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The Method of Fundamental Solutions (MFS) is a boundary-type method for
the solution of certain elliptic boundary value problems. The basic ideas of the
MFS were introduced by Kupradze and Alexidze and its modern form was
proposed by Mathon and Johnston. In this work, we investigate certain aspects
of a particular version of the MFS, also known as the Charge Simulation
Method, when it is applied to the Dirichlet problem for Laplace’s equation in a
disk.
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1. STATEMENT OF THE PROBLEM

We consider the boundary value problem

˛Du=0 in W,

u=f on “W
(1.1)

where D denotes the Laplace operator and f is a given function. The
domain W is the disk of radius +,

W={x ¥ R2 : |x| < +} (1.2)

In the Method of Fundamental Solutions (MFS) (see [6, 19–21]), the
solution u is approximated by

uN(c, Q; P)=C
N

j=1
cjk(P, Qj), P ¥ Wa (1.3)



where c=(c1, c2,..., cN)T and Q is a 2N-vector containing the coordinates
of the singularities (sources) Qj, j=1,..., N, which lie outside Wa . The func-
tion k(P, Q) is a fundamental solution of Laplace’s equation given by

k(P, Q)=−
1
2p

log |P−Q| (1.4)

with |P−Q| denoting the distance between the points P and Q. The sin-
gularities Qj are fixed on the boundary “W̃ of a disk W̃ concentric to W and
defined by W̃={x ¥ R2 : |x| < R}, where R > +. A set of collocation points
{Pi}

N
i=1 is placed on “W. If Pi=(xPi , yPi ), then we take

xPi=+ cos
2(i−1) p

N
, yPi=+ sin

2(i−1) p

N
, i=1,..., N (1.5)

If Qj=(xQj
, yQj

), then

xQj
=R cos

2(j−1) p

N
, yQj

=R sin
2(j−1) p

N
, j=1,..., N (1.6)

In the version of the MFS known as the Charge Simulation Method [8],
the coefficients c are determined so that the boundary condition is satisfied
at the boundary points {Pi}

N
i=1:

uN(c, Q; Pi)=f(Pi), i=1,..., N (1.7)

This yields a linear system of the form

G0c=f (1.8)

for the coefficients c, where the elements of the matrix G0 are given by

G0
i, j=−

1
2p

log |Pi−Qj |, i, j=1,..., N (1.9)

We are primarily interested in examining the behaviour of the approxi-
mation as the number of degrees of freedom N and the radius R of the
exterior circle are varied. The global matrix G0 has a special structure and
its properties are given in Section 2.1.
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In [7, 12, 15], it is shown that for analytic boundary data, the error in
the MFS approximation satisfies

sup
P ¥ W

|u(P)−uN(P)|=O(yN) (1.10)

for a suitable y < 1; that is, exponential convergence is achieved. In the
particular case where u is harmonic in the entire plane (see [12])

sup
P ¥ W

|u(P)−uN(P)|=O 11 +
R
2N2 (1.11)

If further we assume that the harmonic extension of u exists in the disk
Ŵ={x ¥ R2 : |x| < r0} where R < r0, then it can be shown that [17]

sup
P ¥ W

|u(P)−uN(P)| [
2
1− +

r0

1 (1+C(R, +))1 +
r0
2

N
3
+4 1 +

R
2

N
3 2 · sup

|x|=r0

|u(x)|
(1.12)

where

C(R, +)=max 31, : log(R
N++N)

log(RN−+N)
: 4

In [13, 14], these results is generalized to regions in the plane whose
boundaries are analytic Jordan curves. In the recent work of [16], a prac-
tical rule is suggested for determining the collocation points and the sin-
gularities for any region using a suitable conformal mapping between an
annulus-like neighborhood of the boundary and the standard annulus

A={x ¥ R2 : + < |x| < R}

Thus the collocation points and the singularities of this arbitrary region are
the images, via this conformal mapping, of the uniformly distributed col-
location points and corresponding singularities of the disk. In [17, 18], the
stability of the MFS is examined in the case of the disk and it is observed
that, although the method can be highly ill-conditioned, in the cases con-
sidered, this rarely affects the accuracy of the numerical solution [2].

In the above formulation there are two contradictory facts:

1. The MFS approximation (1.3) converges exponentially to the
solution with N. (See (1.10)–(1.12).)
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2. The condition number o (in the 2-norm) of the matrix G0, (1.9),
grows exponentially with N. More precisely, it can be shown that
[3, 17]

o ’
log R
2

N 1R
+
2

N
2

The poor conditioning of the MFS is widely reported in the
literature (see e.g., [1, 2, 8, 17, 18]).

So far, the following question has not been satisfactorily addressed: How
does one select the parameters in the method (collocation points, singulari-
ties, fundamental solutions) in order to minimize the errors?

In this work, we suggest some ways of addressing this question. The
paper is organised as follows. In Section 2, we describe ways of reducing
the error when the singularities are placed very close to the boundary or
very far from it. We also describe an efficient way of implementing the
method for the particular class of problems that we are studying, namely
Dirichlet problems for Laplace’s equation in a disk. In Section 3, we
provide numerical evidence that these techniques improve the results.
Finally, in Section 4, we give some concluding remarks and discuss other
possibilities.

2. ROTATION AND NORMALIZATION

2.1. Rotation of the Singularities

In the case when the distance e=|R−+| is very small, the matrix G0

is well-conditioned as the values of its diagonal elements G0
i, i, i=1,..., N,

(which are all equal) become large and dominant as they behave like
O(log e). The behaviour of the conditioning of G0, for different values
of N, as e varies can be seen from Fig. 1, where we calculated an estimate
for the condition number o. of G0 in the L. norm using the NAG pair
F07ADF-F07AGF [22]. Note that the peaks in the figure occur where the
first eigenvalue vanishes and hence the condition number becomes infinite
(see (2.12)). As observed in numerical experiments, as e tends to zero, the
numerical accuracy of the MFS deteriorates considerably. The reason for
this is that in the MFS, we are essentially trying to approximate an integral
of the form >“W s(Q) log r(P, Q) ds(Q) by a quadrature rule (see [8,
Chapter 8]). As P approaches the boundary, the integrand becomes singu-
lar because of the logarithmic term and the quadrature rule becomes
progressively less accurate. In this work, the collocation points {Pi}

N
i=1 are

344 Smyrlis and Karageorghis



Fig. 1. Log–log plot of condition number versus e for different N.

as in (1.5). The positions of the singularities are however rotated. The
motivation for this approach is that once the singularities are rotated, the
shortest distance from a singularity to a boundary point, becomes insensi-
tive to e (see (2.2)), as opposed to the case when the singularities are not
rotated (see (2.3)). One advantage of this approach is that e can even be
taken equal to zero, i.e., the sources can be placed on the boundary. If we
denote the coordinates of the singularity Qaj by xQaj and yQaj , these become

xQaj=R cos
2(j−1+a) p

N
, yQaj=R sin

2(j−1+a) p

N
, j=1,..., N

(2.1)

where 0 [ a < 1. This means that the positions of the sources differ by an
angle 2pa/N from the positions of the boundary points. Clearly, for every
i, j=1,..., N

|Pai −Qj | \ + |e2pai/N−1|, for a ¥ (0, 1) (2.2)
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whereas for every i=1,..., N

|P0
i −Qi |=e (2.3)

The satisfaction of the boundary condition

uN(c, Qa; Pi)=f(Pi), i=1,..., N

yields a linear system

Gac=f

with c the unknown vector, where the elements of the matrix Ga are

Gai, j=−
1
2p

log |Pi−Q
a
j |, i, j=1,..., N (2.4)

The matrix Ga, is insensitive to e, for a ¥ (0, 1), in contrast to the matrix G0,
as is formally demonstrated by the following proposition.

Proposition. Let Ga=Ga(e) be the N×N matrix defined by (2.4) for
a ¥ (0, 1) and e=|R−+|. Let e0 be a fixed positive number. Then there
exists a positive constantM0, depending on a, N and e0, such that

||Ga(e)|| [M0 (2.5)

for every e ¥ [0, e0], whereas

||G0(e)||=O(log e) (2.6)

where the matrix norm is defined by ||G||=sup||x||2=1 ||Gx||2.

Proof. Without loss of generality, we assume that a ¥ (0, 1/2],
because of the symmetry of the geometry about a=1/2. We observe that

|Pi−Q
a
j |

2=(xPi −xQaj )
2+(yPi −yQaj )

2

=(+ cos ji, 0−R cos jj, a)2+(+ sin ji, 0−R sin jj, a)2

where ji, a=2(i−1+a) p/N. Therefore

1+−R cos
ap

N
22+1R sin

ap

N
22 [ |Pi−Q

a
j |

2 [ (R++)2
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and thus

+ sin
ap

N
[ + 111− cos

ap

N
22+1 sin ap

N
2221/2 [ |Pi−Q

a
j | [ 2++e0

Therefore, if Ga=(Gai, j)i, j=1,..., N then

|Gai, j |=|log |Pi−Q
a
j || [max 3 log 1+ sin

ap

N
2 , log(2++e0)4=Ma

Thus if x=(x1,..., xN) then

||Gax||22=C
N

k=1

1 C
N

i=1
Gak, ixi 2

2

[ C
N

k=1

1 C
N

i=1
(Gak, i)

22 ·1 C
N

i=1
x2

i
2

[N2 max
k, i=1,..., N

(Gak, i)
2 · ||x||22

and finally,

||Ga|| [N·Ma

On the other hand, when a=0, we have that

−
1
2p

log(R++) [ G0
i, j [ −

1
2p

log e=G0
i, i

Thus, as in the previous case

||Gax||22 \N
2 max
k, i=1,..., N

(G0
k, i)

2 · ||x||22

and

||Ga|| [N
1
2p

log 11
e
2

whereas for e=(1, 0,..., 0),

||Gae|| \ |G0
1, 1 |=

1
2p

log 11
e
2

from which (2.6) follows. i

The basic properties of the matrix Ga are given in the following
theorem:
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Theorem. The matrix Ga has the following properties:

(i) The matrix Ga is circulant [4] for all a ¥ [0, 1).

(ii) When N=2m, m ¥N, the matrix G0 is symmetric of the form
circ(c1, c2,..., cm, cm+1, cm,..., c2).

(iii) When N=2m+1, m ¥N the matrix G0 is symmetric of the form
circ(c1, c2,..., cm, cm, cm−1,..., c2).

(iv) When N=2m, m ¥N, the matrix G1/2 is singular (and non-
symmetric) of the form circ(c1, c2,..., cm, cm, cm−1,..., c1).

(v) When N=2m+1, m ¥N the matrix G1/2 is non-singular (and
non-symmetric) of the form circ(c1, c2,..., cm, cm+1, cm,..., c1).

(vi) For a ] 0, 1/2 and any N ¥N the matrix Ga is non-singular (and
non-symmetric) of the form circ(c1, c2,..., cN).

Proof. The matrix Ga is clearly circulant as each row is dependent on
the distances of the boundary points from a fixed source. The next row is
generated from the next source which is equivalent to rotating the circle
(and boundary points) by an angle 2p/N. Thus the first entry (distance)
becomes the second one, the second entry becomes the third, and so on
giving rise to a circulant matrix.

For (ii), the structure of the matrix is obvious from the symmetry of
the geometry. To show that the matrix is symmetric, it is sufficient to
observe that the entries c2,..., cm, cm+1, cm,..., c2 in the first row of the
matrix are symmetric about their middle element cm+1.

Similarly, in (iii) to show that the matrix is symmetric, it is sufficient to
observe that the entries c2,..., cm, cm, cm−1,..., c2 are symmetric about their
middle elements cm, cm.

In order to prove (iv), it is sufficient to observe that the sum of the m
odd rows of the matrix G1/2 is equal to the sum of the m even rows of G1/2

which is equal to ;m
i=1 ci, thus the matrix G1/2 is singular.

Results (v) and (vi) are trivial. i

We also prove the following properties of the matrix Ga.

Theorem. For e ° 1, the matrix G1/6 has an eigenvalue l1(1/6)=
O(Ne). Otherwise, for general a ] 0, the corresponding eigenvalue of the
matrix Ga is

l1(a)=−
1
4p

log(4 sin2(pa))+O(Ne)

In particular, when a=0, l1(0)=O(log(Ne)).
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Proof. In this and subsequent theorems, we shall assume, without
loss of generality, that +=1.

We know that the matrix Ga is circulant. If Ga=circ(g1(a), g2(a),...,
gN(a)) the eigenvalues of Ga are given by

lj(a)=C
N

k=1
gk(a) w (j−1)(k−1), j=1, 2,..., N (2.7)

where w=e
2pi
N . Hence

l1(a)=C
N

k=1
gk(a) (2.8)

But since

gk(a)=−
1
4p

log 1 (1+e)2+1−2(1+e) cos 12p(k+a−1)
N
22 (2.9)

it follows that

l1(a)=−
1
4p

log D
N

k=1

1 (1+e)2+1−2(1+e) cos 12p(k+a−1)
N
22

or, from [9, p. 34]

D
n−1

k=0

3x2−2xy cos 1a+2kp

n
2+y24=x2n−2xnyn cos na+y2n

we have

l1(a)=−
1
4p

log((1+e)2N−2(1+e)N cos(2pa)+1) (2.10)

Clearly, for a=1/6 ,

l1
11
6
2=−

1
4p

log(1+(1+e)2N−2(1+e)N)

=−
1
4p

log(1+O(Ne))=O(Ne)
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For general a ] 0,

l1(a)=−
1
4p

log(2(1+Ne)(1− cos(2pa)))+O(Ne) (2.11)

which yields the result. Finally, for a=0,

l1(0)=−
1
2p

log((1+e)N−1) (2.12)

thus

l1(0)=O(log(Ne)) i

Theorem. For e ° 1, the elements of the matrix Ga are given by

gk(a)=−
1
4p

log 14 sin2 1p(k+a−1)
N
22+O(e), k=1, 2,..., N

Proof. From (2.9), ignoring terms of O(e2), we obtain

gk(a)=−
1
4p

log 12(1+e)11− cos 12p(k+a−1)
N
222+O(e2)

=−
1
4p

log 12 11− cos 12p(k+a−1)
N
222+O(e)

which yields the result. i

The above two theorems lead to the following:

Corollary. For e=0, the elements of the matrix Ga are given by

gk(a)=−
1
4p

log 14 sin2 1p(k+a−1)
N
22 , k=1, 2,..., N

Also, the matrix G1/6 is singular.

Proof. For the first part, we simply take e=0 in the expression for
the elements of Ga in the general case when e ° 1.

For the second part, we observe that, when e=0, the eigenvalue
l1(1/6) is equal to zero. i
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We have examined the effect of rotating the singularities on the prop-
erties of the matrix Ga. The matrix remains circulant for all values of a. For
certain angles a and small e, however, the rotation gives rise to zero or very
small eigenvalues. The significant improvement resulting from the applica-
tion of this rotation technique, in particular when e ° 1, is demonstrated
in Section 3 (see Fig. 4–7).

2.2. Normalization of the Fundamental Solutions

When e is very large, the matrices Ga are badly conditioned, which
could lead to poor results (see numerical results in Section 3.2). The poor
conditioning of G0 for large e can be observed in Fig. 1. The conditioning
of Ga is very similar for a ] 0.

In order to improve the accuracy of the numerical results for large e,
we also consider the normalized fundamental solution

k̃(P, Q)=−
1
2p

log
|P−Q|
R

instead of the fundamental solution (1.4). The idea of normalizing the
fundamental solutions was introduced, in the MFS context, by Ho-Tai et
al. [11] and also used by Han and Olson [10]. This modification leads to
a normalized global matrix G̃a. From the definitions of G0 and G̃0, the
elements of the two matrices satisfy (when +=1)

−
1
2p

log(R+1) [ G0
ij [ −

1
2p

log(R−1), i, j=1, 2,..., N

and

−
1
2p

log 11+1
R
2 [ G̃0

ij [ −
1
2p

log 11− 1
R
2 , i, j=1,..., N

This shows that as R grows, the elements of the unnormalized matrix G0

grow much faster than the elements of G̃0.
We next investigate the effect of this normalization on the condition

number of the matrix of the system.

Proposition. For e ± 1, the eigenvalue l1(0) of the matrix G0 is
O(N log R) whereas the corresponding eigenvalue l̃1(0) of the matrix G̃0 is
O(R−N). All the remaining eigenvalues of G0 and G̃0, are identical.
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Proof. Since l1(0)=;N
k=1 gk(0) and

gk(0)=−
1
4p

log 1R2+1−2R cos 12p(k−1)
N
22

it follows that

l1(0)=−
1
4p

log D
N

k=1

1R2+1−2R cos 12p(k−1)
N
22

or, from [9, p. 34],

l1(0)=−
1
4p

log(R2N−2RN+1)=−
1
2p

log(RN−1)

or

l1(0)=O(N log R)

In the case of the normalized matrix G̃0, we have

g̃k(0)=−
1
4p

log 1R−2+1−2R−1 cos 12p(k−1)
N
22

and therefore

l̃1(0)=−
1
4p

log D
N

k=1

1R−2+1−2R−1 cos 12p(k−1)
N
22

or

l̃1(0)=−
1
4p

log(R−2N−2R−N+1)=−
1
2p

log(1−R−N)

that is

l̃1(0)=O 1 1
RN
2

The other eigenvalues of G0 are given by

lj(0)=C
N

k=1
gk(0) w (j−1)(k−1), j=2, 3,..., N (2.13)
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whereas the corresponding eigenvalues of G̃0 are given by

l̃j(0)=C
N

k=1
g̃k(0) w (j−1)(k−1), j=2, 3,..., N

where g̃k(0)=gk(0)−
1
2p log R, k=1, 2,..., N. Thus for j=2, 3,..., N,

l̃j−lj=C
N

k=1
(g̃k−gk(0)) w (j−1)(k−1)

=C
N

k=1

1 − 1
2p

log R2 w (j−1)(k−1)

=−
1
2p

log R C
N

k=1
w (j−1)(k−1)=0

hence

l̃j(0)=lj(0), j=2, 3,..., N i

Proposition. For e ± 1, the condition number o of the matrix G0 is
of O(NRN/2 log R) whereas the corresponding condition number of the
matrix G̃0 is of O(NRN−1).

Proof. We first consider the case when N is even. From (2.13),

lj(0)=−
1
4p

C
N

k=1
log 11−2R cos 12p(k−1)

N
2+R22 e2p(j−1)(k−1) i/N,

j=2,..., N

By observing that in the series (2.14) the terms corresponding to k=1
and k=N

2+1 vanish, and that the pairs corresponding to (k, N−k+2),
k=2,..., N2 , cancel each other, we have that

C
N

k=1
log 11−2R cos 12p(k−1)

N
2+R22 sin 12p(j−1)(k−1)

N
2=0 (2.14)

and therefore for j=2,..., N,

lj(0)=−
1
4p

C
N

k=1
log 11−2R cos 12p(k−1)

N
2+R22 cos 12p(j−1)(k−1)

N
2

(2.15)
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By also observing that,

cos 12p(j−1)(k−1)
N
2=cos 12p(N−j+1)(k−1)

N
2 , j=2,...,

N
2

it follows that

lj(0)=lN−j+2(0), j=2,...,
N
2

(2.16)

We wish to relate the above expressions for lj(0), j=2,..., N2 , to a definite
integral for which we have an analytic expression. We therefore consider
the integral

F
2p

0
log(1−2R cos J+R2) cos(j−1) J dJ , j=2, 3,...,

N
2

From [9, p. 593],

F
2p

0
log(1−2a cos J+a2) cos nJ dJ=−

2p
nan

we have for j=2, 3..., N/2, that

F
2p

0
log(1−2R cos J+R2) cos(j−1) J dJ=−

2p
(j−1) R (j−1) (2.17)

We now relate the above integral to the expression for lj(0) via the com-
posite trapezoidal rule. From this rule, it follows that

F
2p

0
log(1−2R cos J+R2) cos(j−1) J dJ

=F
2p

0
f j(J) dJ

=
2p
N
11
2
f j

0+f
j
1+...+f

j
N−1+

1
2
f j

N
2+EN(f j) (2.18)

where f j
k=log(1−2R cos Jk+R2) cos(j−1) Jk, with Jk=2pk/N, k=

0,..., N. Since f j is infinitely differentiable in J and periodic (and therefore
so are all its derivatives) it follows that for every k ¥N there exists a ck > 0
such that |EN(f j)| [ ck/N2k+1 for every N ¥N (see [5]). (Numerically, we
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have observed that EN virtually vanishes for values of R larger than 2.)
Since f j

0=f j
N, combining (2.17) and (2.18) we can write

C
N

k=1
log 11−2R cos 12p(k−1)

N
2+R22 cos 12p(j−1)(k−1)

N
2

% −
N

(j−1) R (j−1) (2.19)

Therefore, combining (2.15), (2.16) and (2.19) we get

lj(0) %
N

4p(j−1) R (j−1) , j=2, 3,...,
N
2

Similarly, it can be shown that lN
2
+1(0) %

1
p R

−N
2. This means that the largest

of the eigenvalues lj(0), j=1, 2,..., N, is l1(0)=O(N log R), and the
smallest is lN

2
+1(0)=O(R−N

2). Hence the condition number of the the matrix

G0 is O(NR
N
2 log R). For the matrix G̃0, we have o(G̃0)=O(NRN−1).

An identical argument reveals that in the case when N is odd, the
eigenvalues satisfy

lj(0)=lN−j+2(0), j=2,..., 5N
2
6+1

and hence the same result holds for the condition number. i

Despite the fact that the normalization does not improve the condition
number, this does not seem to affect the numerical results (see Section 3).
This is a consequence of the algorithm used for solving the system which
does not involve standard Gaussian elimination methods for the solution of
the system. This method of solution is described in the next section.

2.3. Numerical Implementation

In this section we describe the efficient implementation of the unnor-
malized method by exploiting the fact that the matrix to be inverted is cir-
culant. Such matrices can be diagonalized efficiently by using Fast Fourier
Transforms (FFT). We also describe how to avoid problems caused by
zero or very small eigenvalues which appear for certain values of a and e.
The same analysis applies for the normalized method.
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2.3.1. The Eigenvalues of the Matrix Ga

If the Pi’s and Qj’s are points in the complex plane, the elements of Ga

are

gk(a)=−
1
2p

log |(1+e) e
2pai
N −e

2p(k−1) i
N |, k=1,..., N

where i=`−1, When e=0, as the rotation parameter a approaches 1/6,
the first eigenvalue, l1(a) of Ga corresponding to the eigenvector t1=
1

N1/2 (1, 1,..., 1), namely

l1(a)=C
N

k=1
gk(a)=−

1
2p

log : D
N

k=1

1e 2pai
N −e

2p(k−1) i
N 2:

tends to zero. Specifically (see (2.10)) for d small we have

l1(1/6+d)=−
1
4p

log(2−2 cos(2p/6+2pd))

=−
1
4p
(2p`3 d+O(d2))=−

`3

2
d+O(d2)

whereas the other eigenvalues:

lm(a)=C
N

k=1
gk(a) w (k−1)(m−1), w=e2pi/N, m=2,..., N

do not vanish for a ¥ [0, 1/2). The only other vanishing eigenvalue of Ga is
lN/2+1(a) in the case N is even and a=1/2. Indeed, let N=2M. Then

lM+1(1/2)=C
N

k=1
gk(1/2) w (k−1) M

=C
2M

k=1
log |(1+e) e

pi
2M−e

p(k−1) i
M | e (k−1) pi

= C
M−1

l=0
log |(1+e) e

pi
2M−e

2lpi
M |− C

M−1

l=0
log |(1+e) e

pi
2M−e

(2l+1) pi
M |

= C
M−1

l=0
log |(1+e)−e

(4l−1) pi
2M |− C

M−1

l=0
log |(1+e)−e

(4l+1) pi
2M |=0
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A corresponding eigenvector is

tN/2+1=
1
N1/2 (−1, 1, −1, 1,..., −1, 1)

The previous observations imply that the matrix Ga becomes extremely
ill-conditioned, as a approaches 1/6 and thus the computation of the
approximate solution uN is expected to generate large errors. Numerical
experiments suggest, (see Section 3) that the approximation improves as
a Q 1/6, provided that the boundary data do not contain the eigenvector t1,
corresponding to the vanishing eigenvalue, or equivalently

C
N

k=1
f(Pk)=0

This fact is exploited in the design of our solution algorithm.

2.3.2. Inversion of the Circulant Matrix

For z=(z1,..., zN), g=(g1,..., gN) vectors in CN, we define their
complex inner product as Oz, gP=;N

k=1 zk ḡk. By denoting the approxima-
tion uN(c,Q; P) in (1.3) by uN(P) we have

uN(P)=Oc, lP=O(Ga)−1 f, lP=Of, (Ga)−g lP (2.20)

where (Ga)−g is the conjugate transpose of the inverse of the circulant
matrix Ga and

l=l(P)=−
1
2p
(log |P−Q1 |,..., log |P−QN |)T

We shall be using the following properties of circulant matrices: (see
Davis [4]).

Properties. Let A ¥ CN×N be a circulant matrix, i.e., A=circ(a1,..., aN).
Then A is normal, i.e., AAg=AgA, and thus A is diagonalizable:

A=UgDU , where D=diag(m1,..., mN)

with eigenvalues

mj=C
N

k=1
akw (k−1)(j−1), w=e

2pi
N
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and corresponding eigenvectors

tj=
1
N1/2 (1, w (j−1), w2(j−1),..., w (n−1)(j−1)), j=1,..., N

The vectors {t1,..., tN} form an orthonormal basis of CN. The matrix U is
a unitary (UUg=I) and its conjugate is the Fourier matrix

Ug=
1
N1/2
R
1 1 1 · · · 1

1 w w2 · · · wN−1

1 w2 w4 · · · w2(N−1)

x x x x

1 wN−1 w2(N−1) · · · w (N−1)(N−1)

S
In particular, if v ¥ CN, then v=;N

k=1 Ov, tkP tk and therefore

Av=C
N

k=1
mkOv, tkP tk

Furthermore Ag is also circulant, and if A is nonsingular, its inverse is also
circulant.

Since {tk}k=1,..., N, form an orthonormal basis of CN, for nonsingular
Ga we have

(Ga)−g l=(Ga)−g C
N

k=1
Ol, tkP tk

=C
N

k=1
Ol, tkP(Ga)−g tk=C

N

k=1
l̄−1
k (a)Ol, tkP tk

Thus (2.20) becomes

uN(P)=Of, (Ga)−g lP

=C
N

k=1
l−1
k (a)Of, tkPOl, tkP

=l−1
1 (a)Of, t1POl, t1P+C

N

k=2
l−1
k (a)Of, tkPOl, tkP (2.21)

The sum ;N
k=2 l̄−1

k (a)Ol, tkP tk remains bounded as a Q 1/6, whereas
l−1
1 (a)Q −..
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Remarks.

1. We thus have the following computational costs for the efficient
evaluation of the following quantities, via FFT, for any a ¥

[0, 1/2] and e \ 0,

lk(a), k=1,..., N Cost: O(N logN)

Of, tkP, k=1,..., N Cost: O(N logN)

Ol(P), tkP, k=1,..., N Cost: O(N logN)

where P is an interior point of the unit circle. It should be noted
that, in the case of approximating the solution at M interior
points, the total computational cost is O(MN logN). The corre-
sponding cost for the evaluation of the approximate solution atM
interior points via Gaussian elimination is O(N3+MN).

2. In MATLAB, the command for the solution of the linear system
Ax=b where A is a nonsingular circulant matrix A=circ(a), is
particularly elegant: x=fft(ifft(b)./fft(a))

2.3.3. Description of the Algorithm

Numerical experiments with zero-average boundary conditions (i.e.,
;N

k=1 f(Pk)=0), suggest that

ûN(P)= lim
aQ 1/6

Of, (Ga)−g l(a)P (2.22)

is the best approximation to the solution at P, when e=0. Unfortunately,
this value cannot be obtained via the prescribed method of the rotated
sources because the matrix G1/6 is singular. The eigenvector corresponding
to the vanishing eigenvalue l1(1/6) is t1=

1
N1/2 (1, 1,..., 1). If f does not

contain t1, i.e.

Of, t1P=C
N

k=1
f(Pk)=0

then (2.22) becomes

ûN(P)=Of, UgD+Ul(1/6)P

=C
N

k=2
l−1
k (1/6)Of, tkPOl, tkP

by virtue of (2.21), where D+=diag(0, l̄−1
2 (1/6),..., l̄−1

N (1/6)). This observa-
tion leads to an efficient algorithm for computing the approximate solution:
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For any interior point P in the unit circle, we have

uN(P)=O(Ga)−1f, lP=C
N

k=1
l−1
k (a)Of, tkPOl, tkP (2.23)

provided that none of the eigenvalues vanishes. When a=1/6 and e=0, as
l1(1/6)=0, the expression (2.23) is no longer applicable. However, if the
average value of the vector f is zero, (i.e., 1

N ;N
k=1 f(Pk)=0 and as a con-

sequence Of, t1P=
1

N1/2 ;N
k=1 f(Pk)=0), then the first term in the sum

(2.23) can be discarded. In the case when the average value of the vector f
is non-zero, we can decompose f as

f=f−Of, t1P t1+Of, t1P t1

The first part of the right hand side of the above decomposition, namely

f 0=f−Of, t1P t1

has clearly zero average, while the remaining part

f 1=Of, t1P t1

is a constant multiple of t1. From this decomposition we consider two
harmonic Dirichlet boundary value problems, one with zero-average
boundary data (corresponding to f 0) and with approximate solution

u0N(P)=C
N

k=2
l−1
k
11
6
2 Of, tkPOl, tkP (2.24)

and one with constant boundary data (corresponding to f 1), and hence
with constant (exact) solution

u1N(P)=
1
N1/2 Of, t1P

Since the problem is linear, our approximate solution is simply obtained by
superposition

uN(P)=u0N(P)+u
1
N(P)

Furthermore, it should be mentioned that in another case where a zero
eigenvalue is encountered, namely when N is even and a=1/2, a similar
analysis is applicable. In this case the eigenvalue lN/2+1(1/2) vanishes and
it has corresponding normalized eigenvector tN/2+1=

1
N1/2 (−1, 1, −1, 1,...,

−1, 1). As before, we omit from the sum (2.23) the term corresponding to
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k=N/2+1. (This amounts to subtracting Of, tN/2+1P tN/2+1 from f.) After
computing the approximate solution of the boundary value problem with
boundary data f−Of, tN/2+1P tN/2+1, which is

u0N(P)= C
1 [ k [N, k ]N/2+1

l−1
k
11
2
2 Of, tkPOl, tkP

we superpose to it the harmonic function

uN/2+1
N (P)=

1
N1/2 Of, tN/2+1P Re(z(P)N/2) (2.25)

where z(P) is the representation of the point P in the complex plane (i.e.,
z(P)=xP+iyP) and Re denotes the real part of a complex number. The
harmonic function in (2.25) agrees with the vector f N/2+1=Of, tN/2+1P tN/2+1,
at the boundary nodes Pk, k=1,..., N, (i.e., the harmonic function uN/2+1

N

at the boundary point Pk is equal to the kth component of f N/2+1). The
solution in this case is therefore

uN(P)=u0N(P)+u
N/2+1
N (P)

Summarizing, in the case when a=1/6 and e=0 we have the approx-
imation

uN(P)=C
N

k=2
l−1
k
11
6
2 Of, tkPOl, tkP+

1
N

C
N

k=1
f(Pk)

whereas in the case when a=1/2 and e \ 0, we have (for N even)

uN(P)= C
1 [ k [N , k ]N/2+1

l−1
k
11
2
2 Of, tkPOl, tkP

+1 1
N

C
N

k=1
(−1)kf(Pk)2 Re(z(P)N/2)

Note. For implementational purposes, one could use the modified
expression

uN(P)= C
2 [ k [N , k ]N/2+1

l−1
k (a)Of, tkPOl, tkP+

1
N

C
N

k=1
f(Pk)

+1 1
N

C
N

k=1
(−1)k f(Pk)2 Re(z(P)N/2) (2.26)
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which accommodates all values of a and e except for a=e=0, including
the cases of vanishing eigenvalues, a=1/6, e=0 and a=1/2, e \ 0.

Equation (2.26) describes a hybrid method in which the boundary data
f is split into two parts, namely, a first part corresponding to the eigen-
vectors t1 and tN/2+1, and a second part corresponding to the remaining
eigenvectors. For the second part, we use the method of solution given by
(2.23) (clearly the terms coresponding to k=1 and k=N/2+1 do not
appear in the sum since their contribution to the boundary data has been
removed). For the first part, we find two harmonic functions, namely the
constant function and Re(z(P)N/2), such that a linear combination of these
agrees with this (first) part at the boundary points.

The above analysis is valid for even values of N. When N is odd (2.26)
is replaced by

uN(P)=C
N

k=2
l−1
k (a)Of, tkPOl, tkP+

1
N

C
N

k=1
f(Pk)

3. NUMERICAL RESULTS

We considered two problems with +=1 and exact solutions u=x2−y2

(Example 1) and u=ex cos y (Example 2). We varied the radius R of the
external circle and examined how this affected the accuracy of the solution
and the conditioning of the matrix Ga for various values of N. The typical
behaviour of the conditioning of Ga can be seen in Fig. 1 in the case a=0.
The behaviour for a ] 0 is very similar. The calculated MFS solution was
compared with the analytical solution of the problems and the error cal-
culated on a grid of boundary points defined by (x, y)=(cos Jj, sin Jj),
Jj=2pj/1024, j=0, 1,..., 1023. For each value of R, we calculated the
largest relative error E=||u−uN ||./||u||. in the solution for the cases
N=22, 23,..., 210. In Fig. 2, we plot the log of the maximum relative error
E versus log R for N=24, 25, 26, 27 for Example 1. It was observed that,
close to the boundary (i.e., for values of R [ 1.1) the maximum relative
error behaves like O(R−N). Subsequently, for values of R \ 10, the
maximum relative error deteriorates like O(R2). From the numerical results
of Fig. 2, it appears that the MFS approximation is poor when the distance
e=|R−+| is either very small or very large. Similar conclusions can be
drawn from Fig. 3, where we present the graph of the maximum relative
error E versus log R for N=24, 25, 26, 27, for Example 2.

3.1. Case e° 1

In order to address the problems encountered when e ° 1 and a=0,
we examined the case when a ] 0, in particular 0 < a [ 1/2, because of the
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Fig. 2. Error versus the radius R for the function u(x, y)=x2−y2.

Fig. 3. Error versus the radius R for the function u(x, y)=ex cos y.
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symmetry of the problem about a=1/2. For certain fixed values of e, we
calculated the maximum relative error for N=23, 24, 25, 26, 27, for values
of a ¥ (0, 1/2) for Examples 1 and 2. In Figs. 4–8, we present the log of the
maximum relative error versus a in the cases e=10−11, 10−6, 10−2, 10−1, 1.

Our numerical results reveal that

1. If 2p/N± e=R−1, then the error is optimized when a=1/6.

2. If 2p/N° e=R−1, then the error is optimized when a=1/4.

3.2. Case e± 1

In the case of large e we studied the effect of normalizing the funda-
mental solutions as described in Section 2.2. The numerical results indicate
that this normalization leads to improved accuracy in the MFS approxi-
mation. In Figs. 9–12, we present the log of the maximum relative error
versus log R for normalized and unnormalized fundamental solutions, for
N=24, 25, 26, 27 for both examples. For small values of R, the behaviour
of the errors is identical. For large values of R, however, there is improved
accuracy for normalized fundamental solutions.

4. DISCUSSION AND EXTENSIONS

Some of the numerical difficulties associated with the application of
the MFS to circular geometries, namely the poor accuracy of the method
when the singularities are placed either very close to or very far from the
boundary, have been investigated and ways of overcoming these suggested.
In the case where the curve on which the sources are placed is located very
close to the boundary, it appears that the angular positioning of these is of
crucial importance. In the case where the artificial boundary is located very
far from the boundary, a normalization of the fundamental solutions leads
to improved accuracy. In an effort to overcome some of the conditioning
problems associated with the MFS in the latter case, we also considered the
solution of a linear least squares problem by taking M boundary points
instead of N in Eq. (1.5), the number of sources remaining N(<M). The
resulting system ofM linear equations in N unknowns was solved using the
least-squares NAG routine F04ANF [22]. Despite extensive experimenta-
tion with M and N, we were unable to deduce that a larger number of M
leads to improved accuracy for large R. We also examined the case of
mixed boundary conditions, namely the case when we have Dirichlet con-
ditions on part of the boundary and Neumann on the remaining part.
Preliminary results indicate that the behaviour of the error and the condi-
tion number are similar to the case of Dirichlet boundary conditions.
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Fig. 4. Approximation error of rotated sources when e=R−1=10−11.

Fig. 5. Approximation error of rotated sources when e=R−1=10−6.
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Fig. 6. Approximation error of rotated sources when e=R−1=10−2.

Fig. 7. Approximation error of rotated sources when e=R−1=10−1.
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Fig. 8. Approximation error of rotated sources when e=R−1=1.

Fig. 9. Approximation with unnormalized versus normalized fundamental solutions.
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Fig. 10. Approximation with unnormalized versus normalized fundamental solutions.

Fig. 11. Approximation with unnormalized versus normalized fundamental solutions.
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Fig. 12. Approximation with unnormalized versus normalized fundamental solutions.

We also experimented with the boundary value problem (1.1) on the
ellipse

W=3x ¥ R2 :
x2

a2+
y2

b2
< 14

which is the ellipse with major axis 2a and minor axis 2b, with the sin-
gularities being placed on the boundary of the ellipse

W̃=3x ¥ R2 :
x2

R2
a

+
y2

R2
b

< 14

The coordinates of the boundary point Pi are

xPi=a cos
2(i−1) p

N
, yPi=b sin

2(i−1) p

N
, i=1, 2,..., N

and the coordinates of the singularity Qj

xQj
=Ra cos

2(j−1+a) p

N
, yQj

=Rb sin
2(j−1+a) p

N
, j=1, 2,..., N

(4.2)
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where 0 [ a < 1 and Rb=
b
a Ra. In this case, the global matrix is no longer

circulant. The method was tested on the two problems with b=1 and exact
solutions u=x2−y2 and u=ex cos y, in the two cases a=1/2 and
a=1/4. It was observed that the conditioning of the matrix G0 deterio-
rated as the ratio a

b decreased. For e ° 1 and variation of a we observed
similar phenomena to these observed in the case of the disk, namely that
there is a minimum in the maximum error for a close to 1/6.

In the case of e ± 1, in order to improve the accuracy of the numerical
results, we normalized the fundamental solution by taking

k̃(P, Q)=−
1
2p

log
r(P, Q)
Rb

(4.3)

instead of the fundamental solution of equation (1.4). As was the case for
the disk, we observed that there was a considerable improvement in the
accuracy of the solution for large values of R.
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