and v, — dy, in equation (5.13) are bounded by:

M7 ’)’N kQQ k7 k> 07 M7 7§7k9§7 k> 07
e — x|l < Mzys T or®, k<0, e —di| << M7y ok, k<0,
]\4'7’)/:13\[7 k:(), M7’yév, k=0.

We are now in a position to bound

-1

N
Fl
Z (g — cx) re™ 4 Z (e — di) 7 %™ £ (1, — dy) rFe™ 4 (v — do) log 7
_%4_1 k:—%+1 k=1

w[Z
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In the case when the error attains its maximum value on the inner circle » = g1, we have, using Lemma
5.2,

w|Z

N
2
Z (ke — cx) ofe™ + Z (U — di) 07 Fe™ 3 " (g — di) 07 "™ + (vy — do) log 01
_%4_1 k=_ﬂ+1 k=1

-1
ik —crlof + Y Lk — cklof + [po — col

IA
Mw\z

k=1 k=—4 +1
b 1
+ ) vk —diloy® + Y vk — dilor + [vo — dollog o1
k=1 k=—5 41
St (B) 0 B e e Xt 5 e (2) T eat)
k=1 k=—4+1 k=1 k777+1
N N N N
2 2 2 2
SMs{ B EEY W D W R+ vévhrvév}
k=1 k=1 k=1 k=1
N
< 4Mg{'y32 + 73 } < 8Myg 73 , (5.14)

where Mg = max {Mz,log 01,log g2}. Similarly, when the maximum is attained on the outer circle r = go,
we have

w|2

—1
> ok — ) ™ + Z (d — vi) 05 "™+ " (di — i) 03 "™ + (do — 1) log 02
k=—4&+1 k=—&+1 k=1

N N
< aMs{og +} <8My g (5.15)

The remaining term in (5.13) can be bounded in the following way:

Z (ckrkeikﬂ+dkrke—ikﬂ) 4 Z (Ckrkeikﬂ +dk7”ke_ik19)’

k>4 k<X
<Y ekt D delrt + > ekl + D Jdir
k>4 k>4 k<-4 k<-4
o0 . k oo , k , k , k
< 2 ()« 2w (E5) « ) - 2 ()
M 02+ M 02+ o 01— p ey 01— p
o) r k o) Ql_ﬁ k
<2M
’ ZN: <Q2+5> 2( T )
k=41 k=X
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Therefore, when the maximum is attained on the inner circle r = 91, we have

Z (ckglfe““9 + dkglfe_iw) + Z (ckg’feiw + dkglfe_ikﬂ)
k>4 k<5

—1 —1
£2M@{<1 “ ) +(1915) }vﬁMwﬁngvﬁ. (5.16)
01

02+ f

Similarly, when the maximum is obtained on the external circle r = g5, we have

Z (CkQ’Se““9 + dk@lge*ikﬁ) + Z (ckg’ge“w + dkgge—ikﬁ)

k>4 k<H
-1 A ~ x
< oM, { (1 B gﬁﬁ) N (1 N Qle ) }732 = My < Mg 7. (5.17)
Therefore, we have the following theorem:
Theorem 5.3.
e (= )l < OMs 35 (5.18)
O

5.2.2. The term |lun(-; fn)—u(; Fa)lloo- To bound this term, we need to investigate how well the MFS
approximates problems corresponding to exact solutions of the form 2¥ k = =& N and log|z|

IR
which in polar coordinates take the form r*e’*¢ logr , r € [p1, 02] and ¢ € [0,27] . For simplicity we

denote this exact solution by u(-;r*e?*?) and its MFS approximation by uny(-;7%e?*%) . Thus we need
to bound

[lun (5 rkei’w) — u(-;rkeikw)ﬂoo, k=-N/2+1,...,N/2, and
|lun(-;log ) — u(;log7)|[oo-

Without loss of generality, we assume that g = 1. We shall prove the following lemma:

Lemma 5.4. We have the following estimates:
HUN('; ,,,keikgo) _ u(-; ,,,keikgo)Hoo < CN4WN72|I€| , (5.19)

where k=—-N/2+1,...,N/2, w= maX{Rl, R%} <1 and C is a constant independent of k and N .

Proof. Since u and uy are harmonic in the annulus, from the maximum principle

[lun — u||oo = max{sup |uy —ul|, sup |uy —u|}.
r=01 T=02

First, we bound the term uy (-;78e?*%) — u(-;r*e?*¥) on the circle r = p; = 1.

Case I. kK =0.

In this case, the exact solution is u = 1, i.e., f1, fo =1, and thus f1 = fo = (1,1,...,1), and

VN ifj=1, VN ifj=1
(f1.€;) = { 0  otherwise, (f2.65) = { 0  otherwise.

Thus, from expression (4.2), we have

VN
UN('? 1) = )\11)\22 — )\12)\21 {()‘%1 - )‘%1)<l2»£1> + ()‘§2 - A%2)<l1a£1>}a
1 1 1 1
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where
N 1 N[ 1 1\
)\11 _ - RmN A12 _ _ —log R
! 27rmz::1mN L LT o mzzzl mN \ R, o8t
N[ 1 (R N[ 1 (o \™
Py a— — (= —1 A22 = = — (£ —logR
1 o {mz: mN ( ) Ong}, o mZ::1 mN \ R, 0g L2

and

oo 00 mN
(I1,€1) = @ Z LRmN cos(mNv), (I3,€;) = @ {Z % (1) cos(mN) — logRQ}.

2w = mN Ry
Therefore,
(s ) = Dl = mae fux(eosdsinds 1) = 1] = =27

where

N o) 1 1 mN
_ 11 _ 21 _
A = by {()\ — A ){ E — (Rz) cos(mNY) logRg}

+(A2 - AP Z —RmN cos mNﬁ)}

and B = A11A22 — A\12A21 . We thus have

e o'} mN
1 1 1 [ 02
Bl=— Y —R™ {NlogR; — ==
Bl= g 3 ok { o5 s mz_1m<32> }
00 mN 0 mN
1 1 1 /R
+ NlOgR27E <) N10g92*§ (1) > N?log Ry log 02,
m:lm e m=1m 02

and
N o 1 1 mN
A—B|=|— o\ — (= s(mNY) —1
A~ B \%{w A1>{§_jlmN(R2) cos(mN) ogRg}

=1
+(\2 — Z — A N cos mNﬁ)} — (AIAZZ 1202

N 1 1 v 1 > 1 (R \™Y
= |— — — R — (N1 — — | —

{(z g - (57

o) 1 1 mN

— (= NY) —1

X <mz_1 —~ (Rz) cos(mN®) ogR2>

1 00 1 02 mN 00 1 mN
+<27T L;m(RQ) — NlogRy| — lzm< ) — Nlog Ry
Z cos(mNﬁ)}
N 00 1 00 1 09 mN

mN
m=1

1 1 mN o) 1 Rl mN

m=1 m=1

)

q;
>]
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Ly s Nioga— 3 L (B (3o L
m- ! 08 &2 m \ o mN RN

m=1

(e mN_il ! iLRmNcos(mNﬁ)
m \ Ry m RN — mN !

2

) 1 mN
NlogRy — Y — (92) ]

cos(mNﬂ))
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s 32 2 (L) [ 3 2 (2 Y]
g fi2 Zem Ry g 02 Zam \ o
! Ni 1RmN§:—1 L cos(mNv) — N log R i L gy
= — _— m — —
472 —m ! mzlmNRg”N & 2m:1m !

oo
1 1
+ N?%log 05 —— —— cos(mNvY) — N?log 02 log Ry
mN RN
m=1

m=1

< NZRmN—i—NlogRgZRmN—i—NQloggQZ

m=1 m=1
[eS) [eS)

2 <2> > o + Nlog Ry 5 <Rl>

m=1 m=1""2 m=1 02

o] mN oo [e%¢) 1 o)

- Zl <]9;2> DRI Y rw DRI

m= m=1 m=1 m=1
0 mN 00 R mN
2 1
e Nlog R —
R + IV log Iy E ( >

02

m=1

2 2 R,y 2
N N 2
<2R; R + Nlog Re2R;" + N*log QQR—N +2 ( ) @

R\ 02 N 2
Nlog Rp2 [ =% 4(£2) RN 4 Z oRN
s iz <92) * <R2> ! +R§V !
N N N
Rl 1 1 Rl
9N log RyRN +4RN ( 22 INlog Ry [ L) 4+ 2Nlogpy—e +4— [ 21 .
+ Og 241 + 1 (RQ + Og 2 92 OgQQRéV + Rév QQ
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We take w = max {Rl, 1%} < 1 and therefore:
|A — B| <4w?M 4 2Nlog Row™ + 2N?log gow™ + 4w?N 4 2N log Ryw?™ + 4wV
+ 4w 4+ 2N log Row™ + 4w 4+ 2N log Ryw™ + 2N log Row™ + 4w*N
<4w™ 4+ 2N log Row™ + 2N?1og Row®™ + 4w + 2N log Row™ + 4w™ + 4w™ + 2N log Row® + 4w
+ 2N log Row®™ + 2N log Row™ + 4w™ < 24w + 12N?1og Row™
Thus if log Ry > 1 we have:

|A — B| < 24w + 12N?log Row™ < 24N?log Row™ + 12N? log Row™N < 362 log Row™

|B| — NZ2log Ry log 02 - NZ2log Ry log 02 ~ NZ?log Rz log oo
36w
~ log oo
If log Ry < 1 we have:
A= B| _ 240N +12N?log Row™ _ 24NZwM +12N%0N 36w 36w"
|B| — N2log Ry log 02 ~—  NZlog Ry log 02 log Rylog o2 log g21og Ry
Case II, 0 < k < N/2: From (4.2) we have:
/\11 N 221
UN = ZW“% lz, ZW(JE&)@%@
j=1

)\12 N )22
J J
Z )\11)\22 /\12)\21 (f2,€ ll’ )+ Z A1)22 _ \12)21 <f1’€ ><llv§ );
J J J

j=1 J

where
VN ifj=k+1 VNG§ ifj=k+1
(f1.€;) = { 0  otherwise. and - (f2,§;) = { 0 otherwise .
Thus,
VN

{(o5Neh 1 — A ) (2, &) + (W2 — 05N ) (11, &)}

UN = 311 22 12 )21
A1 At — M At

We can therefore write A
|é 7 6ik0| _ |A_€zk9B|
B ]
where
A= VN{(bN — M) T, &) + O3 — 53 ) (1, &)}
and
B = /\k+1)‘k+1 /\k+1)‘k+1

Since 91 = 1, we have

N & 1 1
AL - RFAMN__ - N—k4mN L+
LA 47r7§::0 1 k;+mN+R1 N —k+mN
%) k+mN N—k+mN
N 1 1 1 1
212 _ — - —_ -
K1 = 47rmZ::O RQ> k:+mN+<R2> N—k+mN}

{
{
- >
{

N oo
22
)‘/c+1 = Ar Z

& k+mN ; N & N—k+mN ;
02 k+mN 02 N —k+mN

2 k+mN 1 N & N—k+mN 1
2 k—i—mN 2 N—k+mN
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and
GET) - VN i Rk+mN ei(k+mN)9 | RN-kbmN e~ H(N—k+mN)¥
TSk 4~ k+mN ! N —k+mN
l VN & ktmN i(k+mN)9 1\ NktmN —i(N—k+mN)9
(I2,&p 1) = A mz:: ( ) T mN +<R2> N _k+imN (-

Next, we obtain a lower bound for |B).

Rk+mN RN—k—',—mN 00 k+mN 1
+ R —
k4+mN N—-—k+mN = Ry k+mN
g N—k+mN 1
Ro N —k+mN
- i i k+mN 1 . i N—-k+mN 1
0 Ro k+mN Ry N —k+mN

%) Rl k+mN 1 Rl N—k+mN 1
XZ <92> k+mN+( ) N —k+mN

/—/H

+

00 k+mN 00 N—k+mN
L 1 s ( 1 ) L. (1) 1
kRS (N —k)RY ™" =\ R k+mN = = \ R, N —k+mN
{ —k

<R1)k‘+ 1 (Rl) +§: (1%1>k+m1\/' 1 +§: <R1>N—k+mN 1
02 N -k \ 02 02 k+mN 02 N —k+mN

Lo R 1 R\ R S (T
k(N —k) Rk (N-k)2\ Ry N —k =\ R, k+mN

& k i Rllf+mN . 1 02 N—k i le-i—mN
2 k4+mN N—k \ Ry m:1k+mN



22 T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

N YA
+mz_:1k+mNZ<R2> kE+mN

m=1
N i Rllc-i-mN 00 2 N—k+mN 1
£ k+mN = \ Ry N —k+mN
l o k i R{V—Im—mzv N 1 o0 N—-k i R{V—k—o—mN
k\Ry) “ N—k+mN N—k\R; 44 N —k+mN

o R{kaerN o0 (QQ) k+mN 1
1

+mZ:1ka+mNm: Rs k+mN
. i R{\fkarmN 0 o N—k+mN 1
mle—k‘—l—mNm:l Ro N —-—k+mN

1 R} 1 RYF 1 3 R\
k* o5 RS k(N —k) o) ""RE  kRE “= \ 02 k+mN

1 < (R

N—k+mN 1
> N —k+mN

E(N = k) bRy (N —k)* \02R2 (N —k)RYF &=\ 0 E+mN

- 1 i <Rl>Nk+mN 1
(N —k)R)~F 02 N —k+mN

m=1

1 Rl k oo 1 k+mN 1 1 Rl N—k oo 1 k+mN 1
_k(g> Z(R) k+mN_Nk(gg> mZ(R) P

m=1 =1

oo

i i k+mN 1 Z & k+mN 1
= Rs k—i—mNm 09 k+mN

=1

i 1 k+mN 1 i Rl N—k+mN 1
Ry k+mN 02 N —k+mN

m=1

m=1
~ 1 71 k i i N—k+mN 1 ~ 1 & N—k i i N—k+mN 1
k\ 02 = Ro N—-k+mN N-—Fk\ o2 = Ro N —k+mN
~ i L N—k+mN ; i & k+mN ;
foopn Ro N—k+mNm:1 02 k+mN
- i i N—k+mN 1 i & N—k+mN 1
= Ry N—k+mNm:1 02 N —k+mN

_ LAY <Qk_1> L1 (BT
RRENT ) T R(N-k)\ RYTF bRy

1 (RYT"E R
Ry oy "RY

S (R )
k R12€+mN Q§R§+mN k 4+ mN
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41 i {R’”’"N ok RitTN } 1

k£~ AN RE [k +mN
+1%{}2’“””"” R} } 1

k = N—k+mN QgRév—HmN N —k+mN
. 1 i {RN kmN - R{v—k+m1v } 1

km:1 QQV*’“JFWNR’; N —k+mN

<R1Q2>N—k’_< Rl )N—k
(N k) Ry 022
+ 1 i R:]l\/vfkggﬁ’mN B R{V*k 1
N —k — R12€+mN QéV—kR12€+mN k 4+ mN
N 1 i Qé\ffkR]{H»mN B R/1<3+mN 1 N
N-k2e\ RYF ENRNF kit mN

1 i RiV*kQé\lleFmN B RiV*k 1
N —k Ré\f—k-‘rmN Qé\f—kRé\f—k-i-mN N —k+mN

1 i ‘Qé\ffkRivkoFmN B RiV*k“t’mN 1
Nk 2 RN NN RN E ( Nkt mN
Z Rk+mN o0 <Q2>k+mN 1
m=

z 1k—|—mNm:1 k+mN

;o 1 k+mN 1 [ore} Rl k+mN 1
Z(Rg) k—l—mNmZ:l(gg) k‘—|—mN}
{Z Rk+mN 00 (QQ)NlH»mN 1

k+ mN Rs N —k+mN

1 N—k+mN 1 Rl k+mN 1
S v s ()

oo RN k+mN 00 02 k+mN 1
{Z N —k+mN Z (Rz) k+mN

00 1 k+mN 1 00 Rl N—k+mN 1
_le(RQ) k+mNm1(92) N—k+mN}

0 RN k+mN 00 0 N—k+mN 1
+ ZN k+mNZ(> N_k+mN

Z 1 N—k+mN 1 i & N—k+mN 1
= Rs N—k—|—mNm: 02 N—-k+mN ([~

Since each term is positive we have that

—N —+

(g’g — 91/5) . (5.20)

On the other hand we have:
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]A - eMB\ _ ’W{(QSA}JH B )T+ (2, — 52 )6

(ML, AkHAkH)}] (5.21)

rD
r—’H

Rk+mN RkaerN }

1671'2 k+ mN N —k+mN
oo ktmN i(k+mN)Y 1\ NktmN —i(N—k+mN)9
<3 <> “(m) T
= Rs k + mN Rs N —-—k+mN
i Ry k+mN N & N—k+mN 1
o L\ k+mN mN 02 N —k+mN
y i 1 ktmN i(k+mN) N i N=k+mN —i(N—k+mN)?
foor 2 k+mN R2 N —k+mN
o 05 k+mN 1 05 N—k+mN 1
+ﬂ;{(32 k+mN+<Rz> N—k—i—mN}
> i(k+mN)9 e~ i(N—k+mN)9
Rk+ mN € RN k+mN
X mZ::O { TrmN T N_k+mN

o] 1 k+mN 1 1 N—k+mN 1
SR e () s
2\ R, k+mN "\ R, N —k+mN

o0

i ei(k+mN)19 e—i(N—k+m,N)19
% R +mN + R{V*kerN
= k+mN N —k+mN
B Zkﬂ Z Rk+mN + RN k:+mN
= k+mN N-—k+mN

%) k+mN 1 N—k+mN 1
= R> k+mN Rs N —k+mN
o k+mN N—k+mN
> L (L -
o Ry k+mN Ry N —k+mN

%) k+mN N—k+mN
Ry 1 Ry 1
—_— —_ 5.22
sz_o{(gz> k+mN+<QQ> N—k—i—mN}‘ (5:22)
_ N2 k Rilf N RN—k’ N Z Rk+7nN N oo Ri\/—k—&-mN
16|\ kT N—k k+mN " 2N —k+mN
1 eikﬂ 1 71(N k) 1 1(k+mN)19 0 1 efi(kaerN)ﬁ
X{R’gk+R§’k N —k +ZRk+mN k+mN +ZRN7k+mN N —k+mN
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for sufficiently large N. Therefore
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in equation (5.21) is replaced by —,
Q2
e The angles in (5.22) have opposite signs.
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Case II, 0 < k < N/2: From (4.2) we have:
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On the other hand we have

PSRRI

35

(5.23)



T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

A — o5e™ B
—‘\/N{(Q k+1 >‘k+1)<l2a€k+1> ()‘%%H - QgAllcil)<lla€k+l>} - QIQCBZkﬁ(/\kJ,-l)‘k-&-l /\k+1)‘k+1)

Rk+mN RN—k‘-‘rmN
Q
0

:167r2 k+mN  N—k+mN

k+mN R, N — k+mN

k+mN 1 N Rl N—k+mN 1
k+mN N —k+mN

o0 0 k+mN ci(k+mN)9 09 N—k+mN e~ {(N—k+mN)d
> (2) k+mN +<R2) N—k+mN

ktmN i(k+mN)9 < 09 >N—k+mN e—i(N—k+mN)9 }

m=0
. i Q k+mN 1 N g N—k+mN 1
2\ R, k+mN "\ R N—k+mN

N —k+mN

ktmN- i(k+mN)o <R1>Nk+mN e~ i (N—k+mN)d
02

k+mN
(%) k+mN N—k+mN
—hS (= (L _
R> k+mN Ry N —k+mN

02

ktmN i(k+mN)9 N R, N=k+mN —i(N—k+mN)d
k+mN N —k+mN

Rk+mN RN—k+mN
k+mN N-—k+mN

y i{ m§k+mN 1 +<92>N—k+mN 1 }
= Ro k+mN Ry N —k+mN
1 k4+mN 1 1 N—k+mN 1

k+mN 1 . Ry \ N RN 1
k+mN 02 N —k+mN



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 37

X Rllc N Ri\f—k N Z Rk+7nN N o0 Ri\f—k’—‘r’m.N
“ m=1 k+mN m=1

y o k ik N o N—k —i(N-Fk)?
2 k Rz N —k

ktmN- i(k+mN)o s 09 N=kt+mN  —i(N—k+mN)d
k+mN + mz:: N —k+mN

—k oo k4+m o] —k+m
_Qk Rillc_’_R{v +ZR1+ N+Z R{V +mN
1k N-k Zk+mN <4< N—k+mN

Ry

m=1 m=1
. & k l N & N—k 1 . i & k4+mN 1 . o] & N—k+mN 1
Ry /) kK Ro N -k — R k+mN — Ry N —k+mN
k ikv N—k _i(N—k)v oo ktmN- i(k+mN)o s N—k+mN  _i(N—k+mN)d
R R
X{(;) = +<gl) Nk +Z(gl) E+mN +Z( ) v k+mN}
2 2 - m=1 2 1 B
09 k ik 09 N—k e—i(N—k)® o 09 k+mN ei(k+mN)D
a (RQ> k +<RQ> N—k +mz_:1(R2) k+mN

N—-—k+mN

1 R1 N—k [e’e] k+mN [e’e) N—k+mN 1
k+<@2> +Z( ) k+mN+Z( ) N—k+mN}

>Nk+mN e~ (N—k+mN)¥ }

m=1 1

L ik 1 [e7e] k+mN [e’e) N—k+mN 1
+eze {kR§+(N kRN"+Z<R2) k+m +Z< ) N—k+mN}

m=1 m=1
i Rl k4+mN 1 N Z & N—k+mN 1
— \ 02 k4+mN — \ 02 N —-—k+mN
k+mN N—k+mN
—_ Qk 1 + 1 Z 1 1
>\ kRS (N—k;)RéV*k = 1 k—i—mN Ry N —k+mN
x <1>k e <R1> _ LN o Z (Rl)W”N ez<k+me
02 k 02 N -k =\ o k+mN

N i & N—k+mN cl(N—k+mN)9
— \ 02 N —k+mN




38

T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

N2

~ 1672

et k+m 7 m
Qk R’f@é\] k i(N— k)ﬂ 1 Z + Ne(k+ NI
1 RY-* k:(N—k 32 k+mN
RI{: 00 02 N—k+mN et (N—k+mN)d
ko Z (RQ) N —k+mN
Ri\r kgé\/ k o—i(N—k)? RN k o ktmN i(k+mN)
RY-F (N — k)2 TNC k= \ R, k+mN

+ ok

Ri\/—k 00 09 N—k+mN efz(kaquN)ﬁ
+N—kzm_1<Rg) N—k+mN
. i & N—k 77,(N k)9 Rk-{—mN Z Rk-{—nLN 00 g k+mN 6i(k+mN)19
23\ R, N—k “k+mN k+mN 2=\ Ry k+mN
Rk+mN oo 0 N—k+mN e—z(N—k—i—mN)
+Zk+mN <R2> N—k+mN

_|_Qk 0 N—k e~ iN—kK)Y = RN k+mN +§: RN k+mN o k4+mN cilk+mN)9
21\ R,y N—k 4= N-k+mN N —k+mN “= \ R k+mN

00 RN k+mN 05 N—k+mN e~ (N —=k+mN)9
+ZN kerNZ(RQ) N_k+mN

1 RYF k(N—k) " k = \R, k4 mN

Rilf io: & N—k+mN eikﬂ
k — RQ N —k + mN

B RN k N k Zk}’l9 RN k 0 QQ k+mN eik'ﬂ
: RN ® Nk " N- k 2= \ Ry k+mN

RN k ©o N—k+mN zk19
Jr < ) N —k+mN
1 Rk+mN Rk+mN o k+mN eik?
_ 92 23 Z Z Z 23 -
Ry N -k k+mN k+mN Ry k+mN
. Z Rk-‘rmN i o N—k+mN ik
k+mN Ro N —k+mN

N—k i k N i
. {(Q2> eik® 2 RN k+mN 00 RN k+mN  o© (QQ) +m cik?
K &2

N kZN k+mN+ZN F+mN 2« \ R, k+ mN

oo RN k+mN 00 02 N—k4+mN equg
+ZN kerNZ(RQ) N_k+mN

. lelelc ikd + RN*’“ —i(N—k)9 . 0 kl i & ktmN- i(k+mN)o
REok k2 RQQQ’ k(N —k) Ry) k ~—= \ o E+mN
N o k 1 i & N=k+mN —i(N—k+mN)d
R2 k el 02 N —k + mN
. Qé\fflelg oik? N QkaRka —i(N—k)¥ o N-k 4 i & ktmN i(k+mN)o
RN—’“Q’ZC k(N — k) RN k N k(N — k)2 Ry N km:l k+mN
. & N—k 1 o] & N—k+mN efi(kaerN)qS‘
R2 N -k 1 02 N —k + mN

m=



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 39

le eik? s 0 k+mN 1 RN—k —i(N—k)9 05 k+mN 1
+ ok k le(RQ) k+mN+ Nk N -k mzl(Rg> k+mN

0 k+mN 1 R, k+mN et(ktmN)D

N io: o k+mN 1 ) & N—k+mN e— i (N—k+mN)¥9
2 k:—l—mNle 02 N —k+mN

m=1
Rk 6““9 oo N—k+mN 1 RN_k —i(N—k)9 N—k+mN 1
REESIOY B ()
o5 k = Ry N —k+mN N -k = Ry N —k+mN
) N—k+mN k+mN
1 R i(k+mN)Y
3 (2) £
= Rs N —k+mN =\ 02 k+mN

N i & N—k+mN 1 Rl N—k+mN efi(kaijN)ﬁ
— \ Ry N — k:—l—mN 09 N —-—k+mN

B QIQCRIf etk? N lecRiV—k etk? N <Q2>k 1 i <]%1>k+mN eik?
REok k2 REoN=FE(N — k) Ry) k ~—\ o kE+mN

o kzi R\YTRY ek
Ry) k 02 N —k+mN

m=1

BERLT —i(N—k)ﬂ+QéV—kRiV—ke—i(N—k)19+ e\ 1 i R\ emitN=mo
CRr ECerA S e UV S P A

=1
e\ Z R
Rs N —k = 02 N —k+mN
R & k+mN _i(k+mN)9 RN—k 1 0 k+mN i(k+mN)»
=7 Z = e TN " -
k Ry k+mN 05 N — k Ro

k+mN

k+mN i(k+mN)19 [eS) Rl k+mN 1
> k+mN = <Q2> kE+mN

0o k+mN z(k+mN)19 o R N—Ek+mN 1
n Z ] R v
Ry “k+mN =\ N —k+mN

Rfllcl i o N—k+mN e~ i{(N—k+mN)d . R{V_k 1 00 o N—k+mN e~ (N—k+mN)?
k N —k+mN QQ’*’“N—kmzl Ry N —k+mN

k+mN 1
) k+mN
N—k+mN 1
A N —k+mN
4ok RY etk? N RY™F ek N 1 i R, tmN - ik
2\ Rk W REo) "F k(N —k) = kRE = \ 02 k+mN

. 1 00 & N—k+mN eikﬂ
kRE 2=\ 0s N —k+mN

N=ktmN —i(N—k+mN)d O (R
0
R

N —k+mN Z 2

1
m=1
1

02

>N—k+mN e—i(N—k+mN)9 > <

N —k+mN 7nZ:1




40

T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

. Rllc ikd RN—k ikd
+ 05 —

1 oo R k+mN ik
A

02 k+mN
2 m=1

Z N—k+mN 67’]“9

o 2 e )

) N —k+mN
k+mN i N—k k+mN i
Lo }i’fl S (L Y Z e
1o k= k+mN NkN k 32 k+mN
0o k+mN o] k+mN ko
1 1 R e
2 (%) - (2)

= 5 k+mN mN 09 k+mN
[eS) 1 k+mN 1 Rl N—k+mN elkﬁ
+mz:: <2> k+mNm1<92> N —k+mN

‘ — _
—l—gk ﬁel i i N—k+mN ik RN-k 4
2 glg k Rs

) 00 o\ N—ktmN ok

2 Nk+mN+g§Vkam_1<RQ> N—k+mN
o 1 N—k+mN 1 00 Rl k+mN 6ik:’l9

ﬂ; 2) N—ktmN 1(92) E+mN

N i i N—k+mN 1 o] & N—k+mN 61‘]“9
2\ R, N- —~ N~k +mN

L Rllc etk? N R{V—k e—i(N—k)ﬂ N 1 i <R1>k+mN ei(k+mN)79
—0 - -

>\ Rok k2 " RkpN-F k(N —k) ' kR}

‘k+mN
() e
kR’Qﬂ 02 N —k+mN

o Rk ik .\ RN-F ik}
: R§=kg§kav——k> Ry ol * (N — k2

1 sl Ry k+mN ei(k+mN)Y

+ - N
(Nk)RéV‘ka_l(m) k+mN

Z N—kt+mN  —i(N—k+mN)d

o 2 (o)

N —k+mN

)
il i ktmN - iko . R{V*’“ 1 i 1 ktmN —i(N-k)9
Qkk‘ RQ k+mN QN_kN—k Ry

2 m= 2 m=1

k+mN
. f: i k+mN 1 e & k+mN ei(k+mN)19
1 R2 ]C + mN 1

02 ]f —+ mN
.\ i 1 k+mN 1 o] R, N—k4+mN e—z’(N—k+77LN)19
A N —k+mN

1 =
. ﬂl i i N—k+mN 6““9 Rka
92 9126 k' R2

N—k+mN e_i(N_k)ﬁ
Z
N —k+mN NkN k ( )

2 N RN
o \N-k+mN 1 2/ R \FTTN gilkamN
+g;(2) N himN 1<@) yFToa
0 1\ N—k+mN 1 2 R\ NN i (N—ktm)o
+mz_:1<2> N_—kt+mN 1<92> N—k+mN}‘



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 41

IN?2 R1Q2 —k . oo (92>k+mN . 0o (QQ)N—k+mN RN k N k
< +R =2 +R = TR
{2 (7 2k DE

[e%) 09 k+mN o) 0 N—k+mN
N—k N—k
S (f) e (R)
05 N—k oo k+mN
k+mN k+mN
f(B) Lmmreymevy (2)

N—k oo

o) N— k+mN k+mN
SRS (2] () ey ey (2]

m=1 m=1 2 2 m=1 m=1

o) e} 0 N—k+mN
Py w3 ()

m=1 m=1 2
N QSRiV_k N Q k i & k+mN Qf k i Rl N—k+mN N QN_kRk

RE o=+ Ry 02 Ry RNk ok

m=1 =1

—

Ry = 0 2 =\ 02 ) 4= \R2
N—k oo k+mN [e'e] k4+mN oo k+mN [e%s) k+mN oo N—k+mN
2 X(#) (&) (2 )X (%)
(= 2 +Y (2 = +Y (&2 =
koo N—k+mN N—k oo N—k+mN oo N—k+mN oo k+mN
1 02 Ry 02 02 R1>
+ (= 2 + (= 2 +3 (2 -
(92) 2(32) (92) Z<R2> Z( 2) Z<Q2

()
O STE O s S R T M
(&)
(&)

1

) k4+mN oo L N—k+mN L k oo 1 N—k+mN Rl N—k oo 1 N—k+mN
- — +( = +(= —
w o ox@) QxR @) k)

[e%S) N—k+mN oo k+mN e} N—k+mN oo N—k+mN

: o) (%) (%)

- — — - — —

R{\/‘_k 1 k oo L k+mN 1 k oo Rl N—k+mN
+ = + (=5

Rboy " (Rz) mX::l 2) 2) 221(92)




42 T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

k+N 2N—k N—k k+N
<2N2} L o " ore () sam) ey (2 opyen (2)7
- ? RYF Ry Rz ! Ry Ry

N—k N—k k+N 2N—k N—k
+ 2RV -k Q— L oRMN (22 parer (2} gy (2 RNk (22
! Ry ! Ry ! Ry ' Ry '

02 k+N 0 2N —k
4 2N—k [ €2 4 2N—k [ €2
MY () (2
) (8 (e ()
lzcgév i Ry Ry 02
N k k R R, 02 Ry 02

+2(Q2>k+N <&)N k+4<‘92>k+1\7 (m)k+N+4(Q2)k+N <R1>2N k+2<92>2]\7k (&>k
Ry 02 Ry 02 Ry 02 Ry 02
2Nk N—k 2Nk k+N 2N—k oN—k
(&) =& @) (& &)
02 Ry 02 Ry 02
k+N k+N k+N k4N 2N—k k4N
) () &) ) @) ) ()
2 02 Ry 02 Ry 02 Ry
1\ 2Nk Ry 1\ 2Nk R REN g\ 2Nk R ANk |\ 2Nk
2G) @) =G ) (&) () @) ) (&)
<Q2 2 02 Ry 02 Ry 02 Ry
R 1\F RN /1 \F RNZNF 7 \* RNF /1 \NF
+ (= —) +2(= — ) +2(= ( +( =) (5
02 Ry 02 Ry 02 Ry 02 Ry
RNk /1 \N-k R\FHN /o \ Nk RNk f  \N-F
(%) @) @) & =@ &)
02 Ry 02 Ry 02 2
for sufficiently large N. Therefore
09 N—k k R N—k 09 N-—
A — obe?* B| <2N?{ pk30RY () +29< ) (> +5<)
| 02 | < 02 1 Ry Ry 09 Ry
2w el (&)
+05 <30 — +5 .
Q2{ (92 Ry 02 Ry

02

Since
k k
|B| > 1R <gk _ 1> — i&ﬂgk
= 1.2 pk 2 k| L2 pkPE2
k* Rj 02 k* Ry
where 1 > 3 >1— -—- | we have
A ikﬂB| o N22 309’5113;9]?% 2992%1\' kk: 592 ;Rkk 30@%Rfk 5gN’2°RéV—k
—e€ R, " Rk o: kR, ok R) ™" ~"RE
S f k + 22 k + k + 2 k‘,2 k + k
|B| 16 o3 Ry o5 R} 05 R} o3 Ry o5 RY
R R’S R’i R R’z‘

g R2 RE \ 02 o5 \Ro o5 Ry Ry \ o2

IN22 N=E108N2K2 L 0\ TP

Wherel>ﬁ>179—2



NUMERICAL ANALYSIS OF THE MFS IN ANNULAR DOMAINS 43

Case III, —N/2 < k < 0:

The proof is analogous to the proof of case II in the case when the maximum is obtained on the external
circle g2. As in (5.23) we now have:
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By taking w:max{]%,l%,%,%} :max{ff, o } < 1, we have that
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We now find a bound for the term wup(; logr) — u(-; logr) :
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Lemma 5.5. We have the following estimates:

un (- logr) — u(:,log 7)o < %wN (5.24)

where w = max {Rl, 1%} <1 and c is a constant independent of N.

Proof. Case I: When the maximum is obtained on the inner circle r = g; = 1, from expression (4.2) we

have:
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whereas in the case log R < 1, we have
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14] _ log 02 (BNRY + 4NRY) 12RYN

|B| — N2log 02 log Ro ~ NlogR;

Case II: When the maximum is obtained on the external circle r = g5 we have
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for sufficient large N and taking w = max{Rj, 02/R2}. In the case log Ry > 1, we have
|A —log 02 B| < 28log 02 log RoNw™ 28w

|B| = N2loggslogR;, N
whereas when log R < 1, we have
|A — log 02 B| < 28log o Nw  28w™
| B] = N2logpologRy; NlogRy'

We are now in a position to obtain a bound for uy (., fy)—u (., fy) by summing the bounds we have
obtained so far.
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lun (o ) =uw (o il < D Ll JJun (7%e™) —u (r*e™) ||
N
-2

+ Z |Vk| HUN (’T—keik’ﬁ) —u (7r—keilm9) HOO

k=—Z4 +1,k#0
+ |vol lun (- logr) —u (-, logr)l -
Using Theorem (5.11) and Lemmata (5.19) ,(5.24) we obtain

N

N
2 2
— _ C
fox (o) —uC il € D0 MAPNN A4S ANt A  ar S
—X k== 5 +1,k#0

4 N Li Y4 \* + NN Y4 3
<2cMN*w kzo<“’2) < 4eMN*w 4{1+() }

=eMN® (W 47 )

5.2.3. The desired bound. We take v = max{vs,v4} < 1. From the bounds on |ju(-; f— fy)| and
lun (-5 f)—ul(-; fn)ll and inequality (5.12) given by (5.18) and (5.2.2), respectively, we get the de-
sired bound

Theorem 5.6.
Jun (5 ) = (s f)lle < CMN® (0N 9% ). (5.25)

6. NUMERICAL RESULTS

We considered the following numerical examples corresponding to the Dirichlet problem (1.1) in the
annulus defined by 01 =1, 00 = 2:

Example 1. Problem corresponding to the exact solution u = e” cosy. We varied the angle of o and
examined how this affected the accuracy of the solution for various values of N for different ¢ = 91 — Ry =
Ry — 0o (Figures 1, 2). We also varied the radii Ry and Ry of the inner and external circle and examined
how this affected the accuracy of the solution for various values of N (Figure 7). In addition, we varied
the radius R; of the external circle and examined how this affected the accuracy of the solution for various
values of N (Figure 10).

T
.132 + y2 :
examined how this affected the accuracy of the solution for various values of IV for different ¢ = 0y — Ry =

Example 2. Problem corresponding to the exact solution u = We varied the angle a and
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Ry — oo (Figures 3, 4). We also varied the radii R; and Ry of the inner and external circle and examined
how this affected the accuracy of the solution for various values of N (Figure 8).

Example 3. Problem corresponding to the exact solution u = 22 — y2. We varied the angle of o and
examined how this affected the accuracy of the solution for various values of NV for different ¢ = 90y — Ry =
Ry — 0o (Figures 5, 6). We also varied the radii Ry and Ry of the inner and external circle and examined
how this affected the accuracy of the solution for various values of N (Figure 9).

The maximum relative error in these examples was calculated on a uniform grid of m points on the
boundary (since all the functions involved are harmonic and the maximum principle applies) defined by

2m(j — 1)

(Ql COSﬂj,Ql sinﬁj), ﬂj = T, j = 1,...,m
2w(j — 1
(02 cosVj, g2 sindy;), ¥; = %, ji=1,..m

The parameter m is taken to be equal to 500.

The numerical results indicate that for small & the accuracy of the solution is dependent on the angular
parameter . As € grows this dependence disappears. Further, the accuracy for a certain range of values
of € reaches an optimal value for « = 0.25 . This phenomenon was also been observed in [9, 10] and is
valid for all the examples considered in this paper (Figures 1-6). Also, we observed that as ¢ increases
for @ =0, the accuracy of the method improves (Figures 7-9) according to the theoretical predictions
developed in this study. However, for larger values of £ the accuracy deteriorates due to ill-conditioning.
This is more evident in Figure 10, when we kept the inner pseudoboundary fixed and equal to 0.5 and
increased only the outer pseudoboundary.

From Figures 7, 8 and 9 it is evident that as Ry decreases, Ry increases and N increases the MF'S solution
converges exponentially fast to the exact solution for all the test problems. The same phenomenon can be
observed for Figure 10, where R; is fixed and Ry increases. However in all cases, there is a deterioration
of accuracy for large values of Ry and N due to ill-conditioning.

Note. We have also considered the case when the two pseudoboundaries are rotated independently. In
particular, we take the coordinates of the points Q; = (zq,,%q,) on the internal pseudo-boundary to be
2 — 14+ a7 2(j— 14+ a7

N ’ N ’

and the coordinates of the points Qn4; = (TQy.,;>YQy,,) O the external pseudo-boundary to be

j=1,...,N

z@; = R cos y@; = Risin ey

2(j — 1+ ao)r 2(j — 1+ ao)m
TN e TN

The independent rotation produced little difference in the numerical results.

TQy., = Racos ; = Rasin j=1,...,N.

7. CONCLUSIONS

In this study we examine the application of the MFS to harmonic problems in annular domains subject to
Dirichlet boundary conditions. The properties of the coefficient matrix are investigated, and an efficient
algorithm for the numerical solution of the problem is proposed. It is shown that, for analytic boundary
data, the MFS approximation converges exponentially to the exact solution. The results of the current
investigation can be also applied to other second order elliptic operators such as the Helmholtz operator
for problems in annular domains. Further, the application of the algorithm proposed in this paper to
the biharmonic equation in angular domains is being examined. The extension of the ideas developed in
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this study to the solution of harmonic and biharmonic problems in shell type axisymmetric domains (see
[11]), is currently under investigation.
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FIGURE 1. Log plot of error versus angular parameter o for ¢ = 1074,1073,1072 in
Example 1 for different values of N
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T. TSANGARIS, Y.-S. SMYRLIS AND A. KARAGEORGHIS

N £=0.05 . €=0.1 ) £€=0.2
10 ‘ 10 ‘ 10 ‘ ‘
—N=16
— — N=32
o . — N=64
We 4 10 — N=128 N
10° F E ] N=256
T~L -7 107 ~° 4 1w0?f g
i I
107 v V—
107 4 10"} 1
glo’zv 10°¢ 1 w0t —
10" 4 10°} 1
10°} 1
10°F 4 10 1
107 E
10° 4 10"% 1
L L 10-7 L L 10_14 L L
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
Angle a Angle a Angle a

F1GURE 6. Log—plot of error versus angular parameter « for e = 0.05,0.1,0.2 in Example
3 for different values of N
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FIGURE 7. Log-log plot of maximum relative error versus € in Example 1
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exact solution: ></(><2 + yz) R=p, &, R,=p,+¢ where € 0 [10e-6 , 0.95]
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FI1GURE 8. Log-log plot of maximum relative error versus e in Example 2
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FIGURE 9. Log-log plot of maximum relative error versus € in Example 3
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exact solution: €* cosy R=p; R,=p, +¢ where € 0 [10e-2, 3]
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FI1GURE 10. Log-log plot of maximum relative error versus e in Example 1



