COMPUTATIONAL STUDY OF THE KURAMOTO-SIVASHINSKY
EQUATION
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Abstract. We report the results of extensive numerical experiments on the Kuramoto-Sivashinsky
equation in the strongly chaotic regime as the viscosity parameter is decreased and increasingly more
linearly unstable modes enter the dynamics. General initial conditions are used and evolving states
do not assume odd-parity. A large number of numerical experiments are employed in order to obtain
quantitative characteristics of the dynamics. A classification of most strongly attractors is given
based on numerical solutions and several data processing tools.

1. Introduction. The Kuramoto-Sivashinsky equation is one of the simplest
one-dimensional PDE’s which exhibits complex dynamical behavior. As an evolu-
tion equation it arises in a number of applications including concentration waves and
plasma physics ([3], [17], [18], [19]), flame propagation and reaction diffusion combus-
tion dynamics ([27], [28]), free surface film-flows ([2], [12], [26]) and two-phase flows
in cylindrical or plane geometries [6], [9], [22], [31], [32].

If the system has length L, the equation can be normalized to 27-periodic domains
and reads

Ut + Uy + Upy + VUggas = 0:
(1) (z,t) € R' x RY,
u(z,t) = u(x + 2m,1),

where v = z—i > 0 represents a dimensionless wavelength of w. The limit v — 0
corresponds to the waves in (1) becoming infinitely long. Linearization of (1) about
the zero state shows that the first mod(zx_%) Fourier modes are unstable and grow
exponentially. It is well-known, from numerical experiments for instance (see below),
that solutions to (1) become increasingly irregular as v is decreased.

An analytical study of the KS equation was carried out by Nicolaenko et al. [21]
(referred to as [NST]), where it is shown that if the initial data are in L? and are
of odd-parity then the solutions remain in L? for all time and there is a globally
attracting set also bounded in L?. The bound depends on the value of L or v and
[21] gives the estimate

(2) tlim sup||u(-,t)||2 < const - /2.
—00

The odd-parity restriction of [21] has been removed recently by several authors. Good-
man [11] considers general smooth initial data and obtains a bound of the same form as
(2). This bound is improved further, however, by II’yashenko [15] and independently
using a more classical approach by Collet et al. [4], and is

(3) lim sup||u(-,t)|]> < const - p~13/10,
t—00
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Note that the analysis in [4] and [15] applies also to odd-parity initial conditions and
so is an improvement of the method in [NST]. For recent results on the analyticity of
the solution see Collet et al. [5].

A lot of numerical work preceded the theoretical studies and revealed many in-
teresting nonlinear phenomena including complex dynamics and chaotic trajectories
as the dissipation parameter v decreases. Earlier works include the computations of
Cohen et al. [3], Sivashinsky and Michelson [29], Aimar [1], and Manneville [20].
Systematic explorations of phase space were carried out by Hyman and Nicolaenko
[13] and Hyman et al. [14], Papageorgiou and Smyrlis [24], [30] and Coward et al. [6]
who report on many features of the dynamics. Kevrekidis et al. [16] computed the
bifurcation diagram for relatively large values of v, using a bifurcation algorithm. For
smaller values of v unsteady phenomena set in; it was first found by Papageorgiou and
Smyrlis [24] and also Smyrlis and Papageorgiou [30], that in the case of odd-parity
initial conditions there is a period-doubling route to chaos. Extensive numerical solu-
tions were employed to provide strong evidence that the route to chaos is according
to the Feigenbaum scenario ([7], [8]); in addition the universal constants computed by
Feigenbaum for one-dimensional nonlinear non-invertible maps, were computed from
our numerical data with two digit accuracy. In the sequel we term chaotic dynamics
just beyond the accumulation point, in parameter space, as Feigenbaum chaos.

In this article we present the results of extensive numerical computations for
general initial conditions. Comparisons with previous studies (e.g. [13], [14], [16])
have been made where there is an overlap with full agreement. Our particular interest
is in lower values of v where the dynamics gets increasingly complicated.

2. Numerical Methods. Guided by the theoretical results we find that a tra-
ditional Fourier Galerkin scheme is very suitable for the computations, when modified
appropriately to take care of stiffness problems for large wavenumbers. (The scheme
is presented and discussed elsewhere, [25].)

We have carried out a very large number of numerical experiments, testing more
than 800 values of the dissipation parameter v ranging from! v = .99999999 to v =
.002. For representative values of v, several runs were carried out to ensure that the
behavior of the attractor does not change with more Fourier coefficients or finer time
step. The size of the truncation ranged from N =4 to N = 512 making computation
in the latter case rather slow. In addition, many cases had to be followed for very
long times in order to achieve convergence to the corresponding attractor and/or to
accurately classify the attractor. For example in the case v = .1212267996068, the
attractor is periodic with 2'* distinct maxima and as many minima in the L? norm
as a function of time. This particular value of v follows previous ones corresponding

1If v > 1 then
1 27
(4) lim wu(z,t) =uo = —/ uo(z)dz,
t—+oo 2m J,

since KS equation implies that
1d

S 2 U DI = s (O — vluss (D13

and for u € L2[0, 27, 27-periodic, with fo% u(z)dz = 0 we have the following inequalities:

|u|2 < |ua:|2 < |uzz|2

On the other hand if v < 0 the problem is ill-posed.
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to 13 period doubling bifurcations. The period is estimated to be T' = 25573, which
corresponds to approximately 5.1 x 107 time steps and each step corresponding to
substeps. Satisfactory convergence to the periodic attractor occurred after 10° time
steps.

Classification of the nature of the attractors at different v, made it possible to
determine the windows in parameter space. The majority of the computational effort
was spent in the accurate determination of the limits of v-windows, and in addition
to determine whether transition between two kinds of attractors was smooth or not.
A case of a smooth transition is a bifurcation; examples are period-doublings and
eigenvalue bifurcations of the Jacobian of the flux of the dynamical system - these
cause transition from stationary/traveling attractors to periodic or chaotic ones. An
example of a non-smooth transition is the coexistence of two or more invariant locally
attracting sets in a subinterval [v1, v»]. It is found, for instance, that while one attracts
most of the initial data, as v varies, the second one becomes suddenly more likely to
attract most initial data. For example, in the case of v = .232, we have coexistence
of a unimodal traveling attractor and of one with periodically appearing homoclinic
bursts. The second one is more attracting. Even though the exact bifurcation values
of v depend on the accuracy of the numerical scheme, the nature of the bifurcation
does not depend on the accuracy provided that the method is of sufficient accuracy
since the system has finite degrees of freedom. This observation requires the use of
higher accuracy when we seek better approximation of the bifurcation values of v.

Some of the data processing tools used are briefly described next. Periodic at-
tractors are evaluated from the energy versus time plot - E(t) = |u(t,-)|rz and the
corresponding more convincing once we obtain the energy phase plane - i.e. E(t) ver-
sus dE(t)/dt, where the values of dE(t)/dt are accurately obtainable using a suitable
interpolation of several points (tx, F(tx)) . Periodic attractors correspond to closed
phase curves and the number of minima/maxima is the number of the points where
the phase curves intersect the E — axis, i.e. dE(t)/dt = 0 with d?E(t)/dt*> > 0 or
< 0 respectively. More accurate quantitative data such as the exact period and the
exact values of the local extrema are needed in order to accurately determine period
doubling bifurcations and study the potential fractal nature of the return map? of
the extrema. Such accuracy was achieved by calculation of the extrema by an opti-
mized polynomial interpolation over a sufficiently large number of points (¢, E(tg)) -
The polynomial of the interpolation is obtained by a suitably weighted least squares
method over consecutive points, many more than the degree of the polynomial sought
for. Weights in the least squares approximation, reduce the effects of higher order
polynomial terms and the round-off error caused by the computation of the quantity
used in the interpolation. Weights are introduced to make the points which are closer
to the local extremum have a higher contribution to the interpolation. The original
motivation in developing the interpolation algorithm is in the accurate determination
of period doubling bifurcations and the appearance of the Feigenbaum universal con-
stants. (See Smyrlis and Papageorgiou [30].) This method turned out to be extremely
helpful in determining features such as the fractal nature of attractors, by detecting
such behavior in the return map of the energy minima, for example. Most success-
fully it has enabled us to detect and classify quasiperiodic attractors. In certain cases
the return map plot has fractal nature and foliations are observable when one plots

2 Let an, n € IN be a sequence of real numbers, then the set of points (an,an+1), n € IN, which
is a subset of IR2, is called the Return Map of (an)nec- In the case of a function f : [0,00] — IR the
return map of f is the return map of the sequence of the local minima (or maxima or extrema) of f.
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FiGg. 1. Return map of energy minima at v = 0.12115 depicting the self-similarity of the
attractor. (i1)-(vi) are successive magnifications of (i) in the neighborhood of the open circle. An
overall magnification factor of 10° is shown.

successive magnifications of the graphs. An example of such a construction is given in
Figure 1 which corresponds to a ¥ = 0.12115 and is in a region of chaotic homoclinic
bursts just beyond the Feigenbaum period-doubling cascade. Self-similarity of the
attractor is supported by the return map; successive enlargements are made in the
neighborhood of the open circle and an enlargement of order 10° takes place in going
from (i) to (vi). The need for aan accurate determination of critical points is crucial
in achieving such magnifications - absence of accuracy would produce noisy data sets
with little hope of exhibiting self-similarity.

3. Numerical Results. For values of v larger than about 0.1 a fairly com-
plete picture of the dynamics has been given by numerous authors ([13], [14], [16])
Steady state or traveling waves, including their bifurcation diagrams are computable
by well-developed bifurcation algorithms, see for example ([16]). Our interest is on the
spatio-temporal evolution in chaotic attractors which led to the development of the
accurate code, tracking the time evolution of solutions, described in Section 2. Some
interesting windows in this range are (i) periodic homoclinic bursts, (ii) a period-
doubling route to chaos, (iii) chaotic homoclinic bursts. The period-doubling cascade
has been confirmed to follow the Feigenbaum scenario and the Feigenbaum constants
have been calculated from our data.
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0.059415 0.0745 0.075688 0.087023 0.09051
| time periodic | 3-modal |cha0tic+steady | time periodic | unimodal | chaotic |quasi-periodic | time periodic |
| traveling | steady uasi-periodic traveling | traveling
005993 00750212 0.080006 0.08768
0.028482 0.03463 0.04404 0.04792 0.059415
| unimodal |cha01ic, mostly | tetramodal | chaotic | time periodic | time periodic | unimodal | chaotic
| steady |unrecognizable| steady | unrecognizablL traveling | | steady | |
0.0303 0.04336 0.04669 0.0571
0.0152 0.01829 0.020709 0.022604 0.02848
| chaotic | 6-modal | chaotic | time periodic | chaotic | unimodal | 5-modal | chaotic |
| um‘ecognizable| steady | um‘ecognizable| traveling | unrecognizable| traveling wave| steady | unrecognizable|
0.01584 0.0197 0.022053 0.026982
0.00595 0.00745 0.009906 0.012975 00151
| chaotic (unrec.i 9-modal | chaotic | 8-modal | chaotic | 7-modal | chaotic | time periodic |
| + 10-modal | steady | unrecognizable| steady | unrecognizable| steady(some l)| unrecognizable| traveling
steady 0.00731 0.00921 0.01175 0.0148

F1G. 2. Schematic of computed attractors at lower values of v.

3.1. Dynamics for lower values of v: v < 0.09.. As v decreases the dynamics
become more complicated. A larger number of determining modes is required and co-
existence of attractors is more likely. From a numerical viewpoint the computations
become more expensive and accuracy criteria more stringent. A large number of
numerical experiments has been carried out over several years and a summary of the
attractors is given in Figure 2. The Figure represents the v-line (not drawn to scale)
along with various attractors found by us; note that the given attractors are not
necessarily global ones but their window boundaries delineate regions where stability
is lost. The type of attractor was determined by applying the data analysis described
earlier.

It can be seen from the Figure that the dynamics is quit complex but can be
classified using the methods described earlier. Of particular interest is a route to
chaos via a quasi-periodic attractor as seen in the first three windows of the figure.
A time periodic attractor looses stability to a quasi-periodic one at v = 0.087679 and
there is transition to chaos below v = 0.087023. Quasi-periodicity was determined by
studying the return map.

Another feature of the solutions is that among the regions of different unsteady
and complicated spatio-temporal motions there emerge stable fixed point attractors
with increasingly higher modal behavior, i.e. with shorter periods. It has been verified
that these stable (but not global) states, are obtainable from the following similarity
property of the equation (see [10]): Given an integer N, if u(x;v) is a solution then
so is Nu(Nz;v/N?). In other words we can start with one of the global unimodal
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steady states with v > .3, approximately, and apply the transformation with different
N to generate steady state solutions at lower geometrically decreasing values of v.
Not all such solutions are stable, but the ones found by our computations are. It has
also been found that computed stable states emerge from application of the similarity
transformation to global attractors near ¥ = 0.6. This is an interesting result since it
is in line with modulational stability studies of steady states as N becomes large (see
[10], [23]). Full details of these feature are given elsewhere ([25]).

4. Conclusions. We have given many quantitative features of solutions of the
Kuramoto-Sivashinsky equations computed with general initial data and spatially
periodic boundary conditions. Features such as strange attractors and periodic or
chaotic bursting phenomena have been elucidated. Of particular interest is a set
of computed multimodal solutions found at decreasing values of v and supported
on smaller and smaller windows. It has been shown that these solutions (the last
computed one is a decamodal profile, i.e. one with all Fourier coefficients zero except
those which are multiples of 10) derive from the unimodal fixed point attractor in
3 < v < 1, by a self-similar transformation property of the equation. It can be
concluded that such solutions are at least linearly stable (in the sense that they
are computable as large time solutions of a nonlinear initial value problem) and our
numerical results are in full agreement with the stability theory of Frisch et al [10]
and the modulation theory of Papageorgiou et al [23] who study the stability of such
multimodal steady states. The numerical results given here provide strong support
for the modulation stability theories.
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