NUMERICAL ANALYSIS OF THE MFS
FOR CERTAIN HARMONIC PROBLEMS

YIORGOS-SOKRATIS SMYRLIS AND ANDREAS KARAGEORGHIS

ABSTRACT. The Method of Fundamental Solutions (MFS) is a boundary-type meshless
method for the solution of certain elliptic boundary value problems. In this work, we
investigate the properties of the matrices that arise when the rotated MFS is applied
to the Dirichlet problem for Laplace’s equation in a disk. In particular, we study the
behaviour of the eigenvalues of these matrices and the cases in which they vanish. Based
on this, we propose a modified efficient numerical algorithm for the solution of the prob-
lem which is applicable even in the cases when the MFS matrix might be singular. We
prove the convergence of the method for analytic boundary data and perform a stability
analysis of the method with respect to the distance of the singularities from the origin
and the number of degrees of freedom. Finally, we test the algorithm on two numerical
examples.

1. INTRODUCTION

The Method of Fundamental Solutions is a relatively new boundary method for the solution
of certain elliptic boundary value problems. The formulation of the method as a numerical
technique was first proposed by Mathon and Johnston [12]. The MFS has since been
applied to a variety of physical problems in fluid mechanics, acoustics, electromagnetism
and elasticity. Comprehensive surveys of the applications of the MFS and related methods
can be found in the recent survey articles [4, 5, 7]. Error estimates and a convergence
analysis of the MF'S for circular harmonic problems appear in [9, 10]. Applications of the
MFS can also be found in the books by Kolodziej [11], Golberg and Chen [6] and Doicu,
Eremin and Wriedt [3].

In [13] we considered the approximation of the solution of Laplace’s equation in the disk
Q= {x €R? : |z| < o} subject to the Dirichlet boundary condition u = f. In the MFS,
the solution u is approximated by the harmonic function

N
un(e,Q;P) =Y ¢;k(P,QF), PeQ, (1.1)
j=1
where ¢ = (c1,¢2,...,cn)! and Q is a 2N-vector containing the coordinates of the sin-

gularities (sources) %, 7 = 1,...,N, which lie outside Q. The function k(P,Q) is a
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fundamental solution of Laplace’s equation given by

KP,Q) = —5-loa|P Q). (12)

with |P — Q| denoting the distance between the points P and Q. The singularities Q? are
fixed on the boundary 99 of a disk Q concentric to  and defined by Q = {x € R? : |z| <
R}, where R > g. A set of collocation points {P;}¥, is placed on 0. If P; = (zp,,yp,),
then we take

20— 1 2(e—1
xpizgcos(zNﬁT, ypi:gsin(ZN)?T, i=1,...,N. (1.3)
If Qja = (mQ?,ijo_z), then
2(5—1 2(5—1
xQ?:RCOSWT, yQ}x:Rsin(JN—'—a)ﬂ, j=1,...,N, (1.4)

21
where the positions of the sources differ by an angle —— from the positions of the boundary

points and 0 < « < 1. In the case o # 0, we thus have a rotation of the singularities with
respect to the boundary points (see [9, 13]). This rotation improves the accuracy of the
method when R — p < 1 (see Figures 2 and 4).

In the version of the MFS with fixed singularities, the coefficients ¢ are determined so that
the boundary condition is satisfied at the boundary points { P}, :

This yields a linear system of the form
G = f, (1.6)
for the coefficients ¢, where the elements of the matrix G% are given by
1 .
foj:—glog\]%—@?], ,j=1,...,N. (1.7)

Clearly G is a circulant matrix, see [1]. More precisely

G = cire(gi(@),...,gn(@)),

where
(@) = —=—log|P— Q7
gij\) = o g 141 i
1 2m(q -1
= log <R2 — 2Rp cos <7r(]—|;Va)) + g2> , (1.8)

j=1,...,N. Thus G* is diagonalizable
G =U"DU, where D = diag(Ai(@),...,An(@)),

with eigenvalues
N

Ajla) =) gpotDED (1.9)
k=1
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2mi/N

where w = ¢ and j=1,...,N. The corresponding normalized eigenvectors are

¢ = L 4w 20D (NG

VN

and they form an orthonormal basis of CV. The matrix U is therefore unitary (UU* = I)
and its conjugate is

I j:17"'7N7

1 1 1 1
1 w w? w1
U — \/1» 1 w2 W Ww2N-1
N
1 WwN-1 L2(N—-1) . (N-1)(N-1)

The matrix U is known as the Fourier matrizx.

N

Let (¢,m) = ngﬁk, be the complex inner product of ¢, n € CV. Obviously for any
k=1

vE(CN, we have v = Ziv:l@vfk)gkv

and when G is nonsingular

a\—1 = 1
(G =) S €k

— Ar(a)

In Katsurada and Okamoto [10], the authors prove the convergence of the unrotated
MEFS for Laplace’s equation in a disk, subject to analytic Dirichlet boundary data. The
extension to non-analytic boundary data and to the rotated case is studied by Katsurada
[9]. Our approach is different as it is based on the study of the eigenvalues of the matrix
G“. We first identify the cases when the matrix G¢ is singular, we then develop an efficient
algorithm for the solution of the problem and, using the information we have obtained
about the eigenvalues, we prove the convergence of the method. Finally, still using the
properties of the eigenvalues, we develop a stability analysis for the method with respect
to R.

This paper is structured as follows: In Section 2 we study the invertibility of the matrix
G“ and isolate the eigenvalues which might vanish. In Section 3 we propose a modified
algorithm which avoids these troublesome eigenvalues. In Section 4 we prove the exponen-
tial convergence of the MFS approximate solution uy to the exact solution u for analytic
boundary data as N tends to infinity. In Section 5 we provide a stability result, namely we
demonstrate that when the radius R > 1, roundoff error is generated. Finally in Section
6 we test numerically the method on two examples for which the exact solution in known.
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2. PROPERTIES OF THE EIGENVALUES

In this section we investigate the properties of the eigenvalues of the matrix G*. We divide
these eigenvalues in three groups:

(1) The ‘first’ eigenvalue Ap,

(ii) In the case N is even, the ‘middle’ eigenvalue Ay ; and
2
(747) The remaining eigenvalues.

In the sequel we shall assume, without loss of generality, that the radius of the disk is
o = 1. Also, because of symmetry, we shall consider values of the parameter « in the
interval [0, 5] only.

Combining (1.8) with (1.9) we obtain

N
1 2miG-lG-) ) 9 2r(k+a—1)
Ajla) = = > e <R +1—2Rcos <N : (2.1)

ism <27r(j _]1V)(k - 1)> log (R2 +1— 2R cos (W]V_l» =0 (2.2)

cos<27r(j_1)(k_1)> :cos<27r(N_j;\;1)(k_l)> L =2, [N;l} . (2.3)

These observations lead to the following result

Lemma 2.1. When a =0, the eigenvalues A\;(0), j =1,...,N, of G* are real and
N+1
Ai(0) = Ax522(0), [ } .
When a # 0, the eigenvalue A\i(«) is real, and so is An (), in the case N is even. The
2

remaining eigenvalues are complex with

)‘J(a) = 5‘]\/'fj+2(0[)’ ]: 27"'7 |: U

N +1
> .

2.1. The first eigenvalue. We are particularly interested in the points where the first
eigenvalue vanishes.

Proposition 2.2. The first eigenvalue A\i(«) of the matriz G is given by

1
M(a) = ~in log (RQN —2RN cos(2ma) + 1). (2.4)
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PROOF. Since G® is circulant, i.e. G = circ(g1(a), g2(v), ..., gn(c)), the eigenvalues
of G are given by (1.9). In particular,
N
M) =Y gi(a). (2.5)
k=1
Since
1 27 (k -1
gr(a) = ——log ( R* 4+ 1 — 2R cos nlkta—1) , (2.6)
a7 N

it follows that

Ma) = —417T10g{ﬁ <R2+1—2Rcos <W;VM>>} .

k=1
From [8] (p. 34)

n—1
2k
H {:1:2 — 2xy cos (a + 7T> + y2} = 22" — 22"y" cosna + y?", (2.7)
k=0 "
from which (2.4) follows. 0

From (2.4) we obtain the following corollary:

Corollary 2.3. The first eigenvalue \i(a) of the matriz G* vanishes if and only if
1 (RN
= — — . 2.
a = 5_cos < 5 > (2.8)
O

We observe the following:

Remarks 2.1.
N

R
(1) An immediate consequence of (2.8) is that if - > 1 (or equivalently R > 2N ),

the eigenvalue \1(«) cannot vanish.

(ii) In order for Ai(a) to vanish we need 2cos2ra>1ie 0<a<g or3 <a<l.
Since because of symmetry we are only considering values of a € |0, %), it follows
that the eigenvalue A\i(a) could only vanish for values of a € [0, %]

2.2. The middle eigenvalue Ay (o) when N is even. The behaviour of the eigen-
2
value Anx +1(a) in the case N = 2M is even, is of particular interest. Its corresponding
2
normalized eigenvector is
1

i CLL-LL...~L1),

€%ﬂ =
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which isolates from the boundary data (f1,..., fy) the term

1 N
(]\71/2 kz(_l)kfk) 5%4_1 s
=1

corresponding to noise.

Proposition 2.4. If N is even, then the eigenvalue )\Q+1(Oé) of the matriz G* s given
2
by
1 RN —2RN2 cosam + 1

—1 . 2.9
ir S RN _ RN cos(a+1)m+1 (2:9)

)\N+1(Oé) = —

PrROOF. Let N =2M . We know that the eigenvalues of G* are given by (1.9); therefore

2n(k+a—1)
—= 41
v

1 N

= _1\k 2
)‘%H(O‘) = k_l( 1)"log <R 2R cos

M
1 9 n—1 o
= - nEﬂlog <R — 2Rcos (277 i + M) + 1>

M
1 9 m—1  (a+ )7
+E mE:1 log <R 2R cos <27r i + i > + 1> .

From (2.7) we get that

1 2M M 1 2M M
)‘%H(O‘) = log (R*" — 2R cosar + 1) + e log (R** — 2R cos(a + 1)m + 1)
1 RN —2RN2 cosam + 1

—1 .
ir 8 RN _ RN cos(a+1)m+1

A direct application of this theorem yields the following corollary:

Corollary 2.5. For N even and R > 1, the eigenvalue )‘ﬂ-i-l(a) vanishes if and only if
2
o= 1. [We assume that «€[0,1)].

PRrROOF. Clearly (2.9) yields that )\ﬂ+1(%) =0. For a€[0,1), it is clear that cosam >0
2
whereas cos(a + 1)m < 0. Expression (2.9) yields that in this case An_ (o) # 0. O
2

2.3. The eigenvalues \j(«),j # 1, and j # % + 1, when N is even.
Theorem 2.6. For a€(0,3] and j # 1, we have
N & e—i%ﬂ(mNJrj—l)a ei%(mN+N—j+1)a
Ajla) = —=>" : T+ : b (2.10)
4m (mN+j—1)RmN+i (mN+N—j+1)RmN+N=j+

m=0
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In particular when N is even

Al = 50 3 I 2
’ 2m (mN+% RmNJf?
PRrROOF. Let
! 2 1 1 <X cosnd
= —— _ 1 - = 1 .
F(R,9) pp log(R* —2Rcos?¥ + 1) o log R + o nz: e
Then for j =2,..., N, we have
2
Zexp< J—l)(k—l)>F<R,N(k—1+a)>
_ 1 al 27 . Dk — 1 >, cos (Zn(k — 1+ a))
= 5 cos W(] )( ) Z e
k=1 n=1
N - )
1 2m cos(N (k;—1+a))
e 3o (0 o) {3
k=1 n=1
00 N
1 1 2 .
= %;an {;COS (N(]—l)(k—1)> COS( (k—1+oz)>}
(2.12)

" iZan {Zsm( ]—1)(k—1)> cos <i\7;n(k:—1+oz)>}.

We are going to calculate the above two sums. For the first sum we have:

ZCOS < k(j — 1)) cos G\jn(k —1+ a)) —

P SN V) T

2
+ sin <A7;na> 1cos< (]—1)) sin (]sznk>
= cos( na> cN ]+1+C+] 1} (2.13)
where
N
2T N if k=0modN
N _ il —
Co = ZCOS<N“~7> - { 0 if K#0modN ° (2.14)
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For the second sum we have:

1 2w N
= —3 sin (Nna> { i1 — Cn+j_1} . (2.15)

Combining (2.12), (2.13) and (2.15), and replacing the CJ¥ according to (2.14), we obtain

1 cos sin
R I G

2 2
1 0 efzﬁn CN 1 0 ezw"naCN
= P B E o
47 1 nRr LT 4n ‘ nRr il
n= n—=

N & e—z"%f(mNJrj—l)a N & e iZX (mN+N—j+1)o

Ar i (N - DRV T mzo (mN + N — j + ) RmN+N—j+1°

Formula (2.11) is an immediate consequence of (2.10). O

In particular, when o = 0 we have the following formulaefor the eigenvalues

Corollary 2.7. For a =0 and j # 1, we have

Ao = Y3 ! L ! = (2.16)
T ap 22 \G=14mN RN T N—ji1+mN RN N ) '

N
In particular, for N even and j = — + 1, we have

N & 1
)\ — E 2.17
2 — %—Fm]\[ R2+mN ( )

Finally for j = [%} +1,..., N, we have A\j(0) = An_k+2(0) .

We also have the following two straight-forward corollaries:

Corollary 2.8. For all j =2,...,N we have \;j(0) > 0. O
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In particular since A;(0) = 0 if and only if R = 2N (see Corollary 2.3), we also have the
corollary:

Corollary 2.9. The matriz G° is nonsingular if and only if R # 2N . U

Next we shall prove that the eigenvalues \;(c), for a€ 0, %} and j =2,..., [%], never

vanish. In particular we have the following result:

Lemma 2.10. For a€[0,3) and j=2,...,[*H], we have Re\;(a) > 0.

Proor. Let rj(a) = Re \j(a). The proof of the theorem is a consequence of the
following two properties of the r;:

drs
(i) For all €0, %] and j=2,..., [%] , we have that Tzl((ya) < 0. Therefore, for
a €0, 3], the rj(a) are decreasing functions in the interval [0, 3] .

(i1) For all j =2,...,[2], we have that r;(3) > 0. Therefore, r;(a) > r;(3) > 0.

PROOF OF (i):

Clearly

N i cos (32 (mN + j — 1)a) N cos (22(mN + N — j + 1)a)
T ir — (mN+j—1)RmN+i-1 (mN+N—j+1)RmN+N-j+1

Differentiating with respect to o we obtain

o) = L3 {Sm@(mNﬂ‘—l)a) N sin(%c<mN+N—j+1>a>}
2 RmMN+j—1 RmNTN—j+1 )

i%a
Let z = ; then
1 > : : 1 ATl N+
T;-(CV) _ _iIm {Z (sz+]—1+ZmN+N—]+1)} _ _§Im {:l_ZN}
m=0
2 |1 —2N|2 ’

It therefore suffices to show that

Im ((zj_1+zN_j+l)(1—zN)> > 0,
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for a€0,3]. We have

ez%(j—l)a

i 2T P2 (N—j+1)a —i2E Na
1 Ne—jt1 B e'N e 'N
Im (2771 4+ NI =2N)) = Im {( =+ v ) (1—RN>}

. {ei%r(jl)a i (N=j+a 5 (j—1-N)a ei%{;(lj)a}
= Im

Ri-1 + RN—j+1  RN+j—1  R2N—j+1

Ri-1 RN—j+1 RN+i—1 R2N—j+1

sin (%’r(] — 1)) N sin (32(N —j + 1)a) _ sin (22 —1-N)a) sin(ZF(1-j)a)

. (27, . 1 1 . (2 ) 1 1
= Sin <N(j—1)04) (RJ—1+R2N_J+1) +s1in (N(N—]+1>Oz> (RN—j+1 +RN+j—1) (218)
Both the arguments of the sines, in the above expression, lie in (0, 7) and therefore
2 2
sin (zz;(j—l)a> , sin (;(N—j—kl)a) > 0.
Thus the right hand side of (2.18) is positive, which concludes the proof of (7).

PROOF OF (i7):

We have
(1 N i cos 3 (mN+j—1) cos & (mN+N—j+1)
\2) T an 2 V(N DR (NN -+ ) ReNEN-IH
_ N (j—1) 0 1
= TN mz:o @mN+j— 1) RZnN+i—1
_ﬂ COS W(] _ 1) i 1
i N m=0 ((2m+1)N+j—1)R(2m+1)N+j71
+47r COs N 7;) ((2m+1)N—]+1)R(2m+1)N_j+1
_ﬂ COS W(] _ 1) i 1
4w N ((2m+2)N —j+1)R@m+2)N—j+1~

Clearly cos % > 0; thus letting w = 1/R, it suffices to show that for every m > 0 we
have

2N 2m42) N—jH o (2mH) N—j1 o (2mH) N4

(

w
- -+ - > : + . )

2mN+j—-1  (2m+2)N—j+1 = (2m+1)N—j+1 (2m+1)N+j—1

or equivalently

1 W > N-25+2 1 w'
— w — .
2mN+j—-1  (2m+1)N+j—-1 2m+1)N—j+1 ((2m+2)N—j+1
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Since wN=212 < 1, it is sufficient to show that

1 wN 1 wN

IMN+j—1  @mt)N+j—1 = @mt)N—j+1  (@m+2)N—j+1’

or

1 1 N N

— > — ,
2mN+j—-1  (2m+1)N—j4+1 = (2m+1)N+j—-1 ((2m+2)N—j+1

equivalently

mN—27+2 N mN—25+2
CmN+ D)@ DN—+1) ~ ¢ (@t DN+ —D(@m+2)(N—j+1)

which is clearly true. This concludes the proof of property (i7) and the theorem. O

This leads to the central result of this section:

Theorem 2.11. The matriz G* is singular if and and only if

1 RN
(i) o= —cos ! () , in which case the first eigenvalue \1(a) vanishes,

2m 2
or
(11) a= 3 when N is even. In this case the eigenvalue An _ , vanishes. 0
2
Remarks 2.2.

11
(i) From Remark 2.1(iii) and Corollary 2.11 it follows that, if o € <672>’ then
detG* #0.

(13) For every R > 1, a €0, %), for sufficiently large N, the matriz G is nonsingular.

In particular G* is nonsingular for N > [llé’ggé] +1.

3. IMPLEMENTATION

3.1. Expression of uy in terms of the eigenvalues and eigenvectors of G*. By
denoting the approximation uy(c, Q; P) in (1.1) by un(P), where P = (x,y), we have

un(P) = {el) = ((G)'£,1),

where

1
Il =1(P) = —%(log|P—Q1|,...,log|P—QN\)T.
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Since the {§}, }x=1,.. n form an orthonormal basis of CV, for nonsingular G* we have

N
G = (G €4
k=1

(f,€)€x -

N Ny
= > (£,&)(G 5=ZA(
k=1 1 R\
Thus
un(P) = ((G*)'£.0)

=ZA EALANE (3:1)

Remark 3.1. By using Fast Fourier Transforms (FFT), the quantities A\i(c), (f, &)
and (L(P), &), fork=1,...,N, can be evaluated at a cost of O(N log N) operations.

3.2. Description of the proposed algorithm. We will suggest a modification of the

method which avoids the presence of the inverses of possible zero eigenvalues in (3.1).

Clearly, if the boundary condition vector f does not contain the vectors §; and {n (i.e.
2

(f. &) =(f, £%+1> = 0), then the troublesome terms do not appear in (3.1), and thus the

MFS can be used without modification. To treat the general boundary condition vector
f, when N is even, we decompose it as follows:

f=7rr+r+r,
where

fO = .f - <.f7£1>€1 - <f7£%+1>£%+1 ’ fl = <fa£1>£17 f2 = <f7£%+1>5%+1 )

and

1 1

&1 = ﬁ(l,l,...,l), Enyy = 7=

We shall solve the boundary value problems, corresponding to f*, for ¢ = 0,1, 2, separately.

(1,-1,1,-1,...,1,—1).

e For ¢ = 0 the boundary value problem is solved with the MFS yielding the ap-
proximate solution

1
0
un(P) = —{f, &)L, . 3.2
N (P) Q;N Ak(a)< 1) (L €k) (3-2)
kN 41
e For ¢/ = 1 the vector describing the boundary is a constant multiple of the constant
vector (1,1,...,1). Since the constant functions are harmonic, the most natural
choice for a solution in this case is the constant solution

wmzﬁw@. (3.3)
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e For ¢ = 2 the vector f? describing the boundary condition is a constant multiple
of

(1,-1,1,-1,...,1,—1).

An appropriate solution in this case, i.e. a harmonic function the boundary values
of which at the points Py, k = 1,..., N, coincide with f?, is a suitable constant
multiple of

N N
2 2

Re z2z = Re (z+1y)

The appropriate solution is thus
1 N
2 . N
uy(P) = Ve (f,EgH) Re zz . (3.4)
Summarizing, the approximate solution of the boundary value problem of the modified
MFS is taken to be
uy(P) = uy(P) +uy(P) +ui(P). (3.5)

In the case when N is odd the part u?\, is not present.

This algorithm can thus be performed in O(N log N) operations.

For a € (%, %), the matrix G is nonsingular and therefore the algorithm can be applied

without subtracting the two troublesome terms.

4. CONVERGENCE OF THE MFS FOR ANALYTIC BOUNDARY DATA

In this section we shall show that the (unmodified) MFS approximation uy converges
uniformly exponentially fast in the || - ||cc—norm to the exact solution w of the Dirichlet
problem in the unit disk 2, provided that the boundary data f = u|sq are analytic or
equivalently u can be extended as a harmonic function in an open region D containing
Q = {(x,y)|2® + y> < 1}. This convergence occurs if the singularities Q. j=1,...,N,
lie in D . In particular, we assume that

B(0,14+0) = {(z,9) | (+* +¢*)/* <148} C D, (4.1)
for some 8 > 0. If we express the boundary data as the Fourier series
f(ﬁ) = kaeikﬂa
keZ
then (4.1) implies that

[

flli+p = <Z|fk|2(1+/8)2k> < +oo. (4.2)

keZ

In particular, we have that

sl < 1 has(+8)" M, (4.3)
for every keZ.
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Let fn be the Discrete Fourier Interpolant of f corresponding to the values of f at 9, =
QW“ j,j=1,...,N. Namely for N even (the case when N is odd can be dealt with similarly)

@) = Y ppe™?,

k=—4+1

where the coefficients ¢ € C, k = —% +1,..., %,
the points {¥J;|j=1,...,N}. Clearly if w = e%, then

are chosen so that fy and f agree at

1 N ) 1 N ' o
Pe = NZw*ka(ﬂj) = Nzw*kj <Zf€ele>
=1 Jj=1 tez
1 N . . 1 N
= e (wa = Y Je | 2w
Nj:1 lezZ ez Nj—l
B eim (4.4)
meZ
Thus
lok| < Z|fk+m]\/| < |‘f||1+52(1+ﬁ)—\k+mN\
meZ mezZ
. +o00 N ) .
< A lhasth+ 979 = 240 M
2
< E|’f\|1+ﬁ(1+ﬂ)flkl
= M ||fllies (1 + )", (5)

with M; depending only on . This interpolant converges to f exponentially fast, with
respect to the supremum norm, as N tends to infinity. In fact

@) = fD)] = (D fee™ =D o™ < > fe—erl+ D] 1kl <20 1l
kez k=—S+1 k=—%+1 k|>4& |k|>5
2(1 N
< 2 s e E (1.6

Let us denote by u(+; h) the solution of the boundary value problem
Au=0 in €
u=~h on O0Of)

and by un(+; h) its MFS approximation. Note that ux depends also on R and the angular
parameter . Since both u(-;h) and un(-;h) depend linearly on h we have that

[un (5 ) =uls Plloo <Tuls f=fN) oot llun (5 F = F3) oot [[un (5 fn) =uls [N )lloo- (47)
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Clearly, since f and fy agree at the boundary points, the middle term wupn(-; f— fn) is
identically zero. In what follows we shall show that, each of the remaining two terms on
the right hand side of (4.7), decays exponentially fast as N tends to infinity.

A. The term ||u(;f — fn)||oo

Since u is harmonic, it satisfies the maximum principle in §2

fu(s f = fN)lle = sup [(f = fn)(9)].

¥€[0,27]
Using (4.6) we obtain that
2(1 N
luts S = f)lloe < 22l 14 8) % (4.9

B. The term || un(-; fn) —u(-; fn)lloo

Let fn(9) = o e* . Then

u(-; fv) = i @ku<'; 6““9) and  un(-; fy) = i Pk UN (-; 6M> :

Thus

vz

Hun (-3 fv) —u(-s In)lle < Z lo| - HUN <-; 6““9) —u (-; e“‘w)Hoo . (4.9

k=—4+1

The observation which enables us to obtain the desired bound, is the fact that the right
hand side of (3.1) reduces to a single term when h = ¢**? | which is easy to treat.

Lemma 4.1. We have the following estimates for |lun(-; ¢*?) —u(-; )]0
(i) Case I, k =0:

8
lun (-5 5 1) —ul 3 Dl < NlogR RN’ (4.10)
for R > 1 and every NeN.
(1) Case II, 0 < |k| < N/2:
) . 1\ ! k| 1
L ptkOy oL kD Lt ) )
lun (5 e™) —ul: ™)l < 16 <1 \/E> &y w1

for R > 1 and sufficiently large N .

PROOF.

Estimates for |Juy(-; ) —u(-; )]s
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Casel. k=0
In this case h=1, h = (1,1,...,1), u =1 and

[ VN ifj=1
<h7£j> = { 0 otherwise .

Thus
A — VNo——
UN(xvy) = Zr<ha5j><l(x7y)7£g> - T1<l(x7y)a£1>
j=1""/
We have
1
AM(a) = —4—10g(R2N —2RN cos(2ma) + 1)
T
N N X cos(2mma)
= - N ostamTa)
or e fir o Z_:l mNRm™N

On the other hand if (z,y) = (rcos ¢, rsin¢) and r < 1, we have

N
(l(rcos¢,rsing), &) = \/1N le(r cos ¢, rsin @) ,
j=1

where we obtain for ¥;, = 2F(j — 1 + «) that

1
lj(rcos¢,rsing) = —2—log|P(rcos¢),rsin¢))—Q?
T

1
= 3 log |(r cos ¢, 7 sin ¢) — (RcosVjq, Rsindj )|
7

1
_ I log(R2 —2rR cos(ﬂj,a - 9)

+72)

— —%logR—}— i Z l <L>mc0sm(19jya - qi))

R

2 m

Imitating the proof of Theorem 2.6 we obtain

N
(l(rcos¢,rsing), &) = \/1N le(r cos ¢, r sin ¢)
=1
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On the other hand, for 0 < |k| < N/2, we have

N
(I(rcosp,rsing), &) = —le(rcoscp,rsmgo)e N Dk

Repeating, once again the argument of Theorem 2.6, we obtain

(l(rcosp,rsing), &) =

e —1 m —2—”04 —k+m i(N—k+m —2ry
\[Z{( >k+mNe i(k-+mN) (¢ )+<7«>N fpmN i(N—ktmN) (¢ 27 )}‘(4‘13)

k+mN R N —k+mN

Consequently, using (4.12), we have

un(e,y31) = VN - cosd,roing) &)

1

2m R N

m=

VN {—\gflog R—i—ﬂzi <£>mNcos(mN(¢ — 27704))}

1
I log(R?N — 2R cos(27ma) + 1)
T

log R — Z mLN (%)mNcos(mN(gb - 2Woz))

1
] N _ opN 9 1
5N og(R 2R" cos(2mar) + 1)

2. cos(2mma)
]OgR o Z mN RmN
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Because of the fact that uy — u is harmonic in  and u(-; 1) = 1, the value of the norm
llun(-; 1) —u(-; 1)||co is obtained on r = 1. Thus

Jun (5 1) —u(s 5 Dl = ﬁg[l(%{ﬂ lun(cos ¥, sind; 1) — 1|

—~ mRmN
= b n - 1
€10,2m
log R — mz::I N RN
- 1 I o 1
2 2— —
Z mN RmN N mzl RmN 4
- llogR flogR Nlog R(RN —1)
8
NlogR- RN’
for N sufficiently large, i.e. there exists some Ni = N;(R), such that the above holds for
N > N;. (Indeed, eventually 1 — RLN > 5 1 and Yooy N}%mN < %logR )

Case IL. 0 < |k| <&

Let us first treat the case k& > 0. Then for h = ¢’V combining (5.2) and (4.13) we obtain

. i 1 .
UN (7“ cos @, Tsing; e kﬁ) = m(hafkﬂﬂl(r Cos ¢, r sin ¢)75k+1>
\F il N\ ktmN ik+mN)(9—5Fa) r\ N—ktmN = i(N—k+mN)(¢—3a)
TZ: (R k+mN (E) N —k+mN
- N & 1\ N —i(k+mN) 2ra 1\ N—k+mN i(N—ktmN) 2
4mz:: (R k+mN Jr<R> N —Ek+mN
Nk S
_ i$ =
= (re ) <1 + T) ,

where

o0 1 mN e—imN%’ra 1 N—-2k+mN ei(N—?k-‘rmN)QW’Ta
T = - - il
2 <R> k+ mN +<R> N _k+mN

r\mN eimN(d)—QW”a) r \ N—2k+mN e—i(N'i‘mN)((b_QWﬂO‘) T
(E) k+mN (E) N—k+mN [
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Since u(rcos g, rsing; e*) = 1k (in general, u(r cos @, rsinp; ) = rlklehe ) we

have
‘uN <r cos ¢, r sin ¢; 6““9) —u(r cos ¢, 7 sin ¢; eikﬂ)’ = ‘uN (r cos ¢, T sin ¢; 6““9) —(rei@)k‘
S
= |= 4.14
H (4.14)

and S/T, as a function of (z,y) = (rcos¢,rsinyp), is a harmonic function in B(0, R) .
Thus it takes its absolute supremum in B(0,1) when r = 1. Thus for r = 1 we have

[e.9]

" 1 1 1 1 1 1
TN > Z = . _ . .
7l = k lekerN R™N N — 2k RN—2kaON—k+mN RmN

- 1 ) k 1 k 1 RN
k N+k RVN—-1 N-—k RN-2 RN _1

CL(,_ 1 1 RY
k RN—-1 R RN-1/°

It is easy to see that there exists a Ny = No(R), such that, for N > Nj, the right hand

1
side of the above inequality becomes larger than ﬂ(l — ﬁ) . Therefore, for N > Ny
1 1
T —([1-——=] . 4.1
m> 5 (1-75) 1)

On the other hand, for r =1

) 1 e—i27ram (6_imN<p—1) ) 1 ei27ro¢(m+1) (e—i(m—i-l)N(pie—i%T”a)
S = . .
W;RMN k+mN +m§:0RmN+N_2k N —k+mN
Consequently we have
S| < 2 1 n 2 1 1
- N+k RN-1 N-—k RN-2 11

Similarly, we can find an N3 = N3(R), such that, for N > Ng, the right hand side of the

above inequality becomes less than Thus for N > N3 and for RY > 2

N —k RN-2%"
8 1
Combining (4.14), (4.15) and (4.16) we obtain that, for every N > Ny = max{Ny, Na, N3},
. 4 1\ ok 1
. ik . kY
(s ) —uts ¥l < 16(1- =) s
= My R Ntk (4.17)

where M depends only on R. The case k < 0, |k| < N/2, is treated identically since

un (-5 e ™) = ay(-; ™). O
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From (4.17) we obtain that

HUN(’§ eikﬁ) o u('; eikﬁ)Hoo < M, R7N+2|k| ) (4.18)
Altogether, for N > N,

lun (-5 fn) = ul5 fn)lleo < Jonl - llun (-5 €)= u(-5 €|l

< My || fllies (14 B) 7 MyR=NF2IRL (4.19)
k= +1
(5571 )
1 R n
< 2M M- i
< 1Mo || f]|14 RN 2 <1+ﬁ>
(V4 1) [l — R
S 2M1M2 N+1 1 — |1 + —_
PRV e p)¥
—-N _ N
< MN|flles (R +1+8)7%) (4.20)

where M3 = 4RM; M, and depends on «, 3 and R. Combining the estimates of the parts
A and B we obtain

Nun (5 ) =uls Plleo < uls f=fn)llootlun (5 fn) —ulss fN)oo

o 21+h)
h s

for N > Ng, which provides the main result of this section:

Al s - (1 B)" 2+ Ms||f|ls N (R_N +(1+ ﬁ)_%) :

Theorem 4.2. If the boundary data f satisfy (4.2), for some >0, and Re (1,14 3),
(or equivalently the exact solution u can be extended to a harmonic funcNtz'on in an open
domain D containing B(0,1+(3)), then there exists a positive constant M = M (3, R, a),
such that

lun (-5 f) = uls Plloe < M fllag NAY,

for N > N, where N depends only on R, o, and where

Y = max{}l%, <1+15>1/2} . (4.21)

0

Remark 4.1. It is noteworthy that (4.19) indicates that if f is a trigonometric polynomial
L

1
of degree L (i.e. f(0) = 540 + Z(an cosnd + b, sinnd) ), then for any fived N > 2L and

n=1
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lluy — ullse = O(R’(N’ZL)) .

Thus the MFS approzimation converges to the exact solution, exponentially fast, as R
tends to infinity, while N remains constant.

5. STABILITY ANALYSIS WITH RESPECT TO R AND N

In [13] it was observed that the numerical approximation deteriorates when R > 1. Clearly
(4.21) does not explain this phenomenon. On the contrary, (4.19) shows that if f is a
trigonometric polynomial, then ||uy — u||oc = O(R™). As we shall see in this section,
this is caused by the presence of roundoff errors. In what follows we address the question:

How is the approximate solution uy = un(-; f) affected when the boundary data f are
perturbed by df ¢

In particular we shall estimate the error

E = |lun(; f+6f) —un(; oo -

More specifically, we shall be looking for the optimal constant C' for which

lun (5 f +0f) —un(; Hllee < ClI6f]]oo -

We shall need the following lemmata:

Lemma 5.1. If \j(a), j =1,..., N, are the eigenvalues of the matriz G*, then

N
[lun (5 h)lleo < 5 —max {|log(R—1)[,log(R+1)} 225 (@)l 'ﬂes[lggﬂlh(ﬂ)l- (5.1)

PrOOF. We have already seen that

=S5

J=1

(R E,)1().€;) . (5.2)

J
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where B = (hi,... hw), U= (I, In), hy = h(ZE( — 1)), j = —o=log|P(-) — Q4,
j=1,...,N. Thus

1 N
(sl < e DI €8

N=
N

N N
1 2
< - . )
= 1%%V|)\j(a)| ;<h,5])| Z:: el
max ——— ||l |}
— X . .
15N [A; ()] 2
1
< max V HhHoo V HlHoo
1<j<N |)\J(a)|
< N ma ! - ma i|lo (R—1)| i10 (R+1) - max |h(9)].
= B ()] T or %8 or 08 9€[0.:21]

We have used the fact that since {&€ j }i=1,...n form an orthonormal basis, then

N
lolle = | D lw. )P |
j=1

for every v€CV, and also that |[v||2 < VN ||v|]sc - O

Lemma 5.2. For R > 1 and ac|0, ) fized, the eigenvalues of the matriz G satisfy the
inequalities

N
IA(a)| > ElogR,

N 1 1 N+1
Aj > C— 1—— =2, |—
‘ ](OJ)‘ = 8(]—1)7r Ri—1 ( /*R> ’ J ’ 7|: 9 :| 3
1
‘)\N (oz)‘ > c02s7ra| C—, if N is even,
s R=2

for N > Ny = No(o, R) .

PROOF.

I. For j =1 we have that

N N X cos(2mma)
M) = —%logR—i—%zimNRmN .
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Thus

N N 1 N 1 1
A > JlogR- S ——— > D lgr-— S —
M@l = 5olog R 27rmZmNRmN - (OgR Nz_:lRmN>

when RN > 2 and N >

2
log R or equivalently when N > N5 = [logR] +1=N5(R).

II. For 2 < j < [%}, setting k = j—1 we have from Theorem 2.6 that

N & 1 efi%(mN%)Oz 1 62 ~ (MNFN—k)a
Mewa(@) = > ' N T NN
4 = mN+k R™ mN+N—k  RmNH
Thus
N 1 1 1 1 1
A > —
N 1 1 1 1 1 1
> Z -
A | KRk N + k RNtk RmN N —k RN- k RmN
- N 1 1 1 _ 1 1 1
A Rk k  N+k RN 1*3% N —k RN-2k 1*5,% :

Clearly N — k >k, N — 2k > 1 and for N sufficiently large in which case

\/*<1 RNa

LS SN SN U AR
k- N—k RN-2*"1_ .17k VR
1 1

A
RN 1- 15

and since ﬁ . — 0, for N — 400, there is an N5 = N5(R), such that

o = ()
r RF\k N+k R I—R—N " N—-k R I
dr Rk 2k VR) '

for every N > Ng.

III. Finally for j = % + 1, when N is even and a # % we have

N & 2m + 1
Ay (a) = 72 cos(2m + 1)ma .
7t 21 = (mN+ N RNy
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Thus

v

N [|cosma| & 1
Ay 2 o S -
‘ %ﬂ( ) 27r< %R% ;(mN+1§)RmN+’;’>

S N [ |cosmal 1 1
T 27 %R% %R% I

Since |cosa| > 0, there exists a Ny = N7(«, R), such that for N > Ny
1 1 1
2 3RN 1- 45’

|cosmal| >

in which case for every N > N7 we have that

’)\ ( )‘ - N 1 |cosmal | cos Ty
a _— . — . =
LS or 2 NpE 2rRY
The proof of the lemma is completed by taking Ny = max{Ns, Ng, N7} . O

Given that A\y(a) = Ay_g+1(a), we obtain the following bound for the eigenvalues of G

Corollary 5.3. When a€0,3), and N > Ny = No(a, R) (with Ny defined as in the
previous lemma) we have that

ma ! < ma am 27TRE 4 R 2 (1-— i -
1<GEN I\j(a)] NlogR’ |cosmal’ " VR
N
< MyRz, (5.3)
for a suitable positive constant My = My(«) . O

Combining (5.1) and (5.3) and using the linear dependence of uy on the boundary data,
we obtain

N N
lun (5 f+0f) —un(s llo < Mo o - max{[log(R — 1), log(R+1)}- B= - [[6f]]ec,
for N > Ny.

Remark 5.1. We can not do much better that the above estimate (in terms of the order
of magnitude of the er’ror) since

ba® = 32> ST
N = S 50N
5 11 N+mN R NimN 2 %m:() R2+mN
11 1

T Ry 1-— RIN ’

thus, in particular for a = 0,
1
GOV > max > RY,

j=1,...N |A;(0)]
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or sufficiently large R and N. If for instance 0f = 5ei%19, then
Jor suffi y larg
N
un (- 0f)]loc > eRZ .

Consequently, the exponential convergence of the MFES is meaningful in practice, provided
N
that R~ [0 f]loc < 1.

Approximation of the function u=1/(z-2)
Error versus distance
10 o R | AL o o A | o
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n=128 !

— n=256
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-14

10

10" 107 107 10" 10° 10" 10° 10° 10*

e=R-1

FIGURE 1. Log of maximum relative error versus log € in Example 1.

6. NUMERICAL RESULTS

The algorithm described in the Section 3 was applied to the problem in 2 with o = 1 and
exact solution

1 x— 0 . Y
u = =

=8 @Ay @y

= uf+iul.
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In particular, we considered the cases with (i) § = 2 (Example 1) and (ii) § = 1.01
(Example 2). We calculated the maximum relative error

g e =Rl + [luf — upll
[luloo

where uﬁ, u]IV are the MFS approximations to u® and u!, respectively. The maximum

relative error was calculated on a uniform grid of m points on the boundary (since all the
functions involved are harmonic and the maximum principle apllies) defined by
(- 1)
N m
The parameter m is taken to be equal to 1001.

(cosb;,sinbj;), 0; ,j=1,-,m.

6.1. Example 1. In this example the singularity in the solution occurs at the point (2, 0)
in the (complex) plane and we therefore expect the accuracy of the solution to suffer when
R > 2. In Figure 1, we present the behaviour of the maximum relative error for different
values of N when a = 0 for e = R — 1 € (107%,10%). As expected, we observe that the
accuracy of the solution improves with N for R < 2 but eventually deteriorates (for all
N) beyond R = 2. The behaviour of the solution is similar for values of o # 0. In Figure
2, we present the maximum relative error as the angular parameter « varies on [0, %], for
different values of N and fixed ¢ = 10~1,1072 and 10~*. We observe that the error is
optimized for a value of o € [%, %], with the improvement being sharper for the smaller
values of €. For ¢ = 107! and larger, the minimum eventually disappears.

6.2. Example 2. In this example the singularity in the solution occurs at the point
(1.01,0) in the (complex) plane and we therefore expect the accuracy of the solution to
suffer when R > 1.01. As the accuracy of the solution improves with R, this leaves very
little room for the solution to become accurate and we therefore expect the accuracy of the
solution to be poor. In Figure 3, we present the behaviour of the maximum relative error
for different values of N when o = 0 for e = R — 1 € (107%,1). As expected, we observe
that the accuracy of the solution is poorer than in the previous case, with the best results
obtained for very small values of R. We also orserve the eventual deterioration of the
solution for € > 0.01. In Figure 4, we present the maximum relative error as the angular
parameter « varies on [0, 1], for different values of N and fixed ¢ = 1072,107% and 107°.
We observe that the error is minimized only in the cases when R = 1072 and R = 107>
and the larger values of N. In these cases, the point where the error is minimized is close

—1
toa—6.

7. CONCLUSIONS

In this work we examine the properties of the eigenvalues of the matrix arising when
the MFS is applied to Dirichlet harmonic problems on a disk. It is shown that these
eigenvalues depend on the number of boundary points and singularities IV, the angular



NUMERICAL ANALYSIS OF THE MFS 27
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FIGURE 2. Log of maximum relative error versus « for e = 10~1,1072,10~*
in Example 1.

rotation coefficient o and the radius R of the circle on which the singularities are placed. In

particular it is shown that the only eigenvalues that can vanish are: (i) the first eigenvalue

A1, and, (ii) in the case N is even, the eigenvalue A v Iy Also, expressions for all eigenvalues
2

are given as functions of N, a and R. We also propose an efficient numerical algorithm for
the solution of the problem which is designed to overcome the cases when the MFS matrix
might be singular. We show that for analytic boundary data, the MFS approximation
converges to the exact solution exponentially, with respect to N and we explain why the
results obtained with the MFS deteriorate for large R and N.
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